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1 Introduction

The aim of a small-angle neutron scattering (SANS) experiment is to determine
the shape and the organization, averaged in time, of particles or aggregates
dispersed in a continuous medium. The term particle is applied to a wide range
of objects, as for example, small colloidal particles (clay, ferrofluid, nanotube),
surfactant aggregates (micelles, lamellar, hexagonal, cubic, or sponge phases),
polymers and all derivatives, liquid crystal, model membranes, proteins in solu-
tion, flux line lattices in supraconductors. The list is not exhaustive.

Small-angle scattering was discovered in the late 1930s by Guinier during
X-ray diffraction experiments on metal alloys [1]. The main principles and equa-
tions still in use are exposed by Guinier and Fournet [2] in the very first mono-
graph on SAXS. The development of SANS experiments started 30 years later, in
the 1960s. The increase of interest was related to the pioneering work of Sturhmann
et al. [3-5] where contrast variation experiments demonstrated that neutrons were
a powerful tool to investigate materials. Indeed, the difference of scattering length
densities between isotopes and more precisely between hydrogen and deuterium
atoms is at the basis of most of the experiments. Moreover, neutrons are nonde-
structive and do not alter the samples as X-rays from synchrotron sources can do.

The aim of the chapter is to give an overview of what small-angle neutron
scattering is. In the first three sections, the experimental aspects will be explained
with the description of a SANS instrument, the course of an experiment, and the
data reduction. The two following parts will be dedicated to data interpretation
and analysis. Basic rules of scattering will be recalled, useful equations of form
factors will be given, and the instrumental resolution combined with polydisper-
sity (variation in particle size) effects will be presented. This chapter will conclude
with the recent advancements and future developments in SANS.

2 Description of SANS Instruments

The two main sources of neutrons are steady-state reactors and spallation sources.
In the first case, neutrons are continuously produced by fission processes. In the
second case, a pulsed neutron beam (typically with 25 or 50 Hz frequency) is
generated by the collision of high-energy protons which chop off heavy atoms.
The time-of-flight method is used on the instruments to analyze the neutrons
arriving on the detector. Consequently, the geometry and handling of SANS
experiments depends on the kind of source. A world directory of SANS instru-
ments is available on the web sites given in [6]. Technical descriptions of some of
these instruments can be found in [7] as well.
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The spectrometers D22 (ILL, France) and LOQ (ISIS, UK) will be described
as example for steady-state and time-of-flight instrument respectively. Then, D22
characteristics will be used to illustrate different sections of the article.

2.1 The Steady-State Instrument D22

A typical example of steady-state pinhole instrument is D22 at the Institut Laue
Langevin, Grenoble. D22 was commissioned in 1995 and has been improved with
the installation of a new detector in March 2004. The schematic layout of the
instrument is given in © Figure 13-1.
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O Figure 13-1

Schematic representation the steady-state instrument D22 at the Institut Laue Langevin

(figure courtesy of the ILL)

A white beam is produced by the horizontal cold source in the reactor. The
wavelength is selected through a mechanical velocity selector (DORNIER), which
consists of a rotating drum with helically curved absorbing slits at its surface. The
wavelength can be varied between 4.6 and 40 A when the rotation speed decreases
from 28,000 to 4,000 rpm. The wavelength spread A4/ is 10% (FWHM). The
selector is mounted on ball-bearings and forbidden frequencies of rotation exist
to minimize vibrations and resonance. Silver behenate, a polycrystalline powder
giving narrow Bragg peaks is used as a standard to calibrate the wavelength.
Several orders of Bragg peaks are obtained within few minutes, with a first order
at go = 0.1763 A~%.

The empirical relationship between the wavelength and the velocity or the
RPM (revolutions per minute) follows:
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A
A= RPM B (1)
At the date of this review A = 121651 A~" and B=0.1355 A~' on D22.

After the selector, a set of vertical and horizontal slits are mounted. They
define the size of the beam. The closure of the slits to reduce the beam size is used
when a higher instrument resolution is necessary, for example, to study the shape
of the Bragg peaks in flux line lattices. Then neutrons pass through a low
efficiency detector, called a monitor. The integrated counts during the time the
measurement are used for data normalization.

Collimation is a series of waveguides necessary because unlike electro-
magnetic radiation (light or X-Ray), neutrons cannot be easily focused. The
possibility of neutron lenses will be discussed in the last section dedicated to
the new perspectives for SANS instruments. The collimation part on D22 is
composed by eight guides with a cross-section of 55 x 40 mm?. Their lengths
vary as a geometrical series to yield free flight paths of 1.4-17.6 m and are
calculated in such a way that when one removes or adds a part of collimation
the flux decreases or increases by a factor of 2. Antiparasistic diaphragms are
placed between two guide sections. At the end of the collimation, the size of the
beam in front of the sample is fixed by an aperture, made of B4C covered by
Cadmium. Their shapes (round, slits, square) and sizes (from 1 to 20 mm) are
very flexible depending on the sample geometry. The detector moves from 1.1 to
18 m from the sample position in a 2-m diameter tube under vacuum (0.2 mbar).

The “beam-stop” made of an absorbing piece of B4C and Cadmium placed
in front of the detector prevents the direct beam from damaging the detector. The
possibility to offset the detector laterally up to 400 mm in the vacuum vessel
allows one to cover a dynamic g-range (Gmax/Gmin) Of 20 with only one configu-
ration. The detector rotation around its middle axis is also possible and useful
at small detector distances (D < 2 m) to correct from geometric distortions
(see © Figure 13-5). By combining the entire range of wavelengths and detector
distances, the total accessible g-range varies from 8 10~ to 0.8 AL

D22 is located close to the brilliant horizontal cold source of the reactor.
Thanks to the large cross-section of the neutron guide, the short rotor and high
transmission of its velocity selector, the diffractometer D22 is up to now the one
with the highest flux at the sample position with up to 10® neutron/s/cm”.

2.2  The Time-of-Flight Instrument LOQ

The schematic geometry of the LOQ instrument is shown in © Figure 13-2. A
description of the instrument is given in [8]. The white beam passes thought
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O Figure 13-2
Schematic representation of the time-of-flight instrument LOQ at the ISIS Facility, Didcot,
UK (figure courtesy of ISIS)

super-mirror Soller bender which removes wavelengths less than 2 A, a first
aperture, a disk chopper with variable openings, and a frame overlap mirrors to
cut the wavelengths higher than 12 A. The neutrons flight through a 3-m
evacuated guide. A second aperture is placed at the end of the final collimation
and defines the sample beam size. The sample position is at around 11.1 m from
the moderator. The sample transmissions are measured by inserting a monitor
just after the sample after reducing the beam diameter to 1 mm between the
sample and the monitor.

The main gas-filled multi-detector is fixed at 4.1 m from the sample in a
vacuum tube. The active area is 64 cm? with 128 x 128 pixels (5 mm resolution)
and 100 time channels for the different wavelengths. The high g can be measured
simultaneously using a second detector set at a fixed and close position to the
sample.

The principal benefit of conducting SANS experiments at ISIS is that a
“white” incident beam is combined with time-of-flight detection techniques to
give a very large dynamic range in scattering vector, accessible in a single
measurement without any need to reconfigure the instrument.
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On LOQ at ISIS a pulse shaping 25 Hz disc shopper selects wavelength of
2.2-10 A, which are used simultaneously by time-of-flight.

For fixed geometry instruments working in time-of-flight mode, different
wavelength neutrons scattered at a same angle have different g values and arrive
on the detector at different times. The broader the incoming wavelength range,
the wider the g-range of the instrument. The data are saved in a 3D array with two
dimensions for the pixels of the detector and the third for the time axis.

The range of scattering vectors for time-of-flight instrument is similar to the
range of steady-state instruments. The main advantage of time-of-flight instru-
ment is that the full g-range is covered by only one instrument setting.

2.3 Detectors for SANS Instruments

Up to now, the most used detectors in SANS are gas proportional counters.
Until the end of 2003, D22 was handled with the largest area multidetector filled
with *He as detection medium and CF, as stopping gas. Technical data on
neutron detection are detailed in [9]. The neutron absorption by a target isotope
molecule (*He) induces a fission reaction and emission of two charged particles,
one triton and one proton, in opposite direction with a total kinetic energy of
760 keV which induces the primary ionization in gas. The stopping gas has two
roles. First it reduces the path length of the electrons for a good position
resolution and minimizes the wall effects. Secondly, in an environment of high
photon background, it has a low sensitivity to gamma and X-rays. The electrons
are accelerated to get more ionization and to amplify the signal. Near the anode
wire, where the electric field is very high, the ions produced by the electron
avalanche move away from the anode and induce a current in the cathode which
is measured.

On D22, the previous detector was composed by a network of 128 x 128
wires with a pixel size of 0.75 x 0.75 mm?. The advantages of gas-filled detectors
are their high efficiency for thermal neutrons, around 80% at a wavelength of 6 A
and a low sensitivity to v radiation.

The maximal count rate is limited by the time to collect the charges and the
electrons. The last developments on this field have permitted to decrease the dead
time down to T = 1 ns which represents a lost of 10% at 100 kHz count rate
(neutron/s). Dead time correction is possible and strongly improves the data
quality and curve overlapping. The two possible models are called paralyzable and
nonparalyzable. The “real” count rate C., is calculated from the measured count
rate Cp,es through the following relations.
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Nonparalyzable model:

Crnes
Creal = ——— 2
T T = Coes @)
Paralyzable model:
Creal = Crnes CXP(—TCmes) (3)

The nonparalyzable model was used on D22 with the multiwire detector and is
still in use for data correction on D11 (ILL). More details can be found in [10].
Example of determination of detector dead time is presented in © Figure 13-3.

150000

100000+

50000+

Count rate (neutrons/s)

Sample aperture surface (cm?)

O Figure 13-3

Dead time measurement on the gas-filled multiwire detector from D22. Flux measurement
with factor of attenuation of: (0) F =147, (0) F =902, (A) F = 2874. The dotted lines are linear
functions and full lines the fitting with the nonparalyzable equation (2)

The measurement done on the multiwires gas-filled detector from D22, consists
in measuring the attenuated direct beam through circular diaphragms and
increasing progressively the surface of the beam at the sample position. The
three attenuation factors are 147, 903, and 2,874. By considering a homogenous
beam, the flux is proportional to the beam surface. The full lines are the data
fitting with the nonparalyzable model, and the dotted lines are linear functions.
The dead time 7 is found at 0.91 ms, which corresponds to a lost 10% for a
measured count rate of 100 kHz (2).

