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N = 4 super Yang Mills: Most symmetric interacting 4d QFT

Field content: All fields in adjoint of SU(N), N x N matrices

o Gluons: A,
o 6 real scalars: ®;
o 4 x 4 real fermions: ¥, »

@ Action: Unique model completely fixed by SUSY

1
S:gYM2 d4xTr|:‘_11F3V+%(DMq)I)2_ %[q)[uq)J][(I)[,(I)J]—F

VLoSI DI 4 — W, 40 Be (01, W ] — § 06 0P [0, ‘I’BB]]

o | Byyy = 0]: Quantum Conformal Field Theory, 2 parameters: N & A = gym>N

Shall consider 't Hooft planar limit: N — oo with A fixed.

Is the 4d interacting QFT with highest degree of symmetry!

= “H-atom of gauge theories”
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Superconformal symmetry

e Symmetry: 50(2,4) ® s0(6) C psu(2,2|4)

Poincaré:  p°® = p, ("), lap, Za/ﬁ
Conformal: ks, d (c : central charge)
R-symmetry: 7rap

Poncaré Susy: ¢““, (jﬁ{

) ZA
Conformal Susy: 544, 54
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Scattering amplitudes in ' = 4 SYM

o Consider n-particle scattering amplitude

hnf 1

@ Planar amplitudes most conveniently expressed in color ordered formalism:

An({pishiyai}) =00 “p) D gttt g0o]
=1

0ESH/Zn
X An({pdla h01}7 SR {p017 h‘o'l};)\ = 92 N)

A,,: Color ordered amplitude. Color structure is stripped off.

Helicity of ith particle: h; = 0 scalar, h; = +1 gluon, h; = j:% gluino
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Spinor helicity formalism

o Express momentum and polarizations via commuting spinors A%, \%:
PPy = (0")"p, =AY & p,pt =detp™® =0

@ Choice of helicity determines polarization vector * of external gluon

)\aﬂd - Ca~
= Nl = € Nyjis
] (A Q] 2%

. Mozj\d
h=-1 Ex =
(Ap)

h=+1 g

Ap) = eap \p°
1, [t arbitrary reference spinors.

e E.g. scalar products: 2p; - pa = (A1, A2) [5\2,5\1] = (1,2) [2,1]

@ Helicity assignments:

h(A) =—1/2  h(A%) = +1/2
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Trees



Gluon Amplitudes and Helicity Classification

Classify gluon amplitudes by # of helicity flips
@ By SUSY Ward identities: A,(17,2%,....n")=0=A,(17,27,...,n")
true to all loops

e Maximally helicity violating (MHV) amplitudes

. 4
+ ) u + = (4) . <’L,j> arke, Taylor|
Ap(17 i, ,...n") =20 (% i) 1,2)(2.3) ... (n1) [Parke, Taylor]

° Next—to—maximally helicity amplitudes (NkMHV) have more involved structure!

N N
\ /' Ny /’

MHV / Apm s gy g™

[Picture from T. McLoughlin]
[5/21]



On-shell superspace

@ Augment X\ and 5\? by G~rassmann variables 77;4 A=1,23,4 [Nair]
@ On-shell superspace (/\?,)\d,n{‘) with on-shell superfield:

1 1 _
e(p,n) = GT(p) + n"Ta(p) + 577A773 Sap(p) + gnAnB n%eacpT? (p)

1 _
+ EnAnB n“n? eapcpG~ (p)
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On-shell superspace

@ Augment X\ and 5\? by G~rassmann variables 77;4 A=1,23,4 [Nair]
@ On-shell superspace (/\?,)\d,n{‘) with on-shell superfield:

1 1 _
e(p,n) = GT(p) + n"Ta(p) + 577A773 Sap(p) + gnAnB n%eacpT? (p)
A B C D

1 _
N T eapepG ()

@ Superamplitudes: <g0()\1,5\1,771) (A, ;\2,772) .. @(An,j\n,nn)>

+1/2

Packages all n-parton gluon*-gluino -scalar amplitudes

@ General form of tree superamplitudes:

_ 5(4)(Zi Ai 5‘1) 5(8)(Zi Ai1i)
" (1,2)(2,3)...(n,1)

Pu({X; Xis i)

Conservation of super-momentum: 6 (3", A%n) = (32, A*nh)®
o n-expansion of P, yields N¥MHV-classification of superamps as h(n) = —1/2

