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General Relativity

Einstein’s theory presents us with a beautiful
theory of gravity and several exciting
guestions:

Quantum extensions

Geometrical description <-> EFT-QFT
(flat space / curved space) formulations

Higher derivative operator bounds
Graviton properties/mass, etc
Cosmology

Test of classical gravity principles
Test of extra dimensions / SUSY
Signs of string theory gravity....
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LIGO Livingston

0.7
Time (sec)

Need for theory to match

observational progress & Amplitude methods enable refined computation and
precision. increased precision that complement conventional
analysis.

Address interesting questions? L . .
J 0 A potential window to make new discoveries in

gravity
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Quantization of gravity?

Known since the 1960ties that a particle version of General Relativity
can be derived from the Einstein Hilbert Lagrangian (Feynman, DeWitt)

Expand Einstein-Hilbert Lagrangian :

8 =M, +khy,

Derive vertices as in a particle theory - compute amplitudes as
Feynman diagrams! (GW Kovacs and Thorne 1977)

Off-shell QFT methods: not very computationally efficient!
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Quantum gravity as a particle theory

Gravity as a theory with self-interactions
3pt, 4pt, ... n-pt self-interactions

Non-renormalisable theory! (‘t Hooft and Veltman)
Dimensionful coupling: Gn=1/M2janck

Traditional belief : — no known symmetry can remove all

JV-divergences String theory can by introducing new

length scales
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Quantum gravity? An effective field theory

A modern viewpoint (Weinberg) to view the quantization of
general relativity from the viewpoint of effective field theory

gEH — V —8 [ 1672'GN T gmatter:|

EFT -gravity EFT -matter

2R
P — 2 2 P

Consistent quantum gravity at low energies long-distance (Donoghue;
NEJBB, Donoghue, Holstein)
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Advantages: Gravity as an EFT

Treating general relativity as an effective field theory:
Natural generalisation of Einstein’s theory
ldeal (low-energy) perturbative setup

Universal consequences of underlying fundamental
guantum theory ~~ link to low energy features, e.qg.,
string and super-gravity theories
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Off-shell gravity amplitudes

Vertices: 3pt, 4pt, 5pt,..n-pt
Complicated expressions

Expand Lagrangian, tedious laborious
process....e.d....3pt

| |
V/fi?uﬁm(kla ko, k3) = /fsym{ — §P3(k1 - ko 77ua77v577m) — §P6(k1uk1577ua77m)
45 :
+ §P3(k1 - Ko nuunaﬁmﬂ) + PG(kl ko UMQUVUUBV) T 2P3<k1yk17nuanﬁ0')
te I’mS — P3<k1/3k2;ﬂ7au7707> T P3<klak2777;w77aﬁ> + PG(klaklvn;wnaﬁ)

+ Sym + 2]36(1611//*62777/5,1,77(@ + 2P3<k11/k2/1,77ﬁ0777()z) _ 2Pi(kl ' k? n(xunfian’y/l,) 3

(DeWitt;Sannan)
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Features of gravity computations

Several unpleasant computational features:
Complicated Feynman rules (infinitely many vertices)
Numerous double contractions
Factorial growth in the number of legs
Feynman diagram topologies: no ordering!

Loop order: complicated tensor integrals
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Key: on-shell states formalism

Spinor products : .. Wi o~ - inyi 5
P P (i j) = Gmn)hifn)wbé [i j]= émn)\';hkﬁ
Different representations of 0
the Lorentz group Paa = O 44Pu

p'up,u = Paa — )\aj\d

Momentum parts of amplitudes:

~

Qadzualad Paa — )\a)\d 2(p ' Q) — S45 — _<)‘7 M> [5\7 :&]

Spin-2 polarisation tensors in terms of helicities,
(squares of those of YM):

. {1 Y — = (Xu, Zhang,

Caa = ;lia évzbra — Hadi f i: Chang)

A, fi] ey s+ g+




Simplifications from Spinor-Helicity



Simplifications from Spinor-Helicity

Sij — _<)‘7 :u>[5‘7 la]

/

1 N 1
‘//E(?)Z),l/ﬁ,o'fy(kh kg, k3> — /{Sym[ o §P3(k/1 ' kQ nuanl/ﬁncw) T §P6(k1yk1577,ua7707)
1 ,
+ §P3<k1 ' kQ 77uu77aﬁ77m) + P()'(kl ' kQ nuanl/anﬁ’y) + 2P3(k11/k1777ua7750)