Since March 2004, a new detector is operating on D22. The new detector
developed at the ILL by the detector group is a real-time neutron detector for
small-angle scattering applications, which is capable of counting 2 MHz of
neutrons on the whole detector with dead time losses of not more than 10%,
rather than the 100 kHz for the previous detector. This detector is composed of
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an array of 128 vertical tubes of 8 mm external diameter and 102 mm length
aligned side by side in a plan and brazed on both ends to a common pressure
vessel. The sensitive area is 1 m?, with a pixel size 0f 0.8 x 0.8 mm?. The tubes are
filled with *He and CF, at 15 bars. The thin resistive anode wire is tightened in the
middle of the tube and relied on both sides of the amplifiers. The conversion of
neutrons to electrons follows the processes described previously. The impact
position along the tubes is now measured by charge division on the anode wire.
Finally, each tube is an independent counter able to reach 80 kHz at 10% dead
time correction. For very high count rates or localized spots due to pragg peaks
for example, a dead-time correction per tube can be performed. More details are
described in [11, 12].
For description of other neutron detectors, please refer to [9, 10, 13].

2.4 Sample Environments

The sample environment is easily versatile to match the various needs of the
users. Most of the SANS instruments possess a remotely controlled thermostatted
sample changer. Cryostats, cryofurnaces, furnaces, electromagnets are also avail-
able. A vacuum chamber can be used for very low scattering samples to reduce the
scattering from air.

The development of SANS experiments is strongly related to the develop-
ment of new sample environments, to investigate properties of sample under
nonsteady conditions. Shear apparatus, pressure cell, or stopped-flow apparatus
are more and more used routinely. Special equipments may also be developed and
designed by the scientist visitors (flash light [14], extruder [15], polarizer [16])
and adapted to the sample position.

3 Course of a SANS Experiment

3.1 Definition of the g-Vector

The schematic representation of a small-angle scattering experiment is presented
in © Figure 13-4. In an ideal case, the neutron beam can be viewed as an assembly
of particles flying in parallel directions at a same speed. It can be described by a
planar monochromatic wave which the propagation equation can be written as:

(x, 1) = e H=T) (4)

o = 2n/T is the pulsation and k; is the incident wave vector; the magnitude is
k = 2m/J. An atom scattered in the beam gives raise to a spherical wave. In SANS,
only the coherent elastic interaction between the neutron beam and the sample is
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Source & Sample
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Wave vector: a = ke E
O Figure 13-4

Schematic representation of a scattering experiment and representation of the scattering
vector g in the detector plan

considered. The only thing which changes is the direction of the wave vector k.
The scattering vector (or wave vector or momentum transfer) q is the difference
between incident and scattered wave vectors (q = ks — k;). By definition, the angle
between kg and k; is called 20. The magnitude of q quantifies the lengths in the
reciprocical space and is expressed in A~! or nm !

4r .
q= 771 sin 6. (5)
If one introduces the latter equation in the Bragg law, one obtains:
2n
==, 6
9= (6)

This simple relation links the lengths in direct and reciprocical spaces and allows
one to define the observation window during the experiment.

The aim of the following section is to describe the experiment course step by
step starting from the choice of the configuration up to the data acquisition.

3.2  Choice of Configurations and Systematic Required
Measurements

Before starting an experiment, it is necessary to think about the g-range required
and to optimize the configurations needed. By configuration one means the
wavelength, the sample-to-detector distance D, the collimation C and the detector
offset (if possible on the instrument). In most of the cases the total g-range offered
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by the instrument is not necessary, and the limited beam time allocated per
experiment does not allow the users to investigate all the instrument possibilities.
If the largest size L of scatterers is roughly known (from any other tech-
nique), an evaluation of the minimum ¢ is obtained by n/L. With a steady-state
instrument, it is recommended if possible to keep the wavelength constant and to
vary the sample-to-detector distance to cover the needed g-range. This choice
avoids repeating the transmission measurements and the calibrations that are
wavelength-dependent. It also facilitates the data treatment.

3.2.1 Collimation

The choice of the collimation distance is a compromise between the size of the
direct beam (and thus the resolution, see © Section 6) and the flux. Usually,
a collimation distance matching the sample-to-detector distance is used.
Nevertheless, for strong scatterer like water and/or short sample-to-detector
distance, larger collimation distances can be used to reduce the flux and the
scattering and to avoid detector saturation and damage.

A frequently chosen set of configurations on D22 is: A =6 10&, D=17.5,5and 1.4
with an offset of the detector of 400 mm to cover a g-range from 2 10> to 0.65 A~

The beginning of an experiment for each configuration requires, the alignment
of the beam-stop and measurement of beam center, electronic background, scatter-
ing of the sample empty cell and of a standard sample for absolute calibration.

3.2.2 Beam Center Determination

An attenuator is set in the direct beam and the beam-stop is removed. The
attenuated direct beam is measured through an empty position during several
tens of seconds. The beam center of gravity is calculated with standard routines
and further used for radial averaging. The integrated number of neutrons in the
direct beam allows one to calculate the flux if the attenuation factor is known.

3.2.3 Beam-Stop Alignment

The position of the direct beam on the detector varies with the sample-to-
detector distance, the collimation, and in an important way with the wavelength
since neutrons fall under gravity. Thus, the beam-stop position varies and the
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alignment has to be checked for each configuration, especially for large wave-
lengths and large sample-to-detector distances. A strong forward scatterer (teflon,
graphite, etc.) allows one to clearly see the shadow of the beam-stop, which is
correctly aligned when the same number of neutrons is counted on the beam-stop
edges (or on the first significant channel).

3.2.4 Electronic Background

The background is measured by stopping the incoming beam with a piece B4C or
Cadmium, which are both strong neutron absorbers (but Cd creates gammas). In
consequence what is measured on the detector comes from electronic noise,
cosmic, and instrument environment. These backgrounds are generally low.
Measurements are really important for weak scattering samples.

3.2.5 Standard for Calibration

The use of a standard has two functions: correction of the variation in cell
efficiency and normalization in absolute unit. Another possibility to get the
absolute scaling is to use standards with known cross section [17, 18]. For
SANS, samples with predominant incoherent scattering such as water (H,O) or
vanadium are currently used for the absolute scaling. With an ideal detector,
water shows a flat scattering independent from the scattering angle.

The water scattering is not measured at large sample-to-detector distances and
long collimation because the low flux would require several hours of acquisition to
get a good signal to noise ratio. The normalization and correction of cell efficiency
are done with a water run measured in another configuration but with the same
wavelength. The correction of flux and solid angle is explained in the next section.

It is recommended to perform the instrument calibrations and standard
measurements at the beginning of the experiment. Indeed, in case of instrument
failure, it will be nevertheless possible to treat the data recorded.

3.2.6 Transmission

The sample transmission is the ratio between the flux through the sample and the
incident flux at g = 0. The attenuated flux by the sample is measured in the same
way and conditions as the direct beam. A transmission measurement lasts less
than 5 min.
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3.2.7 Counting Time

For many samples, the scattering at large angles is strong but mainly due to
incoherent scattering coming from the sample and the solvent, especially for
hydrogenated solvent. Depending on the instrument and on the detector it is
known that a certain total number of neutrons Ny on the whole detector area
will give after the radial averaging (in case of isotropic scattering) a good
statistics, i.e., small error bars and smooth shape of the curve. For example, on
D22, N7 = 4,000,000 counts give good statistics. Short acquisitions of 10 s or less
allow one to estimate the sample count rate c/s. N divided by c/s gives an
estimation of the acquisition time. The development of new “intelligent pro-
gram” able to stop an acquisition when a certain number of neutrons is reached
on the whole detector or in a defined area will be discussed in the last section
“future and development.”

The relevant count rate is the difference of count rates between the sample
and the solvent (mainly coming from incoherent diffusion). A too short mea-
surement especially at high g where the coherent intensity decreases give large
error bars on the absolute intensity and even negative values after subtraction of
background and incoherent scattering. It is reccommended to measure the solvent
at large angles to have an experimental determination of the level of incoherent
scattering.

The number N is of course just an indication that must be modulated in
function of the kind of information needed and also in function of the allocated
beam time. It can be reduced if statistics is not really needed (for example,
measurement of a slope) or increased in contrary if statistics is required (deter-
mination of a minimum, shape of Bragg peaks, etc.).

3.2.8 Command Files

Once the previous steps have been done, the configuration settings and the
acquisitions can be programmed in command files.

3.3 Conclusion

The choice of the configurations may be a determining factor for further analysis
and data fitting. It is a compromise between flux, resolution, beam time allocated,
and number of samples.
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4 From Raw Data to Absolute Scaling

The instruments from different Institutes have developed data treatment programs,
which can be adapted to other instruments after minor modifications for the
reading of data and parameters. The principle remains similar. For the ILL SANS
instruments see [19] for the standard programs in use. The different steps consist in:

Calculating the beam center for the different configurations used.
Creating mask files to hide cells behind the beam stop as well as potential “bad cells”
Calculating transmissions.

Performing radial averaging giving the intensity as a function of g in case of isotropic
scattering. Depending on the programs, what is called “intensity” at this step can be
a number of neutrons, or a count rate per second or per monitor unit.

®  The last step to obtain the absolute intensity is more delicate and its description is
the aim of the following section.

(1) Note: The two last points can be performed in the reverse order. Absolute
scaling can be performed on the 2D image, before radial or section averaging for
anisotropic data.

When a coherent beam with a flux @, illuminates a sample of volume Vand a
thickness e, during a time ¢, a given fraction of the incident flux AN is elastically
scattered in the direction q within a solid angle AQ:

do
AN = &ptTr— (q)AQ 7
N = 20T 3 (9)AQ, )
where Tr is the transmission of the sample.

g—g(q) is the differential scattering cross section characteristic of elastic

interaction between sample and neutrons. Then the intensity I scattered per
unit volume is

., ldo, ~ AN(q)
I(Cm 1)_I7d—Q(q)_W
=\ _ Ng |
<dQ> toal Po-AQ(q).Tr.te  ®,AQ(q).Tr(q).1.e(q) 1(q). (8)

In soft condensed matter, the samples are generally filled in a quartz cell that
contributes slightly to the general scattering. The scattering from the empty cell
(EC) is subtracted from the total scattering as follows:

<d_2> _ 1 Nsample(Q) _ Nec(q)
dQ sample  €sample (pO~AQ(Q)-Trsample~tsample ®,.AQ(q). Trec-teC sample
1

Nsample(‘]) _ Nec(q)
€sample D, | AQ(q). Trsample~tsample AQ(q).Trec-tec

©)
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(2) In the case of a solid sample, which does not necessitate a cell, the scattering
from air has to be removed.

The transmissions are calculated with respect to the empty beam.

We now turn to the description, calculation, or measurement of the different
terms of the previous equation.

4.1 Determination of the Incident Flux &,

In (7), the incident flux @, is the number of neutrons per second at the sample
position for a given aperture. The flux can be measured directly with a calibrated
monitor installed at the sample position. The other possibility is to measure the
direct beam on the detector through a calibrated attenuator. This approach calls
2> the sum of neutrons integrated in the surface of the direct beam, fgp, the
acquisition time, and E the factor of attenuation. Then, taking into account the
detector dead time t

XgB/!EB
1— TZEB/[EB ’
Thanks to the development of new fast detectors like the one on D22 at the ILL,

the dead time correction is not necessary in most of the cases. For classical gas
detectors, the dead time is of the order of few tens of microseconds and corre-

&o(n/s) =F (10)

sponds to a lost of 10% of neutrons at count rates of 100 kHz.