P, = ,PQ/IHV + 774 ’PQIMHV + 778 PqI;INMHV 4.+ n4n78 fPTIYIHV
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Symmetries



u(2,2|4) invariance

e Superamplitude: (i =1,...,n)

SD (32, X0 6 (3, Aenh)

(1,2)(2,3)...(n, 1) Pu({Ais Nis i)

AR ({i, Niymi}) =

@ Realization of psu(2,2|4) generators in on-shell superspace, e.g. [Witten]

n B n

P =Y A ¢ = Al = obvious symmetries
i=1 i=1
n

o 0
kaa = Y@ Aia = less obvious sym
[e7e% ; )\;)c (9/\? Za)\a 87’]1 VIOU 3%

o Invariance: {p,k,1,1,d,r,q,G,5,5 cZ}Atree({)\a,)\a,m H=0
@ N.B.: Local invariance h; A, =1-A,

Helicity operator: h; = — )\0‘8 +3 )\0‘8 + 2 771 Oia=1-—¢;

[7/21]



su(2,2[4) invariance

o The su(2,2[4) generators acting in on-shell superspace (A, A%, nA):

P = Z AFAY koo = Z Dialic
Mep = Z S\z‘(aaig), Map = Z Ai(a0ip) »
d= Z[%A?&m +iN O +1],  rip= Z[—ng“am + 20pnf 9ic] |
e - 30,
Sad = i dialia, sh = in{q@'a :
0
Oia i = 87)\10‘ = 5’(3;4'
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u(2,2|4) invariance

e The su(2,2|4) generators acting in on-shell superspace (A%, ;\f‘, ni):

T=D AN
Map = Z Aiadig)

d= Z [5A8 05 + %5\?62(1 +1],

qu Z}\a,’% ’
7

SaAd = Z 0ia0;,
9

Doy 1= 57)\?‘

bag = Oiaic

Mag = ZZ Ai(adip) »

qi = Zl%'*aiA,
Zn i

Oija =

n0ip + Y65m°0ic]

it

)

e N.B: For collinear momenta (\; ~ >\l+1) important additional length changing
terms, due to holomorphic anomaly —%- aAa o) u> = 27l 02 ((\, 1))

[Bargheer, Beisert, Galleas, Loebbert,McLoughlin] [Korchemsky, Sokatchev] [Skinner,Mason][Arkani-Hamed, Cachazo, Kaplan]
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Dual conformal symmetry

p3 ) Tn—1

Ny /_'
f‘>-Q/—<-p1 — Tn 553
PEEERN

7
Pn—1/ Y Pn

2

@ Trees are dual superconformal invariant: | (6; — 9,~+1)0“4 =\ 77;-4

[Drummond, Henn, Korchemsky, Sokatchev]

@ Dual conformal generator: KH =% (22l a¥ — :cf nt)

o)
oxY

+ ferms
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Dual conformal symmetry

p3 ,p2 In—1

\

p b h
N Q B x3 Tig1r — & =P
Il xr

Pn— 1’ N Pn

2

e Trees are dual superconformal invariant: | (0; — 0;41)%* = A%

[Drummond, Henn, Korchemsky, Sokatchev]

o Dual conformal generator: | K* =3, (22} a¥ — 22 n) ;2

i—1
e Translate to original on-shell superspace: " = E AJ AT 4 2] ete
j=1

ad = af ya 0 o & 0 & 0 ad
= K=Y PV + 290, 38 wJFA emaBm

=1 7 i

Nonlocal structure!
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Yangian symmetry of scattering amplitudes in N’ = 4 SYM

@ Superconformal + Dual superconformal algebra = Yangian Y [psu(2,2[4)]

[Drummond, Henn, JP]

(Ja (0) (0)}: fav©J (.O) conventional superconformal symmetry
(7O 7 1)} fap® JWV from dual conformal symmetry
with nonlocal generators Jél) = f, Z sz J((?
1<j<i<n
and super Serre relations (representation dependent). [Dolan, Nappi,Witten]

(1)

@ In particular: Bosonic invariance |p,; A, = 0| with

pgz = ad + AKad

1 c— . B . ‘
= 5 > (13,003 + 15,670 — d; 6107) b + Gi.ac 45 — (i 4 )
i<j

o |In fact J\” and p() generate all of ¥ [psu(2,2[4)]
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Loops



Higher loops and Higgs regulator

@ Beyond tree-level: Need of regularization (IR divergences) a priori breaks
conformal and dual conformal symmetry

o Standard regularization method Dim reduction 10 — 4 — ¢
o Alternative method: Massive or Higgs regulator [Alday, Henn, P, Schuster]

