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Success of Lattice Regularization

Lattice QCD
Lattice gauge theory
Exact gauge symmetry +
Broken Lorentz invariance
| | Gravity
2-dim. quantum gravity on random lattice

Random lattice
( dynamical triangulation, matrix model)

Regularization of

fermion on a lattice Lattice SUSY

What is the guiding principle ?



SUSY algebra on a Lattice
(Q.Q}=1i0 —in
Difficulties

1) No Poincare invariance on lattice
No small fermionic parameter
2) O — /\ (difference operator)

No Leibniz rule

3) Chiral fermion on lattice —>» Doubling of fermions

Unbalance of degrees of freedom between
#boson £  #fermion



A Clue to a possible solution to 3)

Continuum

S = [ d?xpet’ O wy

56 =0,

560/1, — 8'11,’0

Kato, Miyake, N.K.,
Tsukioka, Uchida

(Two dimensional Abelian BF)

S = [ d?z[e"” pOuwy + bOFw,, — icOHDc—ilp]

= [d2zxs5tetvs, s, (—ice
J > pSv

iz — {57 §} =52 = {Sua 31/}2_0,

{S, SM} — —'La'u, {g, Slu,} — ieuyay

¢A quA SM¢A §¢A

10} 10 —eu0¥c 0

Wy oyc —TE€up A —eppOPc
c 0 — 1wy 0

c —1b 0 —1¢

b 0 ouc —1ip

A | ePPOpwy 0 —Opwht
p 0 —0u® — €u0%b 0

Auxiliary field
Off-shell invariance

Nilpotency of
BRS charge s

N=D=2 Twisted SUSY
Kato,N.K.&Uchida



{Qui» Qpj} = 20;7* o Pu N=D=2 SUSY

Qui = (18 + s, + ’75§>a. Dirac-Kaehler Twist

7

(Wi = (x + xpuv* + xuy M + .. ),; Dirac-Kaehler fermion

{s,su} = —10u, {5,su} = 1ey0”

2= 5,5} =2 = {s,, 50} =0, N=D=2 Twisted SUSY

Continuum — | attice: 5, — A4,

{Q,Qu} =iAL, {Q,Qu} = —ie AL,

on a Lattice
(A4p®) () = £(2(x £ ny) — 2(x))



N=D=2 SUSY
3) {Qair Qg = 207" 05 Pu

Qoi = (1Q +1Qu++°Q)

{Q,Qu} =iA4, {Q,Qu} = —iepAsy

Dirac-Kaehler Twist

(V)i = (X + xuY* + XWW[W] + --)os Dirac-Kaehler fermion

i : flavour ? —» | Extended SUSY
suffix
d = x + xpdz! + xppdx? Adx? + - -

| 2d/2 super charges in d-dim.

N 2-dim. N=2
3-dim. N=4 Dirac-Kaehler twisting
y 9% 2x 4-dim. N=4

#boson = #fermion



Lattice Fermions
f@ 0 Free Dirac

v

Zapm(oX(@){x(z+ i) —x(@—p)} < ¥, 9@ yu{v(@E@+a) — ¢ —a)}

() = £1

Staggered Y(z) =47152 - x (@) Naive

(;(gllti):zrgi-)Stern et.al. L (NK. & J.Smif)

i ia (W) (V) ap{t(y + 20) — by — 20) }g;i + Tr(Wys(p(y + i) — 29 (y) + ¥ (y — 1)) vu7s)

Kogut-Susskind _
(N.K. & l.Kanamori) dztx(z) = x(xz + p)dz"

S P(x)(d + §)d(x) Dirac-Kaehler

: lvanenko&Landau ‘28
..... X2X12 CD — X + Xudx/»lf _I_ X'w/daj,u A dxl/ + o

y ¥ 2x (\U)OA’L — (X + X,U'Y'u + X,W/V['LW] + T ')Ozi i - flavour ?



(2) Difference Operator —5 No Leibniz rule ?