4.2 Normalization with a Standard Sample

Samples with predominant incoherent scattering such as light water (H,O) or
vanadium are used for the absolute scaling and to correct the variations in

efficiency of the cells.
(d_2> _ I sample <d_2) ( 11 )
dQ sample Lstandara \d€2 standard

A water sample of thickness e = 0.1 cm is frequently used as standard because
water is easy to find, the liquid is homogenous at the scales of SANS, and the
scattering is mainly incoherent. However, due to inelastic and multiple scattering
effects, the water scattering is not totally isotropic, but stronger in the forward
direction. The assumption that the neutrons that are not transmitted are scattered
uniformly in 47 steradians is wrong. A wavelength-dependent correction factor
g(4) has to be introduced to write the real scattering cross section
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dz\ ™ 1 —Tr
— =g(A) ——. 12
<dQ> H10 s )471:.e.Tr (12)

In SANS there is no universal calibration curves. The water scattering measured on
two instruments may vary significantly. Because of multiple scattering and inelastic
effects, scattering depends on the wavelength distribution, on the geometry and
configuration, and on the detector. Between D11 and D22, when both instruments
are working with a gas-filled detector, the difference of g(4) values was of the order
of few percents. As long as possible, it is thus extremely important to carry out the
calibrations in the same setting conditions as the samples.

(dZ/dQ)ﬁ:‘lo can be calculated using (9). It is also possible to recalculate
(dx/ dQ)g% by measuring standards (polymer) from samples with a known
cross section [17, 18].

(dZ/dQ)ﬁjlo as a function of 4 may be empirically extrapolated with a
polynomial function:

(d=/dQ)i%= A + B.A+ C.2* + D.2°

The water cross-section increases with the wavelength and varies slightly with
temperature. The values are close to 1 cm ™.
Sample normalization using water as standard is obtained according the

following equation:

Isample - IB4C . IsamplefEC — 1 B4C] 1

d_z B 1 d_Z real [ Tl’sample Trsample—EC €sample (13)
dQ dQ [[H20*1B4C o Il—lzofﬁc*134cj| L

Truyo Tru,0-EC

sample F, sc H,O

€H,0

The subscript EC refers to the empty cell. Tr is the transmission with respect to
the empty beam, I is the number of neutrons per second. F,. is a scaling
coefficient equal to 1 when the water and the sample are measured in the same
instrument configuration. For large sample-to-detector distance (D > 10 m) and
thus large collimation, the flux and water count rates are too low to get a good
statistics in a reasonable time. A water run measured in a configuration with
higher flux (at shorter sample to detector distance) but the same A is used to
correct the variations of detector efficiency. Then, the scaling factor F,. corrects
the flux that varies with the collimation and the solid angle according to

_ (¢0AQ)sample _ ( COlleODHzO >2: ¢sample ( DHZO >2 (14)
(‘DOAQ)HZQ COllsampleDsample ¢H20 ’

D sample

where Dgumpie and Dyeer are the sample-to-detector distances; Collgympie and
Collygater are the collimations, and @g,pmpie and Pyq¢er are the fluxes at the sample
position in the two configurations.
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The other possibility to calculate (dX/ dQ)ﬁ% is to apply (2), the delicate
point being the accurate measurement of @,,.

4.3 Solid Angle AQ(Q)

© Figure 13-5 presents the geometry of a scattering experiment when the detector
is close to the sample position. The scales are not respected in order to put in
evidence the different angles and distances. O is the origin of the scattered beams
(sample position) and O’ the image of the direct beam on the detector. 20 is the
scattering angle O’OO", also equal to the angle defined by ADA’. The sample-to-
detector distance is represented by the segment D(20) = OO’ and p = A’B’ is
the pixel size. D(0) = 00’

The sample-to-detector distance and the solid angle are function of
20 according to

AQ(20) = 4B’/ Do),

D(20) = D(20 = 0)/cos(20) and AB = p” cos(20).
Finally
_ p*cos’(20)
aa(0) =525, (15)

Equation (15) shows that the solid angle value decreases with . An example is
shown in © Figure 13-6, where water was measured with the following configura-
tion: D=14m, C=17.6 m, and 4 = 6 A. The data are normalized in absolute

Scattered beams

o 3‘2&\‘!
\\

. Incident beam
0 \

Detector plan

Spherical wave

B Figure 13-5
Geometric representation of scattered beams: determination of detector distance and solid
angle as a function of 26, the scattering angle
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O Figure 13-6

Water scattering measured on D22 at short sample-to-detector distance, D = 1.4 m,
C=17.6 m, A = 6 A. The raw data are normalized in absolute scale according to (1.8).
(0) AQ kept constant at p>/D(0) (¢) AQ calculated with (15) to correct from geometric
distortion

scale according to (8). The hollow diamonds are obtained taking the solid angle as
a constant. One observes a strong decrease of the intensity as g increases. The full
symbols are calculated using (15) which allows one to get the flat scattering
expected for incoherent scatterers. The slight decrease still remaining at high g
can be due to inelastic effects in light water.

4.4 Transmission

4.4.1 Definition

The transmission is the ratio of the intensities at ¢ = 0 between the beam through
the sample and the white beam. It depends on the sum of coherent, incoherent,
and absorption cross-sections and also from the scattering angle.

Tr(20,7) = 2 = exp(-u2ye(20)),
Tr(7) = 182 = exp(—NG(7)e(20)) = exp(—(7)e(20)) = exp(—e(20) /A1),

(16)

Where p(4), the mass adsorption coefficient is wavelength-dependant and A(4) is
the mean free path of the radiation in the sample. 5(1) can be calculated from the
transmission measured at 0 = 0 and is the sum of three terms:

) = Z Ocoh,i + Gincoh,i + Gelbs,i(/l) (17)
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B Table 13-1
Length scattering densities, coherent, incoherent and absorption cross-sections for select-
ed atoms and their isotopes [20]

Nucleus or

isotope B (10~'5 m) Oon (1002 cm?)

H —3.739 1.7568 80.26 0.3326
D +6.671 5.592 2.05 5.9 10°*
3He +5.74-1.483i 442 1.6 5333
“He +3.26 1.34 0 0

10 —0.161-1.66i 0.144 3 3835
B +6.65 5.56 0.21 0.0035
C +6.646 11.01 0.5 19

N +9.36 1.34 0 0

0 +5.803 4232 0 0.0001
Na +3.63 3.59 1.62 0.53

Si +4.107 2.12 0 0.177
cl +11.65 17.06 47 441

Y —0.3824 0.0184 5.08 5.08
cd +4.87-0.70i 3.04 6.5 2520
Pb +5.91 439 0.093 6.9

Gd +6.56-13.82i 293 151 49700

Gabs(4) the absorption cross-section is due to nuclear capture process. It is
inversely proportional to the amplitude of the wave vector k = 2/4 and thus
proportional to 4. The values for a neutron velocity of 2200 m/s (1.8 A) are given
in © Table 13-1. Then, for a wavelength 4, Gups(4) = Gabs(4)4/1.8.

The absorption cross sections of selected nuclei and isotopes are listed in
© Table 13-1. Typical values range from 0.1 to 10 barns (10~>* cm®) but can be
very high for certain atoms like Boron and its isotope B(768 and 3,835 barns),
Cadmium (2,520 barns), or Gadolinium (49,700 barns). Consequently, these
very absorbent materials are widely used as shielding (beam-stop, coverage inside
walls of the detector tube, etc.).

Geoh and Ojncon are the apparent absorptions due to coherent and incoherent
scattering.

4.4.2 Numerical Applications and Examples

In the soft condensed matter field, where hydrogen atoms are largely present, the
amount of hydrogen or deuterium has a large impact on the transmission.
The measured transmissions of 1 mm of H,O and D,O at 6 A are 0.52 and
0.93, respectively.
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The absorption of air is of 1% per meter. For long instruments as SANS
spectrometers, it is then important to keep the neutron guides and the detector
tank under vacuum. In some cases, “He is used to fill the neutron guides. A guide of
1 m length filled with *He at atmospheric pressure is considered. Helium density
is d = 0.2 g/cm’. The molecule number per cm’ is dy = dN,/M, with N, the
Avogadro number and M the molar mass. For a length of 1 m, the transmission is
Tr=exp(—dyorL), with dy = 0.301 x 10°° mol/cm’, o= 1.34 x 10** cm?,
and L =100 cm, then Tr = 0.996. The absorption is nearly negligible, much weaker
than air. Now with *He in the same conditions, 67 ~ 6, = 5333 x 10724}, /1 .8cm?
and Tr~ 10,

4.4.3 Transmission at Large Angles

Does the transmission depend on the scattering angle? As for the solid angle
calculation, the question can be raised for scattering measured at small detector
distances and thus high scattering angles. The path length of the beam is different
from the sample thickness e at large angles (® Figure 13-7). A beam scattered at a
position x from the entrance window traverses a length I calculated in (18).

[(20) = x + (e — x)/(cos(20)) (18)
We introduce the function: f(20) = —1 + 1/cos(26). Equation (18) becomes:
[(20) = e+ x[ f(20)] (19)

Before interaction the beam is attenuated by a factor exp(—px) and after
interaction by a coefficient exp(—u(e — x)/cos(20)). Hence, the transmission is:

(e-x)/cos(26) %
; Scattered beam
LY \‘ /
Al |

Attenuated direct beam

. ' >

N
v

<
[~

O Figure 13-7
Path length of a scattered beam



Small-angle neutron scattering and applications in soft condensed matter

743

) =1 [ exp[—pu(e + x7(20))]dx = Lexp(—pe) | exp|—uxf (20)]dx
0 0 (20)
Tr(2

0) = [uef (20)] ' exp(—pe){1 — exp[—pef (20)]}

The dependence of transmission as a function of 26 and g, is presented for light
and heavy water in © Figure 13-8. At g = 0.8 A" the diminution of the transmis-
sion is of only 3% for D,0O and can be neglected. The decrease is of 23% for
H,0 and a connection must be taken into account during data reduction.

26 (%)
10.9 22.0 338 44.9
1 4 ; -
091 o
0.8
£ 0.7
'—..
08 1o
0.5 —_— |
0.4 ; ; ;
0 0.2 0.4 0.6 0.8

q(A™")

B Figure 13-8

Transmission of light and heavy water as a function of the scattering angle and scattering
vector. For A = 6 A, u(H,0) = —6.539 cm ™' and u(D,0) = —0.726 cm ™' calculated from
experimental transmission measurements on D22

4.5 Multiple Scattering

Multiple scattering occurs when a scattered neutron is scattered again in the sample.
There is always a probability that such event occurs but it must not dominate the
total scattering. Multiple scattering smears the true intensity since the total intensity
is the sum of intensities due to single, twice, or more scattering vectors at unknown
angles. The data interpretation becomes nearly impossible or wrong, if the multiple
scattering is not detected. Suspicion of multiple scattering can be done in case of
low transmission (<0.5) and strong scattering intensity at low g (>10* cm™').
There is no general method to correct data from multiple scattering but in case of
“weak” multiple scattering, different methods are proposed [21]. A criterion to
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avoid multiple scattering has been given in [22] and says that “part of attenuation
of the direct beam due to coherent scattering should not be <9.” This result has
been established with studies on interpenetrating polymer networks.