— P:s(klﬁ/@waunm) + P3(/‘C1a/€2777;w77a/3) + PG(kwlﬁwuu??aﬁ)
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Simplifications from Spinor-Helicity

Sij — _<)‘7 :u>[5‘7 la]

/

1 N 1
‘/;E(?)Z),l/ﬁ,a'fy(kh kg, k?)) — /{Sym[ o §P3<k/1 ' kQ nuanl/ﬁnav) _ §P6(k1yk1577,ua7707)
1 J
+ §P3(k1 ' kQ 77;“/7706[37707) + Pﬁ(kl ' kQ 77#(1”1/0”[37) + 2P3(k11/k1*y77pa77[30)

— PS(klﬂkQ;Lnaunm) + P3(k10k2777;u/7704[3) + Pﬁ(kmkmmw%ﬁ)
+ 2P(i<k11/k2777[3/1,77(10) + QRi(kluk2/1,n/30U7(x> _ 2P%(k1 ) k? 77(){1/77[3(7777/1,)—‘ 9
v

Vanish in gpinor helicity formalism

Gravity:  A;(17,27,3%)

Contractions

NS

Caa — T3 gad — ~ ~ .
@ = ) (11, \) ETET "23) (31)




e

o,V 3,07y

Simplifications from Spinor-Helicity

s = — O )[R, Huge simplifications
(kh kQa k3> — /{Sym[ - %P?)(k/l . kQ 77#04\77"/67707) o %Pﬁ(klyklﬁn/jangv) 45 terms
1 ,
+ §P3(k1 - ko 77“}/77&[37707) + P()-(/Cl - ko nuanl/gnﬁ’y> T 2P3(k1uk1777ua7750) =+ Sym

_ PS(klﬂkQ;an/naw) + P3(k10k2'y77/w77a[3> + P()'(kloklyn/u/naﬁ>
+ 2P(i<']{11/k2777/3/1,77(10) + QRi(kluk2/1,n/30U7(y> _ 2P3(A1 ) k? 77(){1/77/30777/1,)-‘ 3
v

Vanish in gpinor helicity formalism

Gravity:  A;(17,27,3%)

Contractions !
L ~~. _ ) . E £ gy
g (A ETET "23) (31)
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Yang-Mills MHV-amplitudes

(n) same helicities vanishes

Atree(1+ 2+ 3+ 4+ ) =0 First non-trivial example,
o | (M)aximally
(n-1) same helicities vanishes o _ _
(H)elicity (V)iolating
Atree(1+ 2+ i-.) =0 (MHV) amplitudes
(n-2) same helicities:
Atree(1+ 2+ _i-....k,..) One single term!!

Atree MHV (Given by the formula
(Parke and Taylor) and proven
by (Berends and Giele)

\ : (j k)*

(12)(23)---(nl)
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Gravity MHV amplitudes

Can be generated from KLT via YM MHV amplitudes.

12— Anti holomorphic
<3 4> N(4) Contributions

Mgree(l—’ 27,37, 47 5 =i (1 2>8 5(1]7\72553)7 4)/ — feature in gravity

(Berends-Giele-Kuijf) recursion formula

Miree(17,27, 3T, 47) = (12)°

Mee(17,27,3%, .. nT)
n—3 n—1 —3

. i(12) x '[15]71[7@__1271—1 (H 1T ) H | Kip1n-1]1)

1=1 =142

+P(2,3,,n— 2)
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Example : Compact massive trees

Find ‘stringy’ structure in the scattering equation prescription (CHY)
(NEJB, Damgaard, Tourkine, Vanhove)

Hz dzz e z’ - k. 1
An—2(17{27°°°7n_ 1},71) — VOl(SL12 C H5, Z :

71=1
JF1

« Z n21,6( n—l),n)

e, FLB(2)ZB(2)B(3) " 2B(n—1)n

2% 212" Zn—1n

)

We can generate gravity amplitudes In the following way

M™5(1,2,. ) =1 Z Np—of - .n—1),n)A,—2(1,8(2,...,n—1),n)

:BEGn 2

Advantage that all poles are simple — no spurious poles!
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Compact massive tree amplitudes

CHY formalism leads to the following
very compact amplitudes

Mfree(pa 627 _p,) =1 Ny (p7 ZQ) _p,)Al(pa £27 _p,) — ZNl(pa £27 _pl)2:

]\42“8e (p7 627€37 _p,) — ZNZ (p7 27 37 _p,)AQ (p) 27 37 _p,) —|—perm.{2, 3}
iN2(p,2,3,—p')* | iNa(p,3,2,—p/)? = i(No'*?)?
(la+p)?—m2+ic  (l3+p)2—m?+ic  (La+L3)%+ic
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Compact massive tree amplitudes

CHY formalism leads to the following

very compact amplitudes Straightforward
Mire(p, by, —p') = i N1(p, L2, —p') A1(p, bo, —p') = i N1(p, L2, —p')?. to compute any
tree
]\42“8e (p7 627€37 _p,) — ZNZ (p7 27 37 _p,)AQ (p) 27 37 _p,) +perm.{2, 3} Order needed

iNa2(p,2,3,—p')2  iNa(p,3,2,—p )2  i(Ny!23))2 with manifest
(ba+p)2—m2+ic  (b3+p)2—m2+ic  (fo+03)2+ie COlor-Kinematic
numerators
Nl(p, gza_p,) — 7’\/562 ' Py Al(p7 gQa_p,) — Nl(p7 £27_p,): - no double
poles

N(p, £, 43, —p') = %(SQp(CQ - (3) —4(¢2-p)(3- (p+ €2)>
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Compact massive spinning tree
amplitudes

A recent result covariant Compton spinning particle amplitude
with classical ring radius a = s/m interacting with gravitons from
guantum field theory bootstrap (NEJBB, Chen, Santos)

M(1,...,n—2,n—1,n) Covariant formalism that
et Dp—2 use a basis of entire
( ‘{5\ ;H} ) functions
Z_) = mMv —p— —> p'n, 1 — MV —¢q

Match with result by
S0 we can in principle extend analysis for (Cangemi, Chiodaroli, Johansson,
spin-less cases to more general Ochiov, Pichini, Skvortsov)
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Current key research directions

Key question: To identify a precise and efficient
extraction of classical physics from amplitudes

-> Potential: Discovery of new physics

Faster and more accurate theoretical
breakdown of gravitational wave events!
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Tests of general relativity

Post-Minkowskian expansion of Einstein’s general

theory of relativity is helpful in connecting with scattering
amplitudes.

Results valid for all energy regimes are ideal for

precision predictions - both quantum and classical
results are essential for physical consistency

We work with heavy fields: Black holes as point particles
In quantum field theory.
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Gravity from quantum field theory

We start with Einstein-Hilbert term o
o Other possibilities

¢ = | d*x. /=% 4 oHUT of course possible
J e [167rG S W]

where the minimal ‘energy-momentum’ tensor for spinless fields is

— 7]/’”/ o 2. 2
1,,=0,p0,up — 5 [0 PO p —m @ ]

Consider the 2 -> 2 process from path integral

@1(p1,my) + @(Pr, My) = @1(p1, My) + @r(ps, My)
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Spin-less gravity from quantum
field theory

o0
- Z ML(p17p27p,17p,2) —
L=0
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Tree level — two ‘heavy’-masses

- }/2 factor resum velocity
and generate covariant

exXPressiC
2
2
Mo(7, ¢, A G) + O(KY)

/ 4|7

Newton’s law through Fourier transform

- but does not give
Gml m2 higher G correction

V( 7') — - “ effects

I
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o Surprise: Non-linear (classical) corrections from loop diagrams!
» Can consider the various exchanges

1A A dh

* Define transfer momentum, CM energy

P1 * P2

2 /2 _
(p1 = P1) T = mms

q

Ety = (p1+p2)° = (P) +p5)° = mT +m5 + 2mymyy



Classical gravity from particle scattering

o Surprise: Non-linear (classical) corrections from loop diagrams!