(A4 p®) (2) = (@ + ny) — 2() 3
(A4 u®182) () = ®1(2 + 1) By + 1) — B1(2)By(x)
= (®1(z +np) — B1(2)) B2(2) + 1 (@ + 1) (P22 + 1) — B())
= (A1) (2)®2(x) + By (2+1,,) (A ) (2)

= (A4 py®1)(z)P2(z+1p) + P1(2) (A4 pP2) ()

Modified Leibniz rule

left-right shift symmetric



To prove exact translational invariance of lattice action

we need modified Leibniz rule

20 ArL(0(2), Vud(2) A = 3, L(d(z + 1), Vg + ny))
=2, L(#(2), V,é(2))

Translational shift — modified Leibniz
5_|_MCI)7; = A—i—,uq)i = (I)Z(ZU + nu) — (I)Z(ZC) = A+(I)iA_ — (I)z
Ay p(P1(2)P2(z)) = Ay Pi(z)P2(2) A — P1(2)P2(x)
. _ =@ (x+n,)Pa(x+n,) — Pr(x)P2(x)
Matrix representation:
= (®; +6,P1) (P2 + 5, DP2) — PP

— (5+M(I)1)(I)2 -+ A+¢1A_5_|_'uq)2 = 5_|_,uq)1A—|—(I)2A— + (I)lé—HL(I)Q

left-right shift symmetric



(A4p®) (z) = App®(z) — S(z+10) A4y

T+ a
We need a modified Leibniz rule for Y4 too! c?/ h
SA(I)(.CU,H) — QA<I>(w,0) — <I>(:13—|—a,A,0)QA x

{Qa Qu} — iA-I—M {éa Q,u} — _ie;u/A—I/

a—l—au:—l—nu Zz—l—au: _|€/J,I/|nl/

Compatibility of Shifts

T+ ap

({Q4:Q5}®)(x) = {Qu @E}Ye(x) 3400
—®(zt+as+ap){Qa, QB} Qg Q4 T

xr+ap



Cond. for Twisted N=D=2 4 N

a-+ ay = +ny e Symm. Choice
~ . ATT2
a T azu _—_ _leuylnl/ (1,2 a
Solutions J L < >
_ bi —ni +1n1
a = (arbitrary) z -
a,,j = 4+ny—a V—ng2
a=—ni;— nota  Asymm. Choice
a+ay+azx+a=0

Twisted N=D=2
Lattice SUSY Algebra
\_
1Q, Q“} =+l Equivalent to orbifold

{Q~7 Q[,l,} — _ieuyA_V construction: Q2 — ()
by Kaplan et.al.




3) Massless fermion propagator on a lattice
Y(@)yp{(z + i) — (- @)}

L pi=o0x (poles)

doubling of fermions

P2 x/l%
N
|
(m,7) dual y | dxy A dxo

(O77T) A < > 2 I

of _I‘ > ,ij'l
0.0 I > D1 | )
( 7 ) (7T70) X1

Dirac-Kaehler fermion



Lattice SUSY

Our Solution

{Qa, Qp} = 2(7") 0P

Difficulties

1) No Poincare invariance

2) No Leibniz rule

3) (Chiral) fermion

v

species doublers

1) Discrete SUSY algebra

2) (A) non-commutativity for
the difference operator

’

(B) modified Leibniz rule

3) Dirac-Kaehler twist
SUSY algebra

Extended SUSY d.o.f.

BRST charge = scalar twisted SUSY

Q*=0



1), 2) Difference Operator — Shifted Leibniz rule

(A4®) (@) = (@ + ny) — &(a) Pt

(Appu®1®2) (z) = 21(x + 1) B2(x + np) — B1(z) P2(2)
= (®1(z+ny) — P1(z))P2(x) + P1(x + np) (P2(x +np) — P2(x))
= (A4p®1)(z)P2(x) + P1(z+np) (A4 pP2)(x)

_>
(A) Non-commutative A—m

— — —
(K 14@) (@) = Ky, (@) — B(atny) K 4y,
(B) Shifted Leibniz rule Ay,

(A‘HL(I))w—I—nM,w — (A‘Hb)a:—knu,az P — (I)J3+nu (A+N)az+nu,w

— [A—I—w (I)]w+nmw

(A+H)w‘|‘nuaw — _533‘*"””753 q)m — (:bw,m — (I):vdx,:c



N=D=2 Twisted Super Yang-Mills

Introduce Bosonic & Fermionic Link variables

(Atp)etny,e = FUtp)ztn,a

(QA)w—l—aA,a: — (VA)a:—I—aA,w

Gauge trans.

r+ayp
(u:l:u), — G:L’:I:n” (uzl:u) ngl Va
V !/ G V G—l u_” u"‘“
(Va)' = Ggray (Va) G —<«¢ p——
Tr—mny T T+ ny