4.5.1 Transmission at Large Angles

In case of low multiple scattering, the effect is not easily detected. Different
scattering distortions are observed. First evidence is that several curves measured
at different configurations do not overlap. In case of fractal dimension, at low g, the
multiple scattering induces a lowering of the intensity that could be confused with a
plateau. Artifacts due to multiple scattering are presented in © Figure 13-9. The
sample consists in a dispersion of carbon black particles in a matrix made of styrene-
butadiene rubber [23]. The green squares (O0) corresponds to a sample thickness
e=1.3 mm, measured at A = 20 A (transmission Tr=0.02). The data reach a plateau
at g =0.01 A~!. The blue diamond (0) have been obtained with a half-thickness
sample, e =0.63 mm and 4 = 20 A (Tr=0.08). The down-turn is less pronounced
but still present. The last curve (o) where the thickness is only 1 pm was measured
at . =5 A (Tr=0.88). After comparison with X-ray data (not shown), it has been
proved that only the latter curve does not suffer from multiple diffusion.

With concentrated microemulsions, it has been observed on the contrary, an
increase in the low g scattering and of the width of the correlation peak, with a

I (cm™)

-!02 L L RN S T | P L

I
0.001 0.01

q (A

@ Figure 13-9
Evidence of multiple scattering on a sample made of carbon black particles dispersed in an
elastomer matrix. (0)e =13 mm, A =20 A; (0) e=0.63mm,A =20A:(c)e=1um,A=5A
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multiple image of the main scattering peak and an increase of the incoherent
background [24].

4,52 How to Prevent Multiple Scattering?
®  Use thinner sample, use diluted sample (if dilution does not induce phase transition)

®  Use shorter wavelength to increase the mean free path A(A)
®  Decrease the contrast Ap (for example, use deuterated compound in deuterated matrix)

4.6 Subtraction of Incoherent Background

The incoherent scattering, mainly coming from the hydrogen molecules, gives
raise to a flat background that is necessary to subtract before the data analysis.
The subtraction is a delicate point, since an under or upper estimation of the
incoherent background may vary a slope or the position of a minimum in g and
thus alter the data interpretation. Different methods are then employed.

®  The incoherent background can be estimated with the measurement at the highest
possible scattering vector q (>0.4 A~') because in most of the cases in soft
condensed matter the objects are big and the coherent scattering becomes negligible.

® In case of very dilute deuterated compound in hydrogenated solvent, the subtraction
of the scattering from the solvent will be sufficient.

® A reference sample with no structure and containing the same amount of H and D
molecules (for example, a mixture of H,O/D,O) can be measured. This requires to
know exactly the sample composition or to prepare a mixture having the same
transmission as the sample.

®  If the scattering cross section as a q dependence, one can write:

% o Aq~? + B, where B represents the background. At high g, one can
suppose that the Porod regime is reached, then dX / dQq* < A + Bg*. The slope
gives the value of the incoherent background. This simple empirical method gives
reasonable results.

®  The incoherent background can be calculated in principle with the tabulated values of
bine- Nevertheless, the values are given for bound atoms, and are smaller than the real
ones. Moreover, the incoherent contribution coming from the spin is not taken into

account.
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4.7 Conclusion

The data reduction is a crucial step before data analysis. Particular care must
be taken in the high-angle scattering due to corrections for the solid angle,
transmission and the incoherent scattering, as described in a recent article [24].

The importance of the absolute calibration is obvious. SANS curves obtained
on different spectrometers or in different g-ranges can be joined together and
compared. Absolute intensity allows one to calculate molecular mass, volume
fraction, specific area of scattering elements, etc. It also can prove the presence of
multiple scattering, repulsive or attractive forces, unexpected aggregation, or
sample degradation. In addition length scattering densities can be extracted and
hydration numbers deduced.

The experimental intensity in absolute scale cm™' as a function of the
scattering vector gq is now established. The standard models to be compared
with the experiment will be described in the following section.

5 Modeling of the Scattered Intensity

A detailed theory of small-angle scattering can be found in [2, 25]. In this section,
only the basis equations will be introduced and stress will be put on analytic
expressions widely used and illustrated by recent experiments.

The interaction with the neutron beam depends on the kind of atom 7. The
»
interaction between the radiation and the atom. This surface is the scattering

scattering probability is proportional to a surface o!, characteristic from the
cross section and corresponds to the atom surface seen by the radiation. The cross
section is equal to ¢! = 4n<|bi|2>. b' is the scattering length which characterizes
the range of interaction. The scattering length density (SLD) is then equal to
p(r) = > p:(r)b’, where p,(r) is the local density of atom i. Basic relationships
between 'the neutron scattering lengths and cross sections, dependencies on the
spin and values are tabulated in [20]. Some of them are given in © Table 13-1.

The differential cross-section is related to the amplitude of the scattered
wave by

do

2
dQ_]b|.

5.1 Rules of Thumb in Small-Angle Scattering

We consider a statically isotropic system where the particle positions are not
correlated at long range. In the Born approximation, the interaction with a
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scatterer does not depend on the scattering by the other scatterers. In this case,
the amplitude scattered by the different particles can be added. For a particle
of length scattering density p(r), the amplitude is given by:

,ﬂ@:jm@wa (21)
|4

p(r) describes the distribution of length densities in the particle and is directly
related to the chemical composition. It is convenient to split p(r) into two parts
and to put in evidence the fluctuations around an average value:

p(r) = (p) + p(r). (22)

The contribution from the average term is null for g > 0, then

A(q) = Jép(r)eiq"dr. (23)
14

The detector measures the intensity which is the absolute square of the ampli-
tude. The scattered intensity per unit volume is:

_AlgA7(q) 1

I(q) = % = VJJ(Sp(r)ép(r')e_i‘f("_"/)drdr’. (24)

1424

In the simplest case where the system is made of two phases, one of length
scattering density p, and the second one of length scattering density p,, (24)
becomes:

2 e 1 o
I(q) — (pp _ pS) JJQ—IQ(I—I )dl’dr’ _ ?Apz Jje—lq(r—l )drdr/ (25)
VoVe VoV

Ap is the difference of length scattering densities between particle and matrix. An
assembly of N, identical particles is next considered. Equation (25) can be
rewritten as:

Vg 2 2 . 1 —igr
Ig) =5 N IF@), with Flg) =5 [erar. (26
p

)

Finally, with the usual notations, one gets:

I(q) = ®V,Ap*P(q) (27)
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P(q) is called the particle form factor and describes the geometry of the scattering
object. P(q) tends to 1 for g = 0.

We consider now an assembly of N, identical particles correlated in space.
The measured intensity is equal to the statistical average over all the particle
positions and orientations in a volume V-

I(q) _ A(q)ﬁ (Q) — lV <Jp(r)e—iqrdr Jp(r/)e—iqr’dr/> (28)
v 14
Let us write ras r=r; + u,

i P

p

For spherical particles with identical interactions, the average of the product is
equal to the product of the averages, then:

w355

i=1 j=1
One recognizes in the second term the particle form factor. The first term is the
structure factor S(gq) describing the correlation between particle mass centers. If
one excludes the case r; = r; then the expression for the structure factor becomes:

S(g)=1+— sz:WﬂW> (31)

i=1 j#i

J p(u)p(v)e ) dudy > (30)

VPP

In a continuous medium, (31) can be written as:

Slg) =1+ NT_l Jg(r)efqrdr, (32)

Vv

where g(r) is the correlation function between particle mass centers. At g = 0,
according to (31) S(q) =
We define the following function S,,(g) as
N -1

Sim(q) = S(q) ——5—9(q). (33)
With 6 the Dirac function. Then,
N -1 -
Sm(qg) =1+ TJ [g(r) — 1]e ""dr. (34)

V
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In the case of isotropic interactions, azimuthal (radial) averaging reduces (34) to:

Sula) =14+ [4rrler) ~ 1

vV

sin gr
qr

dr. (35)

To summarize, the intensity per unit volume V of N, homogeneous isotropic
scatterers of volume V,, and coherent length scattering density p,, dispersed in a
medium of length scattering density p is the product of the form factor and the
structure factor weighted by a contrast factor K. follows:

I(q) = ®V,Ap*P(q)S(q) = KcP(9)S(q). (36)

In the following, the three relevant parts of the above equation, p, P(q), and S(g)
will be detailed and numerical applications will be described to aid in the
understanding and interpretation of scattering curves.

5.2 SLD, Contrast Variation, and Isotopic Labeling

The SLD from a molecule with x;, atoms i and molecular volume v, is:
> xib;
i

Yp

pp = (37)
b; is the coherent neutron scattering length of atom i. Only coherent scattered
neutrons carry information about structure. The molecular volume v, requires
knowledge of the bulk density of the molecule. It can be difficult to measure and
is a source of inaccuracy on the SLD value. p is usually expressed in cm™ 2 or A2,

The calculation of the atomic b; is not trivial and values are experimentally
determined and tabulated [20]. The magnitude is determined by the quantum
mechanics of the neutron—nucleus interaction. It varies in an unsystematic way
with the atomic number, depending on the direction of the nuclear spin and
drastic variations can be found between two isotopes, the main example being the
difference of value and sign between hydrogen and deuterium atoms. A negative
value signifies a shift of  of the phase on scattering.

This last property is of great importance and opens the possibility of what is
called “contrast variation.” The principle is to substitute one atom by one of its iso-
topes to induce a strong variation in the scattering length, assuming that no drastic
perturbation of the properties (physical, chemical, etc.) of the sample occurs.

In soft condensed matter, the compounds of interest (colloids, emulsions,
surfactants, polymers, etc.) contain a large quantity of hydrogen molecules which
can be substituted in principle by deuterium atoms and by = —0.374 10~ "> cm >
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and bp = 6.37 102 cm ™. This feature is at the origin of many SANS experi-
ments and important advancements have been done in the description of mole-
cular assemblies. One of the pioneering studies using the contrast variation
method has been carried out by Stuhrmann in 1974 at the ILL [3-5] to investigate
the structure of biological macromolecule like ferritin. In the first article the
author concludes that “the most promising domain of neutron small-angle
scattering seems to be the study of H-D exchange of reactions of macromolecules
in dilute solutions.” Thirty years later, this conclusion is still relevant.

Isotopic substitution can be used to create a contrast inside a particle by a
specific labeling of a part of the molecule. In the field of polymer science, the
technique is widely used. For example, the difference in length scattering density
between hydrogenated and deuterated polystyrene (ppg; = 1.42 x 10' cm™* and
ppsp = 6.42 x 10" cm™?) was used to follow the chain conformation during
extrusion of a polymer melt made of a few percent (ca. 5%) of hydrogenated
polystyrene mixed with deuterated polystyrene [15].