» Can consider the various exchanges
Normally we work

with expressions
where factors of /1 are
hidden (2 = ¢ =1)

* Define transfer momentum, CM energy

‘ P1 P2
/\2 _
(P — 1) T = M1 Mo

q2

gé;\.f - (pl T P2)2 = (p'l == p;)2 — 7TL:12 + TTL% + QTTLITYLQ’Y
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Classical gravitational scattering
from quantum field theory

/
p1> mi, Sl

/
D5, Mo, S9

e Classical limit: we keep wave number fixed and take Planck’s constant to
zero, leads to the following Laurant expansion (quantum / classical /
superclassical terms)

M(—L—l) P M(—l) L
M (v, ¢* h) = — 4 ?) e (7?) -O(R) 1/ﬁ




Classical gravitational scattering
from quantum field theory

Reinstating 7
p,1> mri, Sl

there Is a
difference
between
massive and
massless
propagation

/
Do, Mo, 59

e Classical limit: we keep wave number fixed and take Planck’s constant to
zero, leads to the following Laurant expansion (quantum / classical /
superclassical terms)

2
ML(7> q2>h) L(4.—D) 9 teee L(4—D) :; I, i O(ho) l/h
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Computational framework

* | esson: we need all ‘perturbative orders’ to compute
gravitational effects fully

* For tests of Einstein’s theory we only need to retain leading
classical terms (often with simplifications beyond
expectations)

* For quantum effects one need to include subleading terms
as well (much harder...)



Important simplification



Important simplification

Important point: Long range behaviour can be captured
from unitarity cuts o
[

oooooo



Important simplification

Important point: Long range behaviour can be captured
from unitarity cuts

Using on-shell amplitude techniques
(Neill, Rothstein; NEJBB, Donoghue, Vanhove)



Important simplification

Important point: Long range behaviour can be captured

from unitarity cuts
Ci...j = Img, g M -toop

oooooo

KLT+on-shell input trees
(e.g. Badger et al., Forde,
Kosower) recycled from
Yang-Mills -> gravity

Using on-shell amplitude techniques
(Neill, Rothstein; NEJBB, Donoghue, Vanhove)



Important simplification

Important point: Long range behaviour can be captured
from unitarity cuts 1-loop

ooooooo

KLT+on-shell input trees
(e.g. Badger et al., Forde,
Kosower) recycled from
Yang-Mills -> gravity

In D-dimensions from CHY
(NEJBB, Cristofoli,

Damgaard, Gomez;
NEJBB, Plante, Vanhove)

Using on-shell amplitude techniques
(Nelll, Rothstein; NEJBB, Donoghue, Vanhove)
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Long range behaviour

Four point amplitude take the form
1
A

M ~ (A + B¢* + ...+ ak*= + Bi1* ln(—qQ) + Bok? = =1 .. )

q2

Short range behaviour ~>
higher order couplings

Focus on deriving these ~>
Long-range behavior
(no leading higher derivative

contributions)
(NEJB, Donoghue, Holstein)
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Example: One-loop amplitude potential

- Reduce to scalar integral basis
- |solate coefficients
(NEJB, Donoghue, Vanhove)

(See also Cachazo and Guevara;
Bern, Cheung Roiban, Shen, Solon,
Zeng)

Ml(%gzaﬁ) = M "’MT ‘|’M? + Mj

Provide long-range behaviour
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The amplitude has a
Laurent expansion

1 My, ) MV (62
Mi(7,¢%h) = —5 | — i ) M ) MP (v, @) + O(h)
q h h
M (,0%) = MTTV (0, 4%)




Example: One-loop amplitude potential

The amplitude has a

Laurent expansion
1 (Mﬁ%, ) M ()

M1(77Q27h) q|+P 72 | h =
M2 (v, ¢%) = M7V (v, 6%,
MV, ) = MV (, %) + MV (y, @) + MV (y, ¢,

Organise order by order in Planck’s constant
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PM potential one-loop amplitude

M l—loop __

1'.1671'26'%, (

E E, col; Coalpa + Codp + Cqlg+ - - )

dit1e 1
T = L |
/(27r)d+1 (€ +p1)? = mZ +ie)((€ — ps)? — my + ie) (2 + ie)((€ + q)* + ie)

dd+1[ 1
/(27r)d+1 (€ +p1)? —m?2 +ie)((€ + ps)? — mji + i) (02 + i) ((£ + q)? + ig)



PM potential one-loop amplitude

11672 GA
Ml—loop _ L o N ((, 7. C(><)Il><] (,DL Cqu .. )
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dit1e 1

. ‘/ @m)T (€ + p1)2 —m2 +ie)((£ — ps)? — m} + ie) (2 + ie) (€ + 9)° + ie)
dd“f 1

S @m) A (€4 p1)* — m2 +ie) (£ + pa)? — mj +ie) (2 + ie)((€ + q)* + ic)
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PM potential one-loop amplitude