@ Close connection to 6d amplitudes in N' = (1, 1) super Yang-Mills

4

@ String picture serious:

ya—d
- Q R

o Field Theory: Higgsing U(N + M) — U(N) x U(1)M,
One brane for every scattered particle, N > M.
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Higgsing N’ = 4 Super Yang-Mills

@ Action
. 1 . 1 . 2 .
SJI\J/(ZJ\ZIJFM) = /d%*Tr(—Z Fi,, - §(DH<I>1)2 + gz (@7, D) +ferms> ,

@ Decompose into N + M blocks

i ((Aa (Ap)aj = ((®r)ab (P1)a;
A= ((AZ)’LG (AZ)WJ) ’ o= ((‘I)I)m d19 g 0y + ((I)I)ij>

ab=1,....,N, i,j=N+1,....N+ M,

@ Yields mass terms and novel bosonic 3-point interactions proportional to m;
@ Renders amplitudes IR finite. Has ‘light’ (m; —m;) and ‘heavy’ m; W-bosons

D1 [12/21]



One loop test of extended dual conformal symmetry 1

o Consider the (special) purely scalar amplitude:

Ay = (@4(p1) 3(p2) Da(ps) P5(pa)) = igine (1 + AN (s,t,mi) +O(N?))

I(l)(s,t,mi): Massive box integral in dual variables (p; = x; — x;,1)

[ty o sk G
(235 + mi) (235 + m3) (235 + m3)(x3; +m3)

o Reexpressed in 5d variables #M: | &/ .= 2! 2l:=m,;,| i=1...4
5(EM=1)
1 2 52 5- 5
It )(S,t’mz) = 1‘133524/d X573 -3 -2 -2
L15L25%35L 45

o IM(s,t,m;) is extended dual conformal invariant: | K, I (s,t,m;) =0
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Extended dual conformal invariance

o Extended dual conformal invariance
K, IW (s, t,my) =
4
0 0 9 9, O 1
@ m; is the fifth coordinate 2™ = (x#, m).
@ Triangle and bubble graphs are forbidden by extended conformal symmetry!
@ Indeed an explicit one-loop calculation shows the cancelation of triangles.
@ Has been extended to higher loops & higher multiplicities as well as Regge limit

[Henn, Naculich, Schnitzer, Drummond]
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Symmetries of massively regulated loop amplitudes

[JP, Schuster]



On shell superspace for 6d N = (1,1) sYM

4d massively regulated N = 4
SYM amplitudes

On shell 6d superspace:

6d massless N' = (1,1) SYM amps
with p° + ipS = myy
& internal loop momenta in 4d

KK red.

@ Lorentz group SO(1,5) ~ SU(4)* Little group SO(4) ~ SU(2) x SU(2)

@ Helicity spinors: M & N e

@ 6d momentum: p

@ SUSY partners: Na & 7%

AB _ AAa )\Bb €a

A=1,234 a=12a=12

X b _ 1 AB
b PAB = AaaAgj € = 5 €ABCD P

Supertranslations: =M, & Ga= Ma ne
On-shell superfield as 7 expansion:

Qp,n,7) = ¢ + V0 + Paii® + &' 0>+ " 7+ i fe ... + ¢ 0?7

@ Perturbative results:

e 3,45 point amplitudes @ tree-level [Cheung,0'Connell]
o Super BCFW recursion [pennen,Huang,Siegel]
° 4pt amp“tude 01&2 IOOpS [Bern,Carrasco,Dennen,Huang, Ita]
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Dual conformal symmetry for 6d ' = (1,1) SYM

@ Introduce dual on-shell superspace

AB AB AB A
= p; 0;

x; T = — 04 =q¢" 0ia—0i114=Gia

@ Dual conformal generator:

0
Ku:Z(%ﬁx?—x?U“ )8x + 00" apaPC — + ...

1 7

800

@ Statement: K* is symmetry of 6d d-fct. stripped super amplitudes  [pennen Huang]

AL loop
W _
(K208 Sy s o

@ True also for higher loops L > 0 iff loop integration is in 4d =

Proof of extended dual conformal symmetry of Higgs-regulated ' = 4 SYM!
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Question:
May we interpret dual conformal K, as the level one Yangian generator p,(}) of
Higgs regulated N'= 4 SYM upon dim reduction to 4d?
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Question:
May we interpret dual conformal K, as the level one Yangian generator p,(}) of
Higgs regulated N'= 4 SYM upon dim reduction to 4d?