5.2.1 The Zero Average Contrast Method

For semidiluted polymer or polyelectrolyte solutions, both intra- and intercorre-
lations between the polymer chains contribute to the scattered intensity. The zero
average contrast (ZAC) method allows the elimination of the signal coming from
the structure factor (the intercorrelations) to see only the form factor from a
single chain. The method consists in the exchange of hydrogen by deuterium
atoms in the polymer chain and the modification of the length scattering density
of solvent by a mixture of hydrogenated and deuterated molecules.

We consider a polymer solution containing Nj, and N4, H- and D-polymer
chains, with N;, and N4y monomers, respectively. The volume fraction of deuter-
ated monomers is called @. The ZAC is obtained when the following condition is
fulfilled:

(1 = )Apy + BApp, = 0, (38)

where Apy and App are the differences of length scattering densities from the
H- and D- monomers and the solvent, respectively. Different examples of ZAC
applications are illustrated by the references given in [27]. The experiments have
demonstrated the vermicular form factors of fully charged PSSNa polymer
chains. Reference [28] presents a study of polystyrene in diethylphalate in good
solvant where the form factor of a single chain as a function of the shear rate is
investigated.
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5.2.2 Contrast Variation Technique

One of the main applications is found in multiple component systems to match a
compound or a part of aggregate with a specific isotopic mixture of solvent. This
technique called “contrast match” has been successfully used to elucidate the
structure of particles composed of different layers, as for example, in microemul-
sions; to investigate surfactant layers adsorbed around mineral particles [29]; and
for characterization of complex systems [30].

We recall that the scattered intensity for a dilute system without interaction is:

I(g) = @V, (Ap)*P(q). (39)

At g = 0, P(q) tends to 1 and
5 2
1(0) = @V, (Ap)"= PV, <pp - Ps) : (40)

pp is the average scattering density of the solute and p; that of solvent or matrix.
The knowledge of the molecular volume is sometimes a delicate point,
and the calculation of p,, is extremely sensitive to V},, the volume in bulk and
thus to the density d since V;, = M /d, M being the molar mass. In such cases
d can be accurately determined by measuring the length scattering density of the
molecule.
The average length scattering density of a H/D mixture is:

Py = xpg + (1 = x)p! (41)

with x the volume fraction of deuterated solvent. y/1(¢ — 0) oc £(Ap) is linear
as a function of x if the particles are monodisperse. At contrast match 1(0) = 0 one
can deduce x and p,. For polydisperse particles in solution, the intensity is never
zero, and only a minimum is obtained.

Experimentally, a contrast variation experiment consists in measuring the
scattered intensity at the lowest possible q. The samples prepared at the same
concentration in different mixtures of D/H solvent, from fully deuterated to fully
hydrogenated solvent. The following example presents an experimental determi-
nation of the SLD of laponite particles from a contrast variation experiment
(© Figure 13-10). Laponite is a synthetic clay which the particles have been
characterized by other techniques as well (cryofracture and TEM [32]; AFM
[31]). The particles can be described as monodisperse disks of 1 nm thickness
and 30 nm diameter. The general composition is SigMgs 45Liy 4H40,4Na, 7, den-
sity 2.65, and the volume of the unit cell is 4.7847 10°** cm’. One gets
Plaponite = 3.94.10" cm 2.
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Xp2o = 0.673

Q
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0 0.2 0.4 0.6 0.8 1
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O Figure 13-10
Contrast variation experiment from an aqueous solution of Laponite, @ = 0.75%. The square
root of the absolute intensity at low of plotted versus the volume fraction of D,O [31].

The contrast match point is found at volume fraction of D,O of 0.673,
corresponding to p = 4.11 10" cm™?
calculated value.

, in good agreement with the previously

5.2.3 Contrast and Background

The contrast is strongly increased when one of the compounds (solvent or solute)
is deuterated. Then one has to select a sample composition with fewer hydrogen
molecules to reduce the incoherent background. In general, one chooses deuter-
ated solvents because many of them can be purchased even if they remain
expensive. On the other hand, deuterated molecules are less commonly used
and require a good knowledge of chemistry to synthesize. Secondly, in dilute or
semidilute solution, the main source of hydrogen comes from the solvent.

5.2.4 Limits of Isotopic Labeling

In general, one assumes that there is no drastic change of the properties of
the samples after isotopic substitution. Nevertheless, it is known that physical
and chemical properties may slightly vary. The 6-temperature, the melting
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temperature, the temperature of phase transitions may change from few degrees.
The CMC (critical micellar concentration) is decreased by replacing D,O by H,O.
For example, the CMC of the nonionic surfactant C,,E, varies from 4.91 10>
mol/L in H,O to 5.65 107> mol/L in D,0 at 25°C [33].

Phase separation has been observed in binary mixtures of deuterated and
hydrogenated polymer as mentioned in [34] with polybutadiene and can lead to
incorrect interpretations of sample behavior if extrapolated to fully protonated
samples.

A significant g-dependence has been measured in hydrogenated and deuter-
ated mixtures of alkanes (#-decane and isooctane) whereas the scattering of pure
hydrogenated and deuterated solvent gives flat isotropic scattering. Alkane mole-
cules are relatively large and there is no exchange of H and D as in light and heavy
water mixtures. Consequently, there is a coherent term resulting from the sum of
scattering due to density and composition fluctuations [35].

Labile hydrogens from alcohol, acid or base functions can be exchanged
between solute and solvent. They have to be taken into account in contrast match
experiments. Examples of length scattering variations for various amino acids in
D,0/H,0O mixtures are plotted in [36].

5.3 Analytical Expressions of Particle Form Factors

Two possible approaches may be applied to determine the particle form factor.
The direct method consists in calculating analytical expressions which are com-
pared to the experimental data by varying parameters (radius, length, polydis-
persity, etc) in order to minimize the y*:

2= 3" [(Tnode(q) — Iexp (@) /E(@)) /(N — ). (42)

N—x

E(q) is the error on experimental intensity; x is the number of variables.

In most of the cases, when no interaction peak is present, the intensity falls
quickly with g. Equation (36) assigns a larger weight to the accurate agreement
between experiment and model at low g values. Taking the logarithm of the
intensity will enhance the weight of points at high g and improve the fitting at
large angles.

The indirect methods treat the inverse Fourier transform of the data. A
detailed review of particle form factors can be found in [37]. In the following,
only the most used equations are recalled and illustrated by typical selected
examples, the following list is of course not exhaustive.
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5.3.1 Sphere

The form factor of homogeneous sphere of radius R is known since 1951 [38]:
3 Sin(gR) — (¢R) cos(¢R)
(4R)’
The P(q) of the sphere is equal to zero for gR = 4.493, 7.725, etc.
This form factor can be applied to describe surfactant micelles in solu-

tion, colloidal particles (latex, ferrofluid, silica beads), or globular protein
in biology.

FS(‘I: R) = and PS(Q? R) = [FS(qJ R)]2 (43)

5.3.2 Concentric Shells and Hollow Sphere

The case of sphere can be extended to spherical concentric shells. N shells
are considered, with radii R; and scattering densities p; R; being the outer
radius, then:

N 2

Z Vi(pi_l - pi)FS(Qa Rl')

i=1

P(q) = F*(q) = ., Po = ps, the solvent SLD.

(44)

In the case of two concentric shells of radii R, and R,, R, > R,, the previous
equation is reduced to:

p1 — ps)ViFs(q, Ri) + (py — p)VaFs(q, o)

P(q):Fz(q):[( 1 S) ( ) ( 2 1) ( ) ]
(p1 = ps)Vi+ (P2 = p1)V2

The core-shell model describes accurately colloidal particles composed of a core

and a shell. An example combining SAXS and SANS can be found in [39], where
PNIPA chains are grafted on a solid poly(styrene) core.

(45)

Even if a single spherical model gives reasonable fittings in many systems like
micelles in solution, the data fitting is considerably improved by the use of a
two-shell model. Indeed, due to hydration of the polar heads, the length scatter-
ing densities of the core and of the hydrophilic parts are significantly different.
A recent article deals with the modeling of core-shell spherical micelles made of
the ionic surfactant (or small polymer) CigE;g9, which possesses a huge head
group in comparison with the hydrophobic core [40]. A detailed model for the
scattering intensity is developed there. Instead of a two-shell model, the authors
add to the classical form factor from a sphere a smoothly decaying scattering
density at the surface, a more realistic model, to represent roughness between core
and shell and water penetration in the first Angstroms of the hydrophilic part.
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Taking p, = p,, the last equation represents a hollow sphere with an envelop
thickness of R, —R,.
P(q) = e Ps) . ?
q) =F(q) = A (V1Fs(gq, R1) — VaFs(q, Rp))| . (46)
This model can describe, for example, the scattering of vesicles (liposomes).
Many examples are found in literature due to the increased interest of such
assemblies which may mimic biomembranes.
Another example of an application of this equation is found for microemulsion.
In oil in water emulsions, oil droplets are dispersed in a continuous medium of
water, the interface between the two media is composed of a monolayer of sur-
factant molecules. The SLD profile exhibits three steps. By contrast variation experi-
ments, it is then possible to match the surfactant layer or on the contrary to only
seeit. Anillustration can be seen in [41] with the ternary system AOT/Water/Decane.

5.3.3 Cylinder

The expression for a cylinder with radius R and length 2L was calculated in 1951
by Fournet [42]

sin®(qL cos o) 43 (gr sino)

P(q) = J sinado. (47)

(qLcosa)®  (grsina)?

o is the angle between the normal to the particle and the scattering vector q. J; is
the first order Bessel function. Below g = n/R, the P(q) reaches a plateau. For
highly asymmetrical particles, with e/R<< 1, and g > n/R, the scattering intensity
decreases as qu. The minima of the function are found for gR = 3.83, 7.01, etc.

Catanionic mixtures of surfactants exhibit rich phase diagrams, where vesi-
cles, elongated and flat micelles, or lamellar phases are formed as a function of the
surfactant composition. An example of cylindrical micelles formed by catanionic
surfactants in water can be found in [43]. Flat rigid nanodisks have been reported
in [44], where the SANS curves exhibit a q_2 decrease over more than two
decades. Flat rigid particles as clay (laponite) are also well-fitted by equation
(47) [32, Mourchid et al.].

5.3.4 Ellipsoid

Let us consider an ellipsoid of revolution with semi-axis R, R, and €R. The
expression calculated by Guinier [1] is:
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n/2
P(q,R,e) = J Ps(q,r(R,¢&,a))sinado with r(R, &,0) = RVsin® o+ &2 cos? .
0

(48)

P, is the form factor from a sphere (43). Oblate or prolate ellipsoidal objects are
easily formed by nonionic surfactant micelles [45]. The mixture of different
surfactant or the addition of host molecules can induce a change in shape from
sphere to ellipsoid due to modifications of interactions between surfactant head
groups [46]. Another example is the polymerization of styrene in vesicle bilayer
which creates oblate particles, clearly visible by SANS experiments [47].

