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Motivation

e A true understanding of the black hole entropy;

Strominger and Vafa '96, constructions in string theory,
extremal black holes

Strominger '97, BTZ, neither string theory nor supersymmetry
is necessary

Carlip '98, stretched horizon;

Guica, Hartman, Song and Strominger '08, the Kerr/CFT
correspondence, extremal black holes;

Castro, Maloney and Strominger '10, Hidden Conformal
Symmetry, non-extremal black holes;

Carlip '11, stretched horizon for Kerr/CFT

e Possible examples of gauge/gravity duality.
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Objective

Revisit the case for non-extremal black holes:

Boundary conditions without using the intermediate stretched
horizon;

Thus study fluctuations on the horizon directly;

A more direct evidence for the existence of a dual 2D
conformal field theory.
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Boundary conditions and symmetries

Non-extremal case

Extremal case
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Kerr/CFT correspondence

Guica, Hartman, Song and Strominger (2008).
Kerr metric,
2
ds? = p2( - %dtZ + % + d92) + g(do — wdt)?,
2Mar

2 2 2,2 2 . 2
vi=(r"+a —a“sinf0°A =TS 5 5
( ) ’ (2 +a2)2 — asin62A
(P + %)% — 2sin6%A
r rel T
2

g= in92,
P

A:(r2+az)72Mr, p2:r2+azc0592.

First law, dM = TdS + QdJ,

2 — & s o a
T=— "0, S=m(ryg +a°), Q= —5——, J=Ma.
dro(rg + a2) 2 + 2

Summary
oo



Kerr/CFT
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The Extremal limit A(rg) = A'(r) =0, = rnn=a=+vJ=M.
Bardeen and Horowitz (1999)

dx?
1+ x2
4sin 0%(d¢ + xdt)?

(1 + cos 62)? ] '

ds® = r3(1 4+ cos6?)| — (1 + x?)d72 +

+d6? +

e SL(2,R) x U(1) isometry;
e Warped AdS; for fixed 0;
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Asymptotic symmetries

O(%)
o(1)
&~ o(1) O(x)
O(x) O(A)

“Equivalent” configurations: GHSS (2008)
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lack Holes

Boundary symmetries

Non-extremal case

Extremal case

Summary

Entropy

The corresponding generators are

Em = —efimd)(imxax + 0g) .
The central charge is

c=12r8 =12J.
Frolov-Thorne temperature, T = % Cardy formula
2

S:%CT:27TJ.



Black Holes
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Simple examples

Schwarzschild,

dr? 2M
ds? = —Adt? + — A + r2d0% + r’sin?d¢?, A= -
Kerr-AdS,
A dr f do?
ds® = f(—d +K>+ A, + g1 (dot — wldt)?,
2M
A = (P+a3A)1+g ) -2Mr, w'= 2ar’
"4
22
2 o= (PR a“sin HA.
AV

Horizon A(rg) = 0, angular velocity Q = w(rp),
A'(ro)

and temperature T = Trv()
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Less-simple examples -

Kerr-NUT-AdS in D = 7, Chen, Lu and Pope (2006)

2 (P + )P+ 22)d? (P )2 — 22 dy? (P + 22) (2% — y?) d2?
ds’ = + +
X % Z
X , 2, 2 22 2
AT (dt' + (2 + 2)dur + Y2 dvr)
Y , 2 2 2.2 2
+W(dr 1 (22— A)dyy — Pz de)
4 , 2 2 2 2 2
NI )(dt + (7 = P)dpr — Py duy)
c
B G e R e R S LR SO

where

C
X = gr+C0r+C1r+C2—2M+ 3

C3
Yy = g2y67C0y4+C1y27C2+2L1+*»
y

c
z = g216—C014+C122—C2+2L2+—23A
z

Summary
oo
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Mei and Pope (2007)

ds
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Less-simple examples - 2

3 X Y

2 2 2 2 2
-~ H12/3H1/3 {(x2 _y2)<dx dy ) X X(dt + y“do)

2
(x2 — y?)fH?
2 2 2 2
yY {dt + (x° + 2msy )da]
(2 = y2)(v + y?)HE

(% = y2)fth {abda + (v + yz)dx] ) :

2
—U | dt+y?do +
( ab(x2 — y2)Hz — 2ms3c3(y + y?)