11672 G3
o5 sl ((' 1 Coalpa + Coly + ColLg + - - )
al~b

M l—loop __

dd+1[ 1
v . : . : .
/ 2m )4t ((€+ p1)? — m2 +ig)((€ — p3)? — mj +ig)(€2 +ie)((£ + q)? + i)

dd+1[ 1
Lo / 2m) L (0 + p1)?2 — m?2 +ie)((€ + pa)? — mi + i) (2 +i)((€ + q)? + ig)
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phase
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Link to Einstein’s theory

* Problem In scattering * In post-Newtonian
theory to relate a scattering computations, we consider
loop amplitude M to an non-relativistic guantum
Interaction potential V. mechanics, and this can be

generalized to the
relativistic case.
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Classical potential from a Lippmann-
Schwinger equation

e Non-relativistic limit, the tree

classical potential is simply equal to ol
the amplitude after a Fourier /
transform: @ |
e
dliq iq-r dliq QT A
V(T:p) o / (271,)38 V(p> Q) o / (27‘_)38 M(pa Q) m

* Extension is given by Lippmann
Schwinger eq. (involves iterations/

subtractions) 3 , , d’k V(p,k)M(k,p’)
M(p)p) :V(pap)+/(27r)d Ep_Ek+ZE
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Classical gravity from quantum theory

* |n this context the old-fashioned time-ordered perturbation theory is logical

* |n particular we eliminate by hand
* Annihilation channels
* Back-tracking diagrams (no intermediate multiparticle states)
* Anti-particle intermediate states

We will also assume (classical) long-distance scattering (this has the
consequence that we can focus on non-analytic contributions -> ideal for unitarity)

(NEJBB, Donoghue, Holstein; Cristofoli, NEJBB, Damgaard, Vanhove)



One-loop



One-loop

Subtraction important to make contact with classical physics potential



One-loop

Subtraction important to make contact with classical physics potential

TG 4y (log |4]* 33(1) | 2m* Gy
$ |4l Ep&ldl

2,772 , R
Ml—loop _ n GN > , Cq |
E2¢ [2|q| \ma 1w

M [terated _




One-loop

Subtraction important to make contact with classical physics potential
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Subtraction important to make contact with classical physics potential

AMlterated _ inG Ac (log|ql* — 525) | 2m°Gy (1§ — 1)
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Follows from the Lippmann-Schwinger subtraction. Again same result as
from matching (Bern et al), the effect is that singular terms are gone!
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Subtraction important to make contact with classical physics potential

. - 2 S |
Mlterated _ ”TCT?V 4(2 (10‘9’ ‘(ﬂg 3—d) | ZWQCT.%V 2§ — l)
¢ 1Pl q]° E3£2|q] 2¢
. . 9
Ml—loop . WQGN & Cq ¢t C <3—d
B2 2|7 \'me  m s
pS <194 a b ]

G2 [1/ e Cq
7 1—loop Iterated — N |
Vopm(p, q) = M + M E2E|q| | 2
pS 14

—

mg, My

(NEJBB, Cristofoli, Damgaard, Vanhove)

Follows from the Lippmann-Schwinger subtraction. Again same result as
from matching (Bern et al), the effect is that singular terms are gone!
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Scalar interaction potentials
(one-loop)

Important ‘empirical’ observation classical part of radial action that for
the gravitational Hamiltonian is given by triangle diagrams - we can
understand why One-loop level

o T e

_i(87C )2<C(7721 mo )l (p1,q) c(mao,mq)ls(pa. —q)

T 2
(g% — 47722) (g2 — 4m3)




L essons from one-loop



L essons from one-loop

Only part of the amplitude is relevant for deriving observables In
General Relativity



L essons from one-loop

Only part of the amplitude is relevant for deriving observables In
General Relativity

Part of the amplitude Is there to be subtracted for consistency
with matching with a Quantum-Mechanical potential



L essons from one-loop

Only part of the amplitude is relevant for deriving observables In
General Relativity

Part of the amplitude Is there to be subtracted for consistency
with matching with a Quantum-Mechanical potential

We will now consider what happens at two-loops
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Classical gravitational scattering:
Generic loop level

1) compute multi-loop cuts and 2) use consistency of the representation in
master integrals to generate the full non-analytics pieces of the amplitude
(classical and super-classical contributions)

Extraction of integrand similar to QCD
Spinor-helicity and D-dimension
covariant tree
amplltudes can be used In cuts