5.3.5 The Guinier Approximation

When g tends to 0, in the range where gR < 1, Guinier has shown that P(g) has a
general form which depends only on the radius of gyration of the particle Ry:

2 2
| (aR) ~ OV, exp (- @) . (49)

3
This powerful approximation allows one to obtain geometric information by

P(q) = oV, + ..

looking only at the behavior at small angles. Nevertheless one should keep in
mind that it is only valid at gR < 1 for systems without interactions. The plot of
In(I) as a function of ¢” gives a linear function, where R,” is given by the slope.

5.3.6 The Zimm Approximation

For macromolecules in solution, an often used approximation, also coming from
limited development of I(g), is the Zimm’s approximation:

2
L—l<1+@>. (50)

I(q) I

5.3.7 Fractals

One of the most beautiful examples of a fractal in everyday life is the Romanesco
cabbage (© Figure 13-11). Fractals are defined by a self-similar structure in a given
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@ Figure 13-11
The Romanesco cabbage: a natural example of a volume fractal

spatial range where the shape observed is independent from the length scale. The
mass M in a volume R follows the power law M (R) o RP, Dis called the fractal
dimension. The density of matter at a distance R from any subunit center varies as

p(R) o< RP4. (51)
By Fourier transform one gets
1(g) o ¢°. (52)

Mass fractals are characterized by exponent between 1 and 3 and surface fractals by
exponents between 3 and 4. If mathematically the fractal behavior extends to all
length scales, in practice it stops at small scales when the individual scatterers are
seen and at large scales when the process of growth stops. In a log-log scale
representation, the slope gives directly the fractal dimension and must be observed
at least in one order of magnitude to deduce with certitude a fractal process.

5.3.8 Concentrated Surfactant Phases

Surfactant molecules are widely used and studied in soft condensed matter.
They are at the base of membrane cells and are found nearly everywhere in
everyday life, either as natural or synthetic molecules in food, cosmetic, cleaning,
ink, etc. If in industry they are used mainly in dilute conditions, these amphi-
philic molecules with a hydrophilic head and a hydrophobic core form various
shapes and organizations in water or oil in more concentrated states. Micelles are
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generally formed at low concentrations. At higher concentrations, or in presence
of salt or by varying the temperature, lamellar, sponge, cubic, or hexagonal phases
are formed. All of these phases give typical patterns, where the form factor is
modulated by the structure factor. In concentrated and well-ordered systems
several Bragg peaks can be measured (see for example, ® Figure 13-13). From
their shape and size, the bending modulus and the rigidity of membranes can be
extracted. For interested readers the following articles and lectures are recom-
mended [45, 46].

5.3.9 Case of Polymers

SANS experiments have greatly contributed to a deeper understanding of the
phase behavior and the structure of polymer melts and solutions. Please refer to
the articles published in this book from G. Berry (vol I, chap 2), C. Giacomeli and
R. Borsali (vol I, chap 3), S. Pederson (vol I, cahp 4), Y. Nakamaru/Norisuye
(vol I, chap 5), I. Hamley & V. Castelletto (vol II, chap 8).

5.3.10 Case of Interfaces

Consider a two-phase system. At large g vectors, the interface is observed at a
small scale. Now if the scattering vector is much larger than the characteristic
curvature of the interfaces, they appear flat and the intensity is proportional to
the total surface area X, independently of the shape of the two phases.

The so-called Porod limit (1951) says that for a sharp interface (in the
normal direction but smooth in any parallel direction) the intensity decreases
as g *atlarge g as

= 5o im 1) (53)
where X is the specific area, i.e, the surface developed by the interface per unit
volume in m*/m’,

Assuming a spherical geometry of the particles, the radius can be deduced as:

30
R=—. 54
= (54
In the case of particles of typical size R, measuring in the Porod limit means that
the g-range has to be extended up to g value around gR = 10.
A precise determination of the specific area is closely related to the precision
of the absolute scaling. The equation allows one to determine the size of very large

particles up to the order of micrometers.
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An example of an application is the measurement of the droplet size in the
spontaneous emulsion formed by the well-known beverage “Pastis” [50]. The
emulsion is formed by anethol droplets in a continuous medium of water and
ethanol. The radius of droplets is of the order of micrometers and increases
with time and temperature. Even on D22, the complete form factor is not
accessible by SANS. Only the last part of the form factor, decreasing as g * is
viewed and from this discrepancy it is possible to deduce the radii of the particles.

The porod law has been used to analyze data from mesoporous materials (or
cement), which develop a large interface with closed pores not accessible with
other techniques (as gaseous absorption, for example). Other applications con-
cern pores in alumine [51], surfactant phases [52], gels [53], or emulsions [54].

Correction of the Porod limit becomes necessary when the modulus of the
scattering vector is of the same order as the surface curvature (surface roughness).
Different corrections are detailed in [55].

The different form factors (sphere, hollow sphere, ellipsoid, cylinder, and
disk) are illustrated in © Figure 13-12a and b. The calculation is done for radius
or length of 150 A and layer thickness of 20 A, in order to compare for identical
parameters the variation of the scattering curves induced by the different shapes.
The ellipsoidal shape is calculated for R = 150 A and ¢ = 3. For a more realistic
representation, the form factors are smeared by a log-normal polydispersity
function, as will be explained in the next section. The log-log representation
puts clearly into evidence different regimes. At low ¢, for gR < 1, the scattering
curves reach a plateau and are in the so-called “Guinier” regime. Then the first
oscillation is related to the larger dimension of the scatterers (outer radius,
cylinder length, etc). At intermediary range, the double logarithmic representa-
tion appears as a linear slope which is related to the aggregate shape:

q ' slope: 1D object like rigid fibers.

g > slope: 2D object or locally planar, as for example, membrane, flat
colloidal particle.

At high g, the minimum of the oscillation is related to the lowest dimension
of the objects (vesicle bilayer, disk thickness, etc.), followed by a g * slope,
characteristic of the interface between the objects and the solvent.

5.4 Indirect Fourier Transform Method

The following method has been developed by O. Glatter. The details of calculation
are explained in journal articles [56] and in a book of lecture notes [57]. In this
approach, there is no hypothesis a priori on the size, shape, and polydispersity of
the scattered objects. It consists of an inverse Fourier transformation of the
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Comparison of form factors. Figure 12 (a) sphere (grey) smeared with a function of poly-
dispersity (grey), hollow sphere (red); Figure 12 (b) ellipsoid (green), disk (black) and
cylinder (red)

experimental scattering curves which yields the pair distance distribution
function p(r). The PDDF gives information of the structure in the real space
and needs to be compared with calculated models, as spheres, cylinders, etc.

It is also possible to construct a model based on an analytical form for the objects
with complex shapes and inhomogeneous density. The validity of the model is tested
by calculation of the PDDF and I(q) and comparison with the experimental data.
Every model that can fit within the errors is acceptable. Additional parameters
(obtained with other techniques) will be needed to select the right model.

More recently, the generalized indirect Fourier transform (GIFT) aims to
determine simultaneously the form factor and the structure factor in case of
interacting particles [58]. The pertinent use of the program package requires
training; it is then an extremely powerful tool for SANS data analysis.
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Ab initio analysis of particle shape and domain structure programs has been
developed by D. Svergun as well. The approach based on IFT is explained in detail
in [59]. The powerful algorithms are used in soft condensed matter but also for
biological samples, as for example, to refine the configuration of proteins in
solutions.

5.5 Structure Factors of Colloids

A detailed lecture on interacting colloidal suspensions can be found in [60]. S(q)
is related to the pair correlation function g(r), which describes the local order of
the scatterers, i.e., the probability of finding a particle at a given distance from
another one. g(r) depends on the interaction potential.
_rn

g(r) =e %7, (55)
where V(r) is the mean field potential. In case of relatively dilute systems,
V(r) = U(r), the interaction pair potential.

Assuming that N > >1, the structure factor can be written as

N

S(g) =1+ VJV (g(r) — e ™ dr. (56)

Or in case of isotropic interactions (56) becomes

N
S(g) =1 +4n?JV (g(r)—Dr o

2 SAT g, (57)

Typically, the structure factor is a dimensionless oscillatory function that tends to
unity at high g and equals 1 for dilute solutions. The first maximum at g is
related to the distance between the nearest neighbors by 27/¢. The experimental
structure factors can be obtained by measuring the absolute intensity at two
particle concentrations and by dividing the scattering at the highest concentra-
tion by the one at lowest concentration, in dilute condition. The resulting curve
can be then compared with existing models, trying different pair potential.
Attractive interactions or biphasic samples induce an increase of the intensity at
low g, whereas a decrease of the intensity is the signature of repulsive interactions.
In © Figure 13-13 an example of aggregation and attractive interaction in lamellar
phase is presented. The lamellar L, phase is made by dilution in D,O of AOT, an
anionic surfactant with C,,E,4, a nonionic surfactant (molar surfactant ratio 1:1).
For a total volume fraction of surfactant of 24%, micelles and L, are in osmotic
equilibrium, the sample is slightly turbid and a ¢ > upturn is observed at low g.
As soon as the single-phase regime is reached, the low g intensity strongly
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Lamellar phases made by mixing charged (AOT) and uncharged (C;,E,;) surfactant mole-
cules [28]. The molar ratio between AOT and C;,E, is. @ is the total volume fraction of
surfactant in D,0. (0) @ = 24%, (0) @ = 30%. The strong increase of the intensity as a g >
slope is characteristic from a biphasic sample
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Scattering from AOT micelles, @ = 1%. ((0) Experimental points; (==) Best-fit obtained using
the form factor of ellipsoid (48), R = 15.7 A, & = 1.15; (—) Experimental structure factor
obtained by dividing the experimental scattering form by the fitted form factor. The
lowering of the intensity traduces repulsive interactions and the peak position is related
to the mean distance between micelles

decreases. On the other hand, in © Figure 13-14, the lowering of the low g
intensity is due to the repulsive interaction between charged micelles. The red
curve represents the fitted form factor and the green one is the experimental
structure factor.
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Most of the expressions are calculated in the frame of statistical mechanics
and liquid state theory for particles with spherical symmetry and interacting
with a symmetric potential. The pair correlation function g(r) is calculated by
means of the Ornstein—Zernike integral equations with an additional equation
known as the closure equation to describe the pair potential of the system under
investigation.

The wide variety of colloids yields to very different kind of interactions from
hard sphere to long-range soft potentials. There are only few cases where an
analytical expression exists. For all the others, numerical calculations need to be
performed.

For hard-sphere systems, the expression is calculated with the Perkus—Yevick
approximation for the closure relation. The system is fully described by the hard
sphere radius and volume (Rsy and ®gy) [61].

A widely used analytic expression for charged colloids in a repulsive
screened Coulomb potential has been given by Hayter and Penfold in 1981,
where the OZ equation is solved in the Mean Spherical Approximation theory
(MSA) [62]. The equations are mainly valid in the case of relatively high colloid
concentrations. In 1982, the model has been extended to dilute systems. The new
closure equation is known as the “Rescaled Mean Spherical Approximation”
(RMSA) [63].