-
' (1)
° (u:I:u):L‘:I:nu,a: — (ezl:z(Au:I:qu ))az:I:nu,:Ba

dM) (u=1,2) : Scalar fields

in SYM multiplet

-




N=D=2 SUSY Algebra

(continuum)
L{Qaiv Qpjt = 2i5z’j(7“)a53u}

J, Qail = 2(7%) Qg

N J : SO(2) Lorentz generator
1
[Ra Qaz] — 5(7 )z Qag R : SO(2) Internal rotation

[Ja au] — ie,uual/ [R, (‘9#] =0
J =J+R

J' : Twisted
Lorentz generator



Lattice Formulation of N=D=2 Twisted SYM

c.f. N=D=2 Twisted SYM multiplet in continuum spacetime

Gauge field : Ay,
Scalar field : gb(“) (n=1,2)

Fermions : (p, Ay, p)

Ay vector singlet vector
[J, A,] = i€ Ay [R,Au] =0 [J', ALl = i€ Ay
qb(“) singlet vector vector
oW =0  |[R,¢W] = ieud®) | [T, W] = iepdp™)

QA”—

L

- icb(”) : Covariant expression w.r.t. J’




N=D=2 Twisted Lattice SUSY Algebra for SYM

] I
{1V, Vu}a:+a—|—au,:c — “’L(u+u):c+nma3
{69 Vu}m—l—&—l—au,w — “ie,ul/ (u—u)az—nu,w
others} = 0
- { } /

{Va Vu}a:—l—a—l—aﬂ,w

= (V)w—l-a—l—a“,a:—l—au(vu)w—l—au,w
+(Vu)a3+a—|—aﬂ,a:—|—a(v)m—|—a,a:

“Shifted” Anti-commutator




Jacobi Identities

[Vu{Vo, V}]:Iz—l—au—l—nmw + (ceyclic) = 0,

b
[Vua u—l—u]az—l—au—l—n,,,az + [Vl/v u—l—u]az—l—a,,—l—nu,m — 09

Define fermionic link components

[V Uivletautng,e = —€u(0)o—a,z -
] Y 4 | \*/ | N\
Auxiliary Field A RS A S
uxiiiar [ ’
y AT K’P )\1\\‘(1% P
- . b -
K = 1V, A} 2 I A e
- = P P i
— 9 I RAY LK \! K Ki ’
A2 Ps SA2 Ps X
AP 7 p AT 7p 2
N\
Uio /:7% /‘.g -
p:/ 3\;\2 ﬁ// ;\ 2
P p 1
LK SLK )(*/
/f. /'\ | .



Fermionic Link Fields

IV, U_y] = —buup
euy[v,u_y] — _EI,LVAV

Auxiliary Field




Twisted N=2 Lattice SUSY Transformation

sa(e) = [Va, SO}w—I—aA—I—a(P,:c

VIV Vu Uyl p | B | A | K
a

oG ap Eny|l-a|-a —a, 0
S S Sy
7y 0 +€vpAp —€uvpP
U_y — A\ 0 _5/JJ/P
b 0 0 —i[Up s U] + S0 (K 4 LUy p, U_p])
p | —iUspU_p) — K| +iepolU_p,U_q] 0
p —%Gpa[u+pau+a] +%[u+pau—p] - K 0
K | +4Uip Al | —epoltp Aol — U pis Pl — v Uy, ]

Twisted SUSY Algebra closes off-shell
{sssut(P)ztape = FilUip Plotap+nu
{3, Su}(éo)wjta(p,m = +ieu|[U_yp, 90]w+a<p—nu,w

s*(P)rtape = 8 (P)atapw =0
{3, 8}(P)z+ay,x {sus svHP)ztap,e = 0



Twisted N=2 Super Yang-Mills Action

Action has twisted SUSY exact form. —p Off-shell SUSY invariance
for all twisted super charges.

1
S = — Tr sss1so UL, U_
2%: 1852 Uy Uy,

= Sp + SF
1
Sp = ZTI'|:Z[u+uau—u]w,w[u+wu—V]ﬂU,iU+K£,:v
x

1
—Zﬁ,ul/epa [u—l—ua u—I—V]iB,fB—nu—nu [U—P’ u—o-]a:—np—ng,w

Sp = ZTr[_i[u—l—ua A,u]a:,w—a(ﬂ)w—a,a:
x

— i(ﬁ)waaH—&el"V [u_l“ )‘I/]:B—I—EL,CI{]



