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1. The relation expressing the energy threshold condition for the two-particle interaction a+ b →
c+ d is:

EaEb − p⃗ap⃗bc
2 ≥ ∆mc4(ma +mb +∆m/2) +mamb c
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where ∆m = mc + md − (ma + mb), and mi, Ei, p⃗i are the rest mass, total energy, and
momentum, respectively, of the particle i.

(a) Calculate the energy threshold for the interaction p + γ → e− + e+. (Consider that the
photon target has a fixed energy Eγ in the lab frame).

(b) Calculate the energy threshold for the interaction A
ZX + γ →A

Z X + π0. (Consider that
the photon target has a fixed energy Eγ in the lab frame).

(c) An ultra-high-energy cosmic ray (UHECR) proton and an iron nucleus are traveling
through the Universe and are interacting with photons from the cosmic microwave back-
ground (CMB) via the photopair process. Using the expression you derived above, calcu-
late the minimum energy of the UHECR proton/iron nucleus for a head-on collision with
the CMB photons. Comment on your results. [mec

2 ≈ 0.5 MeV, mpc
2 ≈ mnc

2 ≈ 1 GeV,
mπ0c2 ≈ 135 MeV, ϵCMB ≈ 6× 10−4 eV].

2. The mean free path for energy losses of an UHECR proton with Lorentz factor γp due to pγ
interactions with CMB photons is given by:
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where σ̂ = 70H(ϵ̄−ϵ̄th)µb is an approximate expression for the effective cross section, ϵ̄th ≃ 400
and H(x) is the Heaviside function. All energies in the expression above are normalized to
mec

2.

(a) The differential CMB photon number density can be approximated as a power law with
a sharp cutoff: nCMB(ϵ) = n0ϵ, for ϵ ≤ ϵCMB, where ϵCMB ≃ 6 × 10−4 eV. Calculate
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Figure 1: Mean free path for pγ interactions of UHECR protons with ambient photon fields.

the normalization n0 if you know that the local CMB energy density is uCMB ≈ 0.25 eV
cm−3.

(b) Make a plot of ℓ̄(Ep) versus Ep (Hint: think about the upper limits of integration). How
does the approximate solution found in the previous question compare with the accurate
result shown in Fig. 1? Comment on your results.
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