The model has been successfully applied for charged micelles or colloids. The
variable parameters are the ionic strength (¢), the volume fraction (@), the colloid
charge (o), and the radius (R). Some of these parameters are known from
the sample preparation (¢, ®). In many cases, the radius can be extracted
from the form factor. Then structure factor fitting allows one to estimate the
rate of counter-ion dissociation or the screening length, for example. Important
progresses in the understanding of counter-ion role have been so realized and
compared to behavior described by the Hofmeister series.

6 Instrument Resolution and Polydispersity

In the latter chapter, ideal form factors have been presented. However, in most of
the cases, these form factors do not fit the experimental data as well as expected.
Instrument resolution and polydispersity of the scatterers have to be introduced
in the model [64, 65]. Here, the effect of instrumental resolution and polydisper-
sity will be compared.

To illustrate the effects, the model of a spherical shell is used: the outer radius
R, is fixed at 220 A and layer thickness at 20 A (45). Ap is set at 1 so that P(0) = 1.
A background of 10 is added to cut the very deep oscillations at large q (down
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to 107°), to reduce the amplitude of the intensity axis and to see better the
differences between the simulations.

The resolution is the uncertainty of the measured g value and indicates the
possibility to resolve sharp features such as oscillations or Bragg peaks. As shown
below, Ag/q depends partially on the wavelength spread, which is quite different
between time-of-flight and steady-state instruments. The following considers
only the latter kind of instruments. Resolution calculation for time-of-flight
spectrometers is detailed in [66].

The smearing of the ideal scattered intensity has three factors: the finite size
of the incident beam, the wavelength resolution, and the pixel size on the detector
[65]. Only the first two points will be considered since the pixel size (max
10 x 10 mm?) has a negligible effect.

The g-resolution at a given q may be written according to a Taylor expansion as:

4
Ag = —q(%) + <7”> cos OAO. (58)

Hence,

N 2 2
AP =¢q <Q> - <47") cos? 0A0* = Ag* () + Ag*(0)

A
., ( 1 Ai)z <4n>2 5
T1\2v2m2 7 7)1
AA/2 is related to the FWHM (full width at half maximum) value of the triangular
function describing the wavelength distribution by FWHM = A, (AA/A). A0 is
related the width of the direct beam (© Figure 13-15). A detailed description of

AA/2 (84./4) and A0 is given in Appendix (6.7).
From (59), one can see clearly that Ag” depends on the wavelength spread

(59)
AO>.

and also on g value. The contribution from A0 is quasi-constant versus g, the
one from A increases with ¢. At low g (<1072 A™'), the uncertainly is domi-
nated by the distribution in angle. At large g-values, Aq is due to the wavelength
spread.

The resolution function R(q, g, Aq) describes the distribution of the g
vectors at a given instrumental configuration. The experimental intensity L., is
the real intensity scattered by the sample K.F*(g, r,) (36) smeared by the resolu-
tion function R(q, g, Aq):

q + oo
Iexp(Q) = Jq/

— R, 4. A9)1(¢)dq’" (60)

Assuming a Gaussian function for the resolution, (60) yields:
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In practice, the range of integration § — 0o, ¢ + oo is replacedby ¢ — a, 4 +a
where a depends on the width of the Gaussian function, i.e., on qu. The higher
Aq’, the larger is the integration range which has to be used. A too small

/—>
g ——+00 1

(61)

integration range would yield to an underestimation of the smearing, particularly
at high g, where the function is broader.

6.1 Effect of the Beam Divergence and Size:

0 Resolution

As shown in (76), A0 varies between 8 x 10~ * and 2.6 x 10> rad on D22. These
smearing effects are presented in © Figure 13-16. In insert, a zoom of the low g
region is presented; the direct beam width is compared to the width of the first
oscillation of the ideal form factor and the resulting smeared curve is drawn. The
direct beam size has a large influence at small angles inducing an intensity
decrease of the plateau and smoothing the first oscillations with a shift of the
minima toward higher q.

6.2 Effect of the A Distribution

In © Figure 13-17, one sees that on such a sample, the effects are most noticeable
for AA/L > 20%. Above this value, the oscillations vanish. Below 20%, the
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Effect of the Af on the ideal scattering of a monodisperse spherical shell, R, =200 Ax=6A
AMAX = 0. (—)A0 = 0 rad; (—)A@ = 1 103 rad corresponding to Aq(0) = 2.0 x 1073 A~";
(..)AB = 2 x 1073 rad corresponding to Aq(0) = 4.2 103 A ~" In insert, comparison of the
direct beam width (...)A0 =1 x 103 rad (Ag(0) = 2.1 x 10~3 A~") with the width of the first
oscillation of the form factor, (=) A@ = 0 and the resulting smeared curve (-A—) A@=1 x 103
rad. Curves plotted in semi-log scale
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Effect of the wavelength resolution on the ideal scattering of a monodisperse spherical
shell, R, =200 A. A = 0; A Aand A A = 0. (—) AA/A = 0; (—) AA/A = 10%; (...) AA/A = 20%, and
(+H)AA/A = 40%
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oscillations are still visible but a broadening is observed. In contrast with the
0-resolution, the smearing effects by A are important at large q.

6.3 Smearing Examples

6.3.1 Evidence of Wavelength Spread on Bragg Peaks

A simple and easy experiment to demonstrate the wavelength spread is to use a
polycrystalhne sample, giving narrow Bragg peaks, with several orders at large
angles (>0.1 A~ 1. For example, tetradecanol, octadenol [67], or silver behenate
[68] are currently used for g-range calibration and give their first order Bragg
peak at g, = 0.1583, 0.1521, and 0.10763 Afl, respectively.

In this range of g larger than 0.1 A~ the uncertainty in g is mainly governed
by the wavelength spread (© Figure 13-15). At the position of n™ Bragg peak, (59)
becomes:

Mg = PAG(2) + AgP(0). (62)

For this experiment silver behenate was used. Silver behenate was purchased from
Johnson Matthey chemicals and used without further treatment, but kept in a dry
dark place. Three wavelengths 6, 8, and 10 A have been used. In © Figure 13-18,

| YA
' \
0.5 4/// \\

I{a.u)
e

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
q(A™)
@ Figure 13-18

Scattering curve of silver behenate. In insert, the three Bragg peaks are normalized ¢ 1 in
intensity to evidence the enlargement of the peaks due to the wavelength spread
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the scattering curve obtained at 1 = 6 A, D=2 m, and C = 14.4 m is presented.
Three Bragg peaks are visible. In insert, the width of the peaks normalized ¢ 1 in
intensity is compared.

The Bragg peaks are fitted with a Gaussian function given (AqZ)eXp equals to
0.0066, 0.011, 0.017 A2 for n = 1, 2, and 3, respectively. A full series of
measurements at different wavelengths and collimations and calculation details
are presented in [69].

In powder diffraction, the width of the Bragg peak and the enlargement is
related to the mosaicity. In soft condensed matter for lamellar phases, the Bragg
peak shape is related to bending constant and elasticity of bilayer. The presented
example shows the importance of the knowledge of the instrument resolution for
accurate determination of parameters.

Inversely, a well-known crystal with a very small mosaicity giving sharp
Bragg peaks can be used to determine the wavelength spread.

6.3.2 Importance of the Choice of Instrument
Configurations

The choice of instrument configuration can strongly affect the data analysis. An
example is given in © Figure 13-19. Calibrated monodisperse latex particles were
purchased by Aldrich (ref cat 46,169-5, R = 430 A, 6 = 0.006, size determined by

10000
i...‘

1000 A
100 o

10 4

I(a.u)

0.19

0.01 i
0.001

q(A™)

O Figure 13-19
Scattering of monodisperse spheres of latex at two configurations. A =6 A, (A), D=17.6 m
andC=176m,(0),D=56mand C=56m
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TEM measurements by Aldrich) and used as received. The two instrument
configurations used optimize the flux at the sample position: D = 17.6 and
C = 17.6 m for the low angles and D = 5.6 and C = 5.6 m, with a wavelength
/. = 6 A. The scattering curves are shifted of a factor of 5 in intensity. The form
factor oscillations are clearly visible in the low g configuration, whereas, they are
totally smeared in the other configuration where only the curve envelop is seen. In
such case, data fitting gives very large uncertainly on the radius, around 40% and
sometimes never converges.

6.4 Polydispersity

Most colloidal suspensions are composed of polydisperse objects. The form
factor of monodisperse particles F*(g,R,) is smeared with the size distribution
function G(R,, 1, x), where x is the parameter characterizing the width of the
distribution:

o0

Iy (0, R2) = [ G(Ro,rx) (g2 (63)

0
Gaussian, log-normal functions or Schultz distribution are often used to repre-
sent the size spread, around an average value R,. The normalized expressions
( fooo G(r)dr = 1) are given here; their shapes and principal properties are com-
pared in © Figure 13-20.

0.014 — Gaussian
schultz
—+—log-norm
s G(ro)exp(-1/2)
2 :
'é Aro (gaussian)
o oro (Iég-norm)
ro/(Z+1)"2 (schultz)
0 L} T : 1 1
80 120 160 200 240 280 320
r(A)

B Figure 13-20
Comparison of the three size distribution laws. R, = 200 A; Ar, = 40 A (gaussian); o, = 0.2
(log-normal), and Z = 90 (Schultz)
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® The Gaussian function is:

Go(Ro v, Ars) = —ex (r = Ry)’ (64)
G\2, 1, Al ) — ARz o p 2AR§ )
where AR, is the half-width of the Gaussian function for
GG(R2, Ry + ARy) = G(Ry) exp(—1/2) = 0.606. The Gaussian function is
symmetric about its maximum R,.

® The log-normal distribution is equal to:

1 1 ([ R\’
Gin(R = ——(m= 65
e, o0) rGO\/2—neXp< %g(n r> ) (%)

g is the standard mean deviation, related to the half-width by Ary = gor,. The

maximum of the function is found for r = r, eXp(—G(z)).

®  The Schultz distribution is:
Z+1
Gs(Ry, 1, Z) = (ZR—JZI> exp(—Ryr)/I(Z + 1), with (66)
I'(Z) = [e 't 'dt, the gamma function.

The root mean square deviation from the mean is 6 = Ry/(Z + 1)1/ *. The
maximum of the curve is found at R = ZR, /(Z + 1).

The three functions are plotted in © Figure 13-20. R, is fixed at 200 A. For
the log-normal and the Schultz functions, the maximum of the curves are slightly
smaller than R,. The half-widths at G(R,) exp(—1/2)are related by:

AR, (Gaussian) = 6,R,(Log — Normal) = R,/(Z + 1)"/?(Schultz). (67)

Finally, these three expressions yield very similar numerical values (© Figure 13-20)
and it is certainly not possible to distinguish them by a SANS experiment.

In the following, a log-normal law will be used to illustrate the effects of
polydispersity. The effect of polydispersity on the form factor of a spherical shell
of inner radius of 200 A is illustrated in © Figure 13-21. It is clearly visible for
09 > 10%. The oscillations vanish and the minimum of the first oscillation is
shifted to higher g values.