Bosonic part of the Action

Z TI'[ u—l—u,a u—u]w a:[u—l—m u—u]w x ‘|‘

1

—Zeuyepg [u—|—u,7 u—}—u]w,w—nu—nu [u—p, u—o-]a:—np—na,w

T+ no Z/l_l T+ni+ng
-

Wit U o4 AUy
U_1

& < J ® >

x Ui T U T+m

U_2

U_1
==
Uy
*A Z/{_|_2 Z/{_QVA Z/{—I—Z
U_1
e e ==
T T L[+1



Fermionic part of the Action

Sp = Z Tr[_i[u—l—ua Au]w,m—a(ﬂ)w—a,a} -+ (1)

— i(ﬁ)m,az—l—&ﬁw[u—w )‘I/]x—l—&,w -+ (2)

(1) (2)
Uit >21.3 T 4 U_4 X x
‘\ // /"\ <\ /7 = /“\\
. Sy = P, \\Al B o= p// \\}\2
>\1 \\ / // \\ )\2 \\ // ﬁ // \
N 3 > 4, B 4




Higer dimensional extension is possible:

® Integer sites

o Half-Int. sites

Uio

3-dim. N=4 super Yang-Mills



Origin of “inconsistency”
(non-gauge case)

Presentation by N=D=1 model with superfield

Superfield:  o=¢+06) 62=(2)" =0 {Z.,0}=1

o0

Matrix representation 4 _ [ AO 8 ] . [ 0 A, ]

Super charge:
(one step translation)

Boson: [9,&]:[%,@:0 —>q3:[¢ 0 ]

Fermion:



¢ and ¢ can be taken diagonal N x N

[ $1 O
0 ¢ 0
C . 0

SUSY transformation

0 on |

Y=

Y1 0

0 1 0

0

0

UN

oo = A_[Q, D)o = A_[Z + A2, §+04] = A

Similarly,
6o(A ) = 206,

diagonal: A _4 = [

W 0
0 A_pA.

|



Superfields product

Q,1Py = (le + 9121)(932 + 9122) = d1o + 9(&1122 + 151552)

Q(Qgﬁgz) = A—(lelzz —+ &1&2) = A—%&z + A_$1A+A_@@2

similarly = Q(61)ds + A_1 AL Qs
A “Inconsistency”
Q(201) = Q(h2)P1 + A_da AL Qo

while Q31¢22 — C/BQ¢21 since qu _ [ QSZ A £A ]
— Qi Ay



br2 = dadhy
This equality is accidental because of the choice of
diagonal ¢;. In general #; may not be diagonal matrix.
For example, if the scalar fields are defined not only
on sites but also on links then, there will be one
off-diagonal elements and thus  ¢1¢2 # ¢261 .

In general superfields are not commutative on the
lattice and this is the natural consequence of it.

D1y # D@1 — {5 (P1P2)}Ho # {9 (P2P1)}Ho

In the products of component fields the product
order should be arranged to inherit the original
superfields order. If the order is properly kept:

0Q(P1P2]0) = {9 (P1P2)}o,  IQ(P2P1lo) = {0q(P2®P1)}o



Possible origin for the problem

SUSY transformation is asymmetric between left and right
operation, while translation is left-right symmetric.

Translation: 5, ¢, = A2¢;A2 — ¢,
04 (P102) = AL P1P2AZ — P12 = (P1 + 0+01) (P2 + 5+ ¢2) — P12
= (0401)p2 + AT P1 A2 04 P = 0491 AL P2 A% + P104 02
SUSY transformation:

00(P1®P2) = A_[Q, 21P2] = A_([Q, 1]P2 + &1(Q, D2))
0B Bg + A_BIALA_[Q, By] = 50B1Ps + A_B1A L 5oDs

7& 5@@1A_(I)2A_|_ + (1315Q(I)2

This generates ordering ambiguity !



Exact SUSY invariance ?

We need modified Leibniz rule for super charges too.
With the modified Leibniz rule we can construct
twisted SUSY algebra representation on a lattice.
We can construct exact twisted SUSY algebra on a
lattice. Then we can construct twisted supercharge
exact action parallel to continuum formulation.

Example of action: S=>,L=>", 5s8€u,5,5,(—icc)
twisted SUSY algebra

{Q,Qu) =il {Q,Qu)=iA_,, Q@*=Q*=Q; =0
SUSY transformation of the action

saS =Y _QaL=>_{Q%L + total derivatives} = 0

Exact SUSY invariance with the modified Leibniz rule,
if we keep the proper order of the component fields.



Exact SUSY on a Lattice ?7?