(3602 — y2)Hs — 2mssca(y +1%)]°
(@ = y2)2(~ + y2)HZ Hs
—2mx2 + (52 + xz)(B2 + x2)
x2
+g2(§2 + 2m512 + x2)(Z72 + 2m512 + >(2)(2ms32 + v+ xz) ,

x2

’

&+ 2)(B + ) [1+ (v + )]
. :

y

Summary
oo
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Common features
e Valid for all (known) stationary and axisymmetric solutions;
e Metric,
A dr?
ds? = f[— =5dt? + |+ hydo'do/
+gap(de? — widt)(dp? — whdt),
e Horizon, A(rg) =0;
° Area, S= fHorizon d0d¢ v '
e Temperature, T = 47W\,_>,0,
e Angular velocity, Q% = w?|,_;
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cont.

e Mass ({ = 0;) and angular momentum (£ = Jy) can be
defined through

SHe = / Q¢ — ic®s.
horizon

For Einstein gravity plus a cosmological constant,

6Q¢ — ie®s = 15=+/—8& (d"2x) W KM,

K — 5(\/\/_5_;# ) +£u(v hvP — ) gu(v hHP — Vﬂh)_

e The first law of black hole thermodynamics is satisfied,

dM = TdS + Q%dJ, + ¢dQ + - --

Note: All thermodynamical quantities can be defined using data
from the horizon!
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Fluctuations on the horizon

* Need to solve dE,, = 0.
e One cIas§ of soluti~ons, 08w = LeBuv
= 0E,, = L¢E, =0.
® 08 = L& paired with dxH = —¢F is diffeomorphism;
e But 68, = L&, leads to a new configuration if dx* = 0;
e Equivalent to 08, = 0 but dx* = —¢~.

e A coordinate system is a lattice of observers (clocks and
rulers). ox* = —&H can be understood as involuntary motion
of observers, driven by quantum fluctuations of the spacetime.

e Expansion, " =37, §E‘k)(r — o)k, &) = {éo) =0, where
all the functions {E‘k) depend only on 6, ¢? and t.

One may do by only assuming analyticity, but harder to prove in
general.
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Boundary conditions

e The induced metric on the r = rg hypersurface is fixed,
5g',J ~ 5giA ~ 5gAB ~ 0.
e The volume density is fixed, d/—g =~ 0.

e All (inverse) metric elements related to #' are fixed,
68ir ~ 08 ~ 681 ~ g™ ~ 0.
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Solving the boundary conditions
Variation of the (inverse) metric elements,

TN
Ledr > 01 (tln) + 5+ 5
. fooer | »
Lega ~ 250480 + Basél)
~ f r j ~ rf
Efgri ~ Ealg(l) + qugfl) ) EEg ~ 07

Legi =~ Egé’ij =0, Legn~ gabDIE(bo) )
‘Cﬁgit ~ *WaDig(ao) )

2
i v i if

Leg” ~ owiwPOsg) — ¢ 0

Efgab ~ gacDbg(Co) + gbcDag(Co) )

Q

LeBat gathf(bo) - WbDaf(bo) v Le8u = *2WaDt§(ao) ]
LeV=E ~ VoE (€ +0agd)) -

Q
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cont.

They reduce to the following equations,
Duloy = 0ukloy — W 0ub(oy =0, m#ri €ly = —0a&()
o = *qyﬁ@fﬁ) . 0iE(o) = 9 fV—A2/ w0y
The first one DMQ’O) ~ 0 is easily solved with
oy = Vo), = Dutfyy = (¥~ w?)d,ufp) ~ 0.
The other equations are then uniquely solved by

§hy = —0ak(y) = —0allyy, ikl =0, &1y =0.
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Result
They reduce to the following equations,

o(%) 0 0
By ~ ( 0 O1) o ) ,
0 0 0Q)

O(%) 0 O(F)
68 ~ 0 0 0
O(#&) 0 0

The generators (p = r — rp),
i = €10, = — - im o1 O(2)| 0, + 0(?)0,
QA
+ [Qé & + O(p)] 8A} :

They satisfy the (centerless) Virasoro algebra,

ilam, an] = (M —n)amsn.



Holes Boundary symmetries

tremal case
[elelelolo) }

mal case Summary

Charge and central extension

e As before, one defines the charges through (£ = ap,)

SHe = / Q¢ — ic®s.
horizon

e The is a central extension to the algebra. Central charge
c= 12i(the coefficient of m3 in K[L_m, L] ).

KIL—m, Lm] = 0Hel(6—c5_ L)

n— V_g v
N/H ~(dx 2)'LW16—7TKM : (1)
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Central charge

The key quantity to consider (71#,, = L5,8w),

Ktr — 2—%+ htpv —r . hrpv a (@t/",rp 7@r'}',,tp)5mp

+at (V,h — k) — 3%, (V P — V).

