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The hunt for “Structure X"
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Motivation

e In AdS/CFT, the boundary energy-momentum
tensor (EMT) plays a crucial réle

= Defined via procedure known as holographic
renOrma”SBtiOn [Balasubramnian, Kraus, '99; de Haro, Solodhukin, Skenderis, '00]

Goal: Do the same for asymptotically flat spacetimes

e The boundary geometry on .#* in asymptotically flat
Spacetlme is COnfOrma”y Carl’Olllan [Duval, Gibbons, Horvarthy, '14]

= Must understand near-boundary on-shell description of gravity
with arbitrary carrollian data at .# "



A taste of Carrollian symmetry & geometry
e Physically ¢ — 0; hence “ultra-local”

c=1 cx1 c=0
e Carroll boosts act as

t—t =t+bx, X=X =X

Metric g,,,, replaced by (W', h,,) satisfying vV'h,,,, =0

e A conformal Carrollian structure transforms as

o' = —Apv', Ohu, =2Aphu,, 6T, =Apt),, R = —2Ap+20\Y)



Plan

@ AF spacetimes and
Carroll-covariant Bondi-Sachs

gauge

@ Constraints, variations,
and Ward identities

@ Holographic renormalisation
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Carrollian geometry at .# " from Penrose construction
Let (M, g) be an AF (d+ 2)-dimensional Lorentzian manifold:
o Write
g= —2UV+ E°F? (a=1,...,d)
U, V null; E? spacelike

e Treat .#7 as a Penrose b'dary = split x = (r, x*)
e Partially fix local SO(d + 1, 1) & diffeos to get

gr=20, gr,u:_v,ua ng:_SVuVy+HHV;
gr=Ss, gh=u", gv=10" (5=0()

e Penrose construction fixes boundary conditions:

_ —2 _ i _ iz v
“‘r—)oo_T“’ r H“”'r—)oo_hﬂy’ U ‘r—>oo_v‘u’ gt ’r—>oo_h

See also



Carroll-covariant Bondi—Sachs gauge

This gauge corresponds to

gr=0, I* =0, It =drt

rr

= This fixes V,, = €’7, (8 =0(r"1)) and h*11,,

IE" |n “standard” Bondi gauge, metric fully gauge fixed to
T=du and h=ds., (JT=RxCS

e We, however, want arbitrary boundary data (7, h), so we can
vary with respect to it

When d > 2, Einstein's equations constrain the boundary

geometry
1 1
y = _iﬁvhw = —Kh,,

K
d

I

but this “issue” can be dealt with

See also



Solving Einstein’s equations asymptotically
Einstein's equations allow to solve for 3, S, hV’11,, (h) = €,¢}),

and £, (hfuhgnm)

2
I, = Phy +r(Cu — 27,a,)) +O(1), S= 8Kr+ O1), B=0(r?

with C,,, the shear & a, = £,7,

e Residual transformations &* = x* + r 'h* )\, + O(r ?) and
& = rAp+ O(1) turn into Carroll transformations

0y = £\ 7 + Apmp + Ay s
dhy = £y hu +2Aphy,
0Cw =£,Cu + 2h€uh§> (DpAs + apAs) @

e When d =1, the r-expansion truncates

Agrees with




On-shell near-boundary metric for d = 2

We denote by X(") the coefficient of r" in the r-expansion of X

e The on-shell metric expands near .# " as
ds* = —2dr (1, + O(r %)) dx“—i—(rzhu,, + gt + g%+ 0(r‘1)> dxt dx”

where

gf;l) = —K7uTy — 27(43,) + Cu

gg)y) = —(5(0) — 32)7'“7',, — ZT(MPS;) + hﬁhgl‘[gp
e The free data not determined by Einstein's equations consists
of SV and th"Hg}T) = generalised Bondi mass and angular
momentum aspect



Constrained boundary variations

Consider the variation of a boundary action functional S[r, h, C]

1 1
§Slr, b, C| = / d?1xe <T"5TM + 5 T ohu + 2SW5C,W>

Together, the responses form a ’ EMT-news complex‘

In d = 2, the boundary geometry is constrained by K,,, = Kh,,, /2.
Must either

e Solve constraint = hy,, = H*(0,X0,X+ 0, Y0, Y); or
. 1
e Add Lagrange multiplier term Sy = §/dd+1xex‘“’KW where

X" is spatial and STF. Implies no distinction between
T+t where t = LW h*7 L,y e — VBT (D, — 3,)X s



Ward identities

The Ward identities are obtained by varying the boundary action
functional under the local symmetries of the boundary structure:

X 0= —e 10, (e[ T + S Cp]) + THOuT, + %T"”ath + %S“PGVCW,,
Mot 0= Tin 4 P¥hu + 25 Cp,

Aei 0=HiTP — (D, — a,) 5™

In the above, T¥, = T"7, + T"h,, is the EMT

e When there are extra fields, such as the shear, the energy flux
no longer vanishes in a Carroll-invariant theory

e These Ward identities can (and will!) be anomalous

e The conservation equations U"R,,, —d) give the Bondi loss

‘O(r
equations and can be written in the form of the Ward

identities above



A well-posed variational principle

e Demand well-posed™ variational principle for large r, regularise
on cut-off hypersurface r= A

55EH:.-.+/ FPES (E:=\/—g=eré)
r=A
= Need extrinsic GHY-type boundary term, but cut-off surface
indefinite
Set =2 [ dxy/=g (68 + VMNp) VuNT, Ny =yrand VW = 5"

r=A

=0(r 1) o(1)

=0 (Sen + Sext) =+ + 2/ dSXE( THSV,, + %’rﬂwsnw + %dﬂE*%S (ES))

r=A

¥ The leading term contains variations of the free data S(") =
must be cancelled by adding

Snorm = —2/ dxEr's
r=A



Holographic renormalisation for AF spacetimes
® §(Sgn + Sext + Snorm) Still diverges as r — oo, but cured by

Sint = — /ﬁA PxErR[C

e In addition to this, we add finite counterterms that make the
on-shell action Weyl invariant (improvements)

= This leads to
1 (SEH + Sext + 5nc)rm + Sint)

T /dgxe (T”(;T# + %T””éhlw + ;5’“’5@“/)
which happens because 7+ = O(r 3)
5" The explicitly computed currents satisfy (cf. Ward identities)
Al = Wi TP — (D, — a,) S

1
0= T'7+ T hyy + 55" G



Carroll-covariant Bondi loss equations
The diffeo Ward identity turns into the Bondi loss equations
3 1 po P i
0=—1£/ - §K (Tu T) = ZN Noo + (Dy + a,) (T°H})
= 1 1

0=~ (£, K) Pu+ heoD, T + S (9, + 3a,) (T’”hpg + 5N cpa)

+ ihmD# (NFAC\T — NTXC\H) + TP REF,,, — iN‘“’hZ (D, +a,) Cuo
where T := h’{ph; 777 and P, = T 1,hsu

e Covariant Weyl-invariant news tensor defined by

1
Ny, =-L,Cp — §KCW

. . 1
e Related to improved response via S = ih‘“’h”"NpU



Take home messages

@ Boundary described by conformal g ‘
Carrollian geometry, with shear on , " | \
same footing as Carrollian structure ‘

N7
;"’

©

@ There exists a generalised version of
Bondi—-Sachs gauge that does not fix
the boundary geometry, but Einstein's
equations impose a constraint

@ Holographic renormalisation can be
done in asymptotically flat spacetimes
and reveals special role of shear




THANK YOU FOR YOUR ATTENTION