ZML Y, q°) M (1, q) =




Example: Einstein gravity at two-loop order



Example: Einstein gravity at two-loop order




Example: Einstein gravity at two-loop order

P | P
MQ 7/ b R ‘,\,!
3—cut(U= q ) — “
I
P1 : P2

dPlLdPldPly i3
(D)
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Perm(lq,l9,l9)
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New Integrals
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New Integrals
Mg-cut(O’ q‘Z) — M

|

2

+ M5+ M5+ M+ MY+ My + M

We use unitarity cut to fix coefficients in front of
master-integrals. The full result can be written

Ms(v,¢%) = M5 (v, ¢%) + M5°(7, ¢%)
Where the SE contribution iIs

1V
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New Integrals
Mg-cut(O’ q‘Z) — M
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Back: Next integral basis

New Integrals
M5~ (0,q%) = My~ + M3~ + My” + M3* + M3 + M5 + M;3°

We use unitarity cut to fix coefficients in front of
master-integrals. The full result can be written

Ms(7y, ¢?) = M5 (v, ¢*) + M5%(7, ¢°)

Where the SE contribution is |

1V | | p/ Do

Mzelf—energ}’(,y, Qz) — —4(167TGN)3’ Z(ng; + Jgg) + (m1 < mg) Pk//ﬂz
1=1
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Einstein gravity at two-loop order
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Einstein gravity at two-loop order

Needed master integrals at two-loops for the conservative part of the
amplitude - determined by LiteRed/FIRE6/KIRA etc.
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Einstein gravity at two-loop order
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Gravity amplitude in powers of hbar

1 s » .
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M (o a]) = 8nGymima(20° — 1)°I'(—e) F(1+2€).

3h3|g|?(0? — 1)(4m) 2T (—3e)



Gravity amplitude in powers of hbar

1 -3 —92 —1
Mo(o,lal) = Tz (M50, lal) + M5 (0 la) + MET(0, lal) + O(1°) )
i  8nG3mimd(20% — 1)*T(—€)*T(1 + 2¢)
M 7o la) = - gmigper —Dam T3
M (o, [ql) = ST Gl + ma)mim§(20% — 1)(1 — 5o%)(dmee)> ) o

= eV o2 — 1h2|q|
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MED (0, [q]) = 2 Gy (Ame™"E ) mim; (3(20‘2 —1)3
= he (0% —1)?
imyma(20° — 1) (1 —490% + 180*  20(7 — 2002 + 120*) arccosh(a))
re(o2 — 1)2 15 Vo2 —1

3(20° —1)(1-50%)s 1, , : , 1 2
202 — 1) 2(’ml ms5)(180° — 1) — §m1m20(103 + 20°)

-~ Amyma(3 + 1202 — 40*) arccosh (o)

Vvo?2—1

2imimo(20% — 1)° —1 ‘ 11~ d /(20° — 1) arccosh(o)
mevo? — 1 (4(02—1)) ( g da( vo2—1 )) '



Gravity amplitude in powers of hbar

1 s » .
Ma(9,14)) = e (Mé (0, 1g]) + M5 (0, |g]) + M3 (0, |q]) +O(n0))
M (o a]) = 8nGymims(20° — 1)°I'(—€)°I'(1 —I—Qe).

3h3|q|*(0? — 1)(4m)=2(—3¢)

612G (Mg + mo)mims(20% — 1)(1 — 50%)(4me™1E)*

Ms (0, 1g]) = = o 1T -0(¢°) Laurant expansion in
o 9GS (dme=e ) 2emImd [ 5(20% — 1)? | Plar)ck S constant.
2 (% 14)) = e I 17 - imaginary contribution
~imymy(20°% — 1) (1 —4902% 4+ 180*  20(7 — 2002 + 120%) arccosh(a)) cancelled by radiative
~ me(o2—1)3 15 Vo2 —1 contributions

3(20° —1)(1-50%)s 1, ,

1
2 2 4y + )
2(02 — 1) Q(ml m3)(180° — 1) 3m1m20(103 20°)
_Amyma(3 + 120% — 40*) arccosh(o)
| Vo2 —1

2imimo(20% — 1)° —1 ‘ 11 d /(20° — 1) arccosh(o)
mevo? — 1 (4(02—1)) ( 8 dU( Vo2 —1 )) .