6.5 Instrumental Resolution and Polydispersity

If one compares © Figure 13-17 and © Figure 13-21, the effects of polydispersity or
instrument resolution are very similar. Indeed, mathematically, the smearing
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1

F2(q)
[m]

0.01
0.001

q (A

@ Figure 13-21
Effect of the polydispersity on the ideal scattering of a monodisperse spherical shell,
R2 =200 A. (—) Og = 0,' (—) Og = 10%,' (....) Og = 20%

equations (61) and (63) are similar. An experimental curve results from the
smearing of the ideal intensity both by the resolution and the polydispersity
functions:

Lexp(Go, R2) = EO R(40,4") U

0

(o¢]

KG(Reur, AR)F(r )| df (69
As g and R, are independent variables, (68) is also equal to:

Iexp(qu RZ) = J
R=0

R—o0 pg—+o0
j K.R(4o, q)G(Ro, 1, AR)F (1, q)drdg  (69)

g——00

Remark: Taking a Gaussian law for the polydispersity, the total resolution func-
tion is symmetrical according to the variables g and . Thus, the smearing effects
due to Ar, or Ag, may be equivalent.

6.6 Conclusion

The contribution of the instrumental resolution to the scattering pattern is a
general question. This knowledge is crucial for the data analysis because instru-
mental resolution and sample polydispersity have similar smearing effects on the
SANS data. Smoothing of the form factor oscillations, broadening of Bragg peaks
or of the maxima are observed. Plotting I(gq) versus q in a log—log representation
may show a decrease of the initial slope, due to a smearing by a large direct beam
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may also be present [64]. As shown with simulation, 20% is the limiting value
above which the smearing effect by the wavelength becomes drastic and yields to a
real change in the scattered pattern.

The choice of collimation is a compromise between the flux and the resolu-
tion that has to be considered for each experiment.

6.7 Appendix: Definition of A@ and AA/A; Comparison
between Triangle and Gaussian Functions

In the entire text, Gaussian functions are used to describe the wavelength
and the angular distribution. Define here how the widths Ax, of the Gaussian
functions are calculated. AA/A usually given is the FWHM which is different
from Ax,

Recall that a Gaussian function centered on x, of half width Ax, at
the value

G(x, x0,Axp) = exp(—1/2)

1
vV 27‘CAXO

is given by:

G(x, x0, Axo) = ——(x_x°)2>
X, X0, Axg) = . (70)

1
——eX
V21 Axg P ( 2Ax3
The FWHM of a Gaussian is
FWHM = 2Axyv21n2. (71)

6.7.1 Wavelength Distribution

The wavelength distribution is ideally triangular but experiments show that
Gaussian fits give reasonable results and improve the numerical treatment [65].
AJ/4 is deduced from the FWHM of the triangular function. It is usually
between 5 and 20% with a neutron velocity selector, a value determined by
time-of-flight measurements. Gaussian and triangular functions are compared
in © Figure 13-22.

A triangular function of unit area, centered on 4, of FWHM A,(AA/A) is
given by:
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O Figure 13-22
Comparison between triangular and Gaussian functions with the same areas used to

represent the wavelength distribution

S B (O N
[lo(A2/ )] [4o(A2/2)] (72)
TGy =— Ly AU @A) s

Do(ALJ D (AL D))

The calculation uses a Gaussian function where the relevant parameter is o, the

half width at the value \/E:'m- exp(—1/2).

Replace the triangular function by a Gaussian one with the same FWHM.
From (71), one deduces:

NIV
Thus, the relative wavelength spread introduces in (59) is:

(51/1)::5%;%%?5. (74)

6.7.2 Angular Distribution

The angular distribution A0 is deduced from the width of the direct beam. For
q=0,0=0and (58) is reduced to:
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@ Figure 13-23
Shape and size of the direct beam of D22 at A = 6 A for the different possible collimation
distances. Dotted lines are a guide for the eyes

Aq(0) = T a0,

y 73)

On D22, the measurements show that reasonable fits are obtained with a Gauss-
ian function, even if deviation is observed in the tails. In these conditions Ag(0) is
equivalent to Ax, in (70) and one easily deduce A0 with (75).

Example of experimental direct beam shapes for A = 6 A at various collima-
tion distances C are presented in © Figure 13-23.

A0 can also be calculated in a theoretical way from the geometry of the
instrument. It is a function of: source diameter (S;), diameter of the aperture in
front of the sample (S,), collimation (C), and sample-to-detector (D) distances.
Details of calculations are given in [67, 68]. As a crude approximation, A0 can be
estimated with:

A0 = S;/C. (76)

7 Present Future and Perspective

7.1 Recent Developments

The new generation of SANS diffractometers like D22 at the ILL (Institut Laue
Langevin, Grenoble) with very high flux at the sample position (up to 10°
neutrons/s/cm”) combined with a large sensitive detector area permit very
short acquisition times of the order of a few hundreds of milliseconds [72].
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The development of new experiments is closely related to instrument
improvement and development of new sophisticated sample environments.
Great progress has been realized in the detector field and electronics as already
presented in © Section 2. In the last few years, complex environments such as
stopped-flow device, shear apparatus, extruder equipment, and flash light opened
the possibility of new kind of investigations.

The last decade has seen the development of kinetics experiments. By rapid,
one means acquisition of the order of hundred milliseconds in order to reach
the early stages of formation of a sample. Real-time means a movie of the sample,
just after a perturbation (dilution, pH jump, temperature change, application of
a magnetic field, etc.). The knowledge of the early stage of sample formation
can be crucial to understand and act on the equilibrium state. One crucial step
with such experiments is to trigger the acquisition with the experimental
setup to insure the reproducibility of the measurement. Small acquisition times
require repeating several times the experiment and adding data to increase the
statistics.

Real-time experiments carried out with the stopped-flow technique have
allowed the study of intermediary or metastable states during the formation of
vesicles [73-75], or to measure characteristic times for formation and growth
of mesoporous materials [76].

In a recent experiment, the changes of conformation of the Photoactive
Yellow Protein were followed during 1.053 s after illumination by a flash light
[17]. The first acquisition time was only 50 ms, a time competitive with what is
done on SAXS instruments on synchrotron sources. The analysis by IFT has
shown an increase of the radius of gyration corresponding to an opening of the
conformation just after illumination followed by a return to the equilibrium state
within a second.

7.2 Future Developments

7.2.1 Interactive Instrument Control

The future of SANS experiments will require the development of new “intelli-
gent” softwares that will be able not only to control the instrument and to set the
configurations but also to pilot the acquisition. A major question, for example, is
how to optimize the acquisition time by keeping good statistics. Future software
will be able to calculate on line statistics and errors and to stop the acquisition
when given conditions defined by the scientist (for example, a given number
of neutrons) will be reached.
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7.2.2 Lenses and Focusing

The limiting factors in neutron experiments are the flux, the smallest scattering
vector (gmin)> and the resolution, three parameters that can be linked and simul-
taneously improved if focusing devices would exist. The recent investigations consist
in sets of biconcave lenses installed just before the sample [77]. Very encouraging
results have been obtained as described by Choi et al. [78] with test experiments
carried out on the 30-m SANS instrument at NIST [78]. The authors show the
gain of flux, of minimum g and resolution after correction of chromatic aberration
due to gravity. Nevertheless, some restrictions must be pointed out [79]. Mainly,
such equipment decreases the instrument flexibility such as it is optimized for
one wavelength and one sample-to-detector distance which must match the
focusing point.

Sets of MgF Compound Refractive Lens (CRL) are available on D22
(obtained from PSI). Installed after the sample position they were used to
magnify the sample. Example are given in [80] obtained with Al CRL.

7.2.3 Ultra Small-Angle Scattering (USANS)

At very low g SANS experiments meet the limits of light scattering experiments.
Micro-size particles can be analyzed by techniques like electronic microscopy,
AFM, light scattering or USAXS but in some cases these techniques are not
applicable (opaque sample for SALS, low contrast, etc.). USANS offers the
possibility to investigate very large structures. Worm-like micelles, microemul-
sions, colloidal crystals, porous material as found in cement or rocks are possible
applications in USANS.

USANS instruments can cover a g-range from 2 10~ * to 5 10> AL They
operate mainly according two principles. The Bonse—-Hart setup consists in
two channel-cut perfect crystals mounted in parallel, one is the monochromator,
the second one is the analyzer and the sample is positioned in between.
The g-dependence of the scattered intensity is measured by rocking the crys-
tals [78]. Bonse—Hart-type instruments exist on PCD at the NIST (USA), on
S18 at the ILL (France), on ECHO at SINQ (Switzerland), on KWS-3 in the
FZ-Jilich (Germany), and will also be built in Jaeri the new spallation source
in Japan.

The second possible setup is a pinhole geometry, where the beam is colli-
mated in the two directions by a series of small diaphragms or slits. This geometry
has been selected at the LLB (France) for the instrument “TPA” in commissioning
at the date of this review [83] [84].
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One main limiting factor in USANS experiments is the low flux at the sample
position.

Nevertheless the new high flux reactors and spallation sources render the
experiments possible. The use of multiple small beams further focused at
the sample position is an efficient way to increase the flux.

7.2.4 Polarization and SANS

Some SANS spectrometers' offer now a polarization option opening new possible
fields of research. The polarization has a strong influence on the contrast between
nuclear and magnetic scattering contribution. The incident polarized beam is
produced by a supermirror. Polarization alone can be used as a way to vary the
contrast of the sample. The principle of a “polarization plus analysis” experiment
consists in applying a magnetic field to the sample and to analyze the spin states
before and after the scattering. Complementary to conventional SANS, additional
information magnetization profiles in samples are obtained. Recent outcomes on
ferrofluids are described in [16].

Another application comes from the large spin-dependent scattering length
from 'H. Consequently, polarized SANS can find strong application in soft
condensed matter and biology where hydrogen is a main component. Contrast
variation can be done once again using hydrogen 'H and deuterium *H which
exhibit strong differences in spin-dependence [82].

Nanotechnologies using magnetism and new biotechnologies will certainly
benefit from polarized SANS, opening new approaches for the sample character-
ization.

7.3 General Conclusion

SANS is a powerful technique to analyze the size, the shape, the intra- and
interstructures of complex systems with typical size ranging from a few nanometres
down to tenths of a micrometer. The lowest flux and the larger beam size compared
to X-ray source is balanced by the unique feature of isotopic substitution which has
been of particular importance in the understanding of biological systems.

In comparison with light or X-ray scattering, small-angle neutron scattering
is a relatively recent technique, still in evolution. Technical progresses are also
closely linked to electronics improvements. Progress in computing permits more

1 PAPOL, LLB, France; SANSPOL, HMI, Germany; SANS-I at SINQ, Switzerland, NG3 30m at
NIST, United States
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and more accurate fittings with numerical resolution of nonlinear equations
involved in theoretical models.

SALS, SAXS, and SANS techniques are not in competition but really com-
plementary. Moreover microscopy techniques (in the real space) are often carried
out in parallel to validate the models deduced from scattering experiments.
Reference [41] illustrates nicely the complementarities of freeze-fracture electron
microscopy and SANS.

The increasing number of proposals submitted per year demonstrates the
relevance of this technique. The future developments and the broad field of
research investigated insure a bright future for SANS experiments.
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