We calculate for the more general Virasoro generators,

3, = 7efim(¢a,Qat){ [imp+ O(p2)] 8, + O(p?)d;
+[XA +O(p } },

where Q2 and x* are arbitrary, except for x? = 1 + Q2x*. For us,
3

A3 _ O3 a_ _ @ t_ 1
Q*=Q ’ X = Qi_03° X Qi_03"
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cont.

In the non-extremal case, T & A’(ry) # 0 and

e The omitted terms are all finite and are linear in m;
e The subleading terms (those of O(p?) for 9, and &;, and

those of O(p) for da) are not constrained in the generators.
But they do not contribute to the central term either.

Summary
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cont.

The central charge is

Cé = E/ dD 2 tr2‘/ |: Q‘T’ PR R S
T J horizon 2

_ 3 D-2 — [ tros &y 1] v(r)(Q? —0%)
B ™ /ho”zon(d X)tr2 qg |:X (Q Q ) 2:| Al(ro)

— 3 t a A3 1 Qé - Qé

- 1) #2

3 . 9207
For our generators, c? =57 7S

The Frolov-Thorne temperature for (¢? — Q3t) is T2 =

O3_Q3°



Non-extremal case
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Central charge, ¢ = 53, - £ . .

5 _
Temperature, T2 = 5o
e Both are non-negative unless {7 = Q2.

e Can be explained by the fact that the horizon is a frozen
surface.

So ¢? vanishes and T2 diverges, but the entropy is finite,

Missing by a factor of 2!
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Extremal: need additional constraints

Unconstrained subleading terms do contribute to the central
term in the extremal case;

Require that the Virasoro algebra is satisfied up to the
subleading order.

new generators: 3,, = —e M@ =) (..,
a2

(--) = {imp+[mu’Jr%(uéfﬁéut)}erO(/f)}ar

+[mu g2 + 0(p%)| 01 + [x* + mutp + O(p%) | 0a.

u”, u' and u? are free functions of #. But their contribution
cancels out.
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Central term

e General result: K" ~ —m3 (ﬁ—;Zl + %) + .-

202 (r)(27 — O3) 2ivg (r0)w'?(ro) 5 a3 i
7 -=0 e [ = TS 4 (@ - 97)Gi(r, 6)] 6 + O,
f(ro, 07) f(ro, 07)
2 1) ok ) S ffv&(ro)w’é(ro)
’ (10, 07)

a A3 i 2 3
e (@~ )Gl 6)]6* + 067,

e All dependence on r only through A, A’ and p(=r — rp).

e When A’(rp) # 0, one recovers the result in the non-extremal
case.



In the extremal case A’(rp) =0,

Extremal case
feleY 1o}

im3 v ()W (r
KO (L, Lm) = 4A"((r)o()£g 009(i)0)(1 Te)
Q3 Qé f A 2N _
C = () {;[1 X -]+ 307 (1)
f(ro,e)
2iv, 0( )(2G1 - GQ)}

In our case, the central charge is

5 3
Ca = ——/ dD 2X)tr2\/
T J horizon

A//

Vo (ro)wg’ (ro) _
(r0)f(ro,0')
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Entropy
a_ 35S
e The central charge, c? = e
() B
Arvo(ro)w'a(ro)

a_ _ T .
e Temperature, T2 = REEL
e T7 s indefinite because T = Q7 — 2 = 0:
e One choice is to identify T2 with T3. In this case, Cardy's

formula gives
- 7r2 - =
§$9=—cT?=S.
3
In terms of the central charge, no smooth transition from the

non-extremal case to the extremal case.
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Summary

Physically reasonable (and stringent) boundary conditions
exist on the horizon;

For these boundary conditions, there is no need to take the
near horizon limit or to introduce an intermediate stretched
horizon;

One copy of Virasoro algebra is uniquely identified, for each of
the azimuthal angles;

The usual machinery leads to the full entropy for extremal
black holes, and half the entropy for non-extremal ones;
Better evidence for the existence of a dual 2D CFT;

Works for any stationary and axisymmetric black hole in
arbitrary dimensions.
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Immediate outstanding problems

e Singular behaviors of the symmetry generators and the
Frolov-Thorne temperature;

e Intrinsic or artificial?

Summary
oce

e The calculated entropy for non-extremal black holes is missing

by a factor of 2;

e A second copy of the Virasoro algebra?
e Need to go beyond Cardy’'s formula for non-extremal black
holes?