Gravity amplitude in powers of hbar
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Gravity amplitude in powers of hbar
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2 (9, 14) = e I 17 - imaginary contribution
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me(0? — 1)2 15 Vo? -1 contributions
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Gravity amplitude in b-space have iterative structure
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Gravity amplitude in b-space have iterative structure

(o, b)) M7 (0, b) + M5P (0, b),

o, b)( MO (0, b) + Mo, b))
+ HQ “(0,b) + J\/i2 “(a,b),

M3" P (0,b) = iMy " (0,0) M3 (0, b) + M5° < (0, b),

)
it =
M52 (0, b) + M, (_2)(0, b) = iMy )0 b) (M; 0 (0,b) + M;V(0,1))
)
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Gravity amplitude in b-space have iterative structure

ﬂ‘ h) — 1 / dD—Qg M ( / .I)e'iq“g
2(07 )— 4Ecmp RD_2 (27")‘0—2 2 p17p27pl:p2 "

e B g g — s
Ma(o,b) = —= (M " (0,)) + MG (0,b) (M (0,b) + M" (0, b))

6
+ MS"(0,b) + O(RO).

R Uiariis: 3
M;" " (0,0) = — (M‘g (o b)) ’ Again iterative
M5 (g, b) = iMS TV (0, ) M7V (0, b), structure like
M52 (0,b) + M52 (0,b) =iMSV (0, b) (./\f/lvf(—l)(a, b) + M5V (o, b)) one—loo.p, part
O(-1) ey o ey yieske of a bigger
MQ (Ua b) " 2'-A/IO (Ua b)Ml (0 b) i MQ .(O'a b)* SChemeSeen
M;5 "V (0,b) + My (0,b) = iMy (0, b) (/‘7‘?(0) (0,b) + M (o, b)) after Fourier
+ M (0,b) + MS® (0, b), transform to b

M5 (0, b) = iMS (0, b)) MV (0, b) + M5° (0, b), space
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Scattering angle from amplitudes
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Gravity eikonal
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Scattering angle from amplitudes
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Scattering angle from amplitudes
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Scattering angle from amplitudes

2G5 mims; (640° — 1200* + 600% — 5)
3J3 (02 — 1)‘2
8G3mima/o? —1

2\
+ 3]3 (0'(—25—140') |

X3PM =

3(3 + 1202 — 40*) arccosh (o)
Vo2 —1

pag | AGRmim3(20% —1)? 1 ( 11 . d ((202 —1) arccosh(o)))
3 do

X3PM = J3g (4(02 — 1))e Vo2 — 1
Match with expectations
(Bern at al, Damour; Di Vecchia et al; Hermann et al) (N EJB,
What is nice to see is the fact that everything matches up! Damgaard,
- the cancellation of terms that is demonstrated explicitly gives Plante,
important consistency of computations. Quantum terms are Vanhove)

Important for getting to get the correct eikonal exponentiation
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Simpler integrand - velocity cuts tree topologies!

Next-to-probe amplitude

D Simpler computation of integrands o \ Pl
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Heavy-quark—EFT inspiration: 1 |
(Brandhuber, (Damgaard, Haddad, Helset ) Interesting stutt to
Chen, - heavy mass vs small |g| expansion? investigate

Travaglini, Wen) - some similarities / some differences



Enables a simple extension to fourth order in
Newton’s constant
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Extension to fourth order in Newton’s constant

Only five integrand topologies have to be considered

(NEJBB, Plante, Vanhove)



Extension to fourth order in Newton’s constant

40
Mapm (7, gz) = lim ) c ({nj};’y,gz) F ({ni};7,€)

£—0 —1
For instance the probe result Is

1_ 26 es(y.
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Post-Minkowskian framework and amplitudes

* Focus so far has been on precision classical physics: But
all these techniques are readily available for guantum
terms as well (however tiny effects — no possible
observation)

* Challenge in making quantum interpretation: Classical
physics can be understood from taking the classical limit
and comparing to general relativity — lacking a good
framework for quantum effects...



Outlook

Amplitude toolbox for computations already provided many
new efficient methods for computation

« Amplitude tools very useful * Ildentifying IBP-
* Double-copy/KLT relations solving DE
* Unitarity equations/integral
» Spinor-helicity * Recycling tools from
e CHY formalism QCD computations

 Low energy limits of string theory ~ * Numerical programs
for amplitude

computation
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could lead to a much simplified analysis.

Interesting to focus on quantum effects from a theoretical
perspective/consistency
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