Twisted lattice SUSY algebra is a modification of
ordinary algebra with shifted (anti-)commutator
on the lattice. Shifted commutator is needed to
show exact translational invariance of lattice actions.
This modification of algebra reminds us of the
Modification of lattice chiral transformation for
Ginzberg-Wilson relation.



However, for super Yang-Mills another problem:
Link hole by SUSY operation

S A operation generates a link hole to the action:
(sa(¥) = [Va, So}w—l—aA+a¢,az)

sA(S) = [Va,Sletay.e

z4ny  U_1 zn+ny | U,y x @
U2 U -
=Val = o+ T+ [ik !gJ )
T Uy ztm ll+

T Uy

= {link holes}

no gauge invariance ?

The gauge invariance is lost, since the edges
of the links are gauge dependent.
( Bruckmann, Kok, Catterall)



But, there is, however, one free parametera which
corresponds to the shift of v and can be taken
to be 0. Thus the corresponding supercharge s
doesn’t create link holes and thus SUSY and
gauge invariance are assured.

(Bruckmann, Kok, Catterall, Damgaard, Matsuura)

a =0 for asymmetric choice of the parameters
corresponds to the orbifold construction by Kaplan et. al.

a # 0 for symmetric choice of the parameters
are not SUSY invariant !



A possible solution

We claim: if there is covariantly constant super
parameter 77 A which has opposite shift
of V 4, and commutes with all the
super covariant derivatives:

{n4,V} AV 4, S} = 0
{na,p} =0

lattice SUSY and gauge invariant !

na compensates the link holes.

We need to prove the existence of covariantly
constant super parameter.



A trial

We need to find covariantly constant super
parameter &4, (£4V 4 : shiftless)

{VA7 £B} =0

(VA)w,w—aA(£B)m—aA,w—aA+aB‘|‘(gB)a:,w—l—aB (VA):E-I—G,B,:B-I—aB—aA =0

Va(x)ép(x —ap) = —€p(z)Va(z + ap)

We need to introduce non-commutative structure.
This can be realized by the following observation:

1 0
0 1

R V(z) = @(m—l— a) R

= o o

v(z) 0
0 V(z+a) 0
: 0 V(z+2a) 0 : 0 V(z+3a) 0 :

V(z+a) 0
01 0 ---
(:) V(z + 2a) 0 00 1 ..
1



We introduce further matrix structure:

VA — ¢A<x)RCLA7 £B — éB(CwRCLB

{(Va,&8} = Va@)Ru, (7 — aa)Ray + €5(2)Ray Va(r + ap) Ry,
— @A(:E)RCLAéB(Qj —aa)Raq, — ﬁzﬁl(w)RcméB(aj —aa)Ra;
=0



Gauge transformation

V(@) = G(x)V A(2)RayG(z — ayg) = G(@)V 4(@)G()Ra y
iV, V,LL} — ’i’u,_|_“,
@(az)Ra@u(a: —a)Rq, + @u(w)Rapﬁ(:L‘ — ay)Rq = iuy(z)Ra,
@(m)@u(w)RaRau — @u(a:)@(ac)Ra”Ra = tuy(z)Rn,

RaRau — RauRa — Rnu
V(z)Vu(x) + Vu(x)V(z) = iuy(z)

After taking off the shift operatorsr.., v. loose a
Link nature and space-time points shrink to a point.

Reduced model No solution yet !



a =0 for asymmetric choice of the parameters
corresponds to the orbifold construction by Kaplan et. al.

a # 0 for symmetric choice of the parameters
are not SUSY invariant !

Our Claim

There is one free parameter a in the formulation
and physical quantities may not depend on it.
The symmetric choice of a # 0 takes into account
the dual lattice as well and geometrically most
symmetric and may lead to the continuum limit
quickly (Unsal).



A New Proposal for the first problem

This part will be presented later when it's ready.



Summary of the Proposal

Half translation = Lattice SUSY transformation

g

O e

Lattice SUSY

exact half translation inv.

Croken naive statistics

Y

e,

Lattice QCD
exact gauge inv.

broken Lorentz inv.

L




Summary

Discrete Twisted SUSY algebra is realized
on the Lattice with modified Leibniz rule.
Ordering ambiguity for the product of component

fields is cleared up and the product order should
inherits the original order of the superfields for

the asymmetric definition of SUSY.

We need covariantly constant super parameter for
lattice super Yang-Mills. No proof yet !

We propose that lattice SUSY transformation can

be identified as half-translation with new super
parameters.