B
@ Needs to compactify to 4d: pAB = m§a5 Pa. .
P —me

@ Helicity spinors for massive 4d particles:

&= NONY 4 ol (two sets of spinors)

with constraints (A ) = m and [i \] = m. Reality condition: m = m.
@ Inherited Lorentz symmetries of massively regulated N’ = 4 amplitudes

aﬁ—Z)\ (a 15 +Nz(a516) ZdB:"' &
aa:Z#ia Oia — Niadia + tiadia — Niadia & s+l
lyagy. JCE N os. SO
d= Zg/\am+>\i8w+u2-5m+ui5w)+1 & s
with §;o := % Ojey i = 5 Generators commute with m = m constraint
Ou; ON; [17/21]



@ Inherited supersymmetries of massively regulated AV = 4 amplitudes

o = mg — Hia& e = S\zafza + ﬂzagg
1o} 0 - 0 0
1aa: 1& Az, (i & e iaa:)\ia_ Xy
Q pi P gen Q oea + p oE
ith ¢ — 771_) za (772>
with £ (_ﬁl &= 7
@ Bosonic algebra: Standard 4d Poincaré plus:

[hao'capﬁ/j] :2€aﬁ6d5 [hao'um] = Paé s

[haom ,3/3] —2€aﬁl + 2e, 5laﬁa [Z,B’Yv aa] Bh’Y)

@ SUSY algebra

{ngde} = Pac 5[? {QZ»Q@I)} = Pac 61?
{Q8, Qsv} = meap by {Q%,Q4,} = —megz0p
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Nonlocal symmetries of massively regulates N' = 4 SYM

@ Rewriting the 6d dual conformal K* (1 =0,1,2,3) in the massive on-shell 4d
superspace {\a, Aa fia fia; €%, €0} yields

Koo + AKps +2 Z Tioa — T1-terms

i

_Z aﬁ Zaﬂ'i_eaﬂlzaﬁ'i_eaﬁfaﬂd) JBIB-I_hzaamj
1<J

— QicaQfs — Qica Qo — (i ¢ J)] PS,)

Is level-one Yangian like extension of translational part of Poincaré algebra

1
[haa,p(ﬁﬁ-) ] =2eapezpm

with  m®) = %Zj<i hiwp;m +2d; mj — Qina Q;” - _ja Gy — (i .7)]
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Nonlocal symmetries of massively regulated N’ = 4 4d SYM

(1)

@ However, no co-dim symmetry structure emerges as p, ; and m®) form an ideal

of the algebra:
i={p,m}Ca [a(o),i(D)] =10 [Cl(o),i(l)] — i@

@ Conclusion:

Arl{—loop, N =4 SYM

I Zh d: 5. (1) 1) =0
ym by dia. @5 970 M) S S ) 5 @)

o Level 1 SUSY generators do not seem to exist

@ Analysis suggests co-dim symmetry structure hinges upon conformal symmetry
at level 0 as there
[k,p] ~14+14+d
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Summary and Outlook

Tree level amplitudes are invariant under an infinite dimensional Yangian
symmetry

Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

Breaking of dual conformal invariance at loop level under control: Best seen in
massive (Higgs) regulator

Restriction of possible integrals at higher loops.

Established symmetry structure of massively regulated NV = 4 SYM:

Superpoincaré + h,, +d + pf}) +m®)

—_—
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symmetry

@ Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

@ Breaking of dual conformal invariance at loop level under control: Best seen in
massive (Higgs) regulator

@ Restriction of possible integrals at higher loops.

@ Established symmetry structure of massively regulated ' = 4 SYM:

Superpoincaré + h,, +d + pf}) +m®)

@ Can breaking of standard conformal invariance at loop level be controlled?
3 perturbative COhStFUCtion in d|m I’egu|arizati0n [Sever,Vieira][Beisert,Henn,McLoughlin, JP]
Recent all loop claim [caron-Huot,He]

@ Relation to massive regularization?
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@ Breaking of dual conformal invariance at loop level under control: Best seen in
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@ Established symmetry structure of massively regulated ' = 4 SYM:

Superpoincaré + h,, +d + pf}) +m®)

@ Can breaking of standard conformal invariance at loop level be controlled?
3 perturbative COhStFUCtion in d|m I’egu|arizati0n [Sever,Vieira][Beisert,Henn,McLoughlin, JP]
Recent all loop claim [caron-Huot,He]

@ Relation to massive regularization?

Does integrability determine the all loop planar scattering amplitudes?
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