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Each diffracted beam can be described mathematically by the 
Structure factor F(hkl)Structure factor F(hkl) 

F(hkl ) | F (hkl ) | i (hkl )F(hkl ) | Fobs(hkl ) | eiobs(hkl )

I (hkl ) F(hkl ) 2

αobs cannot be measured during the diffraction experiment!



Why is the complete Structure factor important for us?

(r )  Fhkl
hkl
 exp (2 i(hx ky lz) 
hkl

 | Fobs | eiobs

hkl
 exp (2 i(hx ky lz) 
hkl

Determining the α is essential to determine a macromolecularDetermining the αobs is essential to determine a macromolecular
structure 



Different ways to solve the phase 
problem

• MIR (Multiple Isomorphous Replacement)• MIR (Multiple Isomorphous Replacement)

Heavy atom bound in the protein crystal

• MAD (Multiple wavelength Anomalous Dispersion)

Anomalous scatterer in the crystal

• MR (Molecular Replacement)

Homologous model same fold (~35% sequence identity )Homologous model,  same fold ( 35% sequence identity )

• Direct Methods – small molecules



Principle of Molecular ReplacementPrinciple of Molecular Replacement

In MR the phases come from a known structureIn MR the phases come from a known structure

cat with tale Fourier transform 
of cat with taleof cat with tale 
without phases
(black/white)



Principle of Molecular 
R lReplacement

In MR the phases come from a known structureIn MR the phases come from a known structure

cat without tale
Fourier transform of
cat without tale with
phases (colour)



Principle of Molecular replacement

• Intensities come 
ffrom 
measurements

• Phases (colours) 
come from searchcome from search 
model



Molecular Replacement
In MR the phases come from a known structureIn MR the phases come from a known structure

Colours (phases) from FT
of cat without tale are
combined with data
(amplitudes) from cat with tale



prerequisite conditions to make MRprerequisite conditions to make MR

• same protein in another space group

• mutant or complex of the same proteinmutant or complex of the same protein

• homologous model – the closer the better 
( i i 35% id i )(minimum 35% sequence identity) 

• NMR structure/theoretical model /

• Fragments (domains) of multi domain protein 



molecular replacement p
place a model in the best way in the asymmetric unit 



How do we place the searchHow do we place the search 
model in the asymmetric unit?y

We use the Patterson functionWe use the Patterson function



FT-1

Patterson Intensity
connection between the 
measured intensity andPatterson Intensity measured intensity and 
the Patterson function

FT



Patterson functionPatterson function
1. peaks corresponding to 

interatomic distances in the • The patterson function may interatomic distances in the 
structure

2 N atoms   N(N-1)+1 peaks

p y
be calculated directly from 
the pdb-file. 

2. N atoms   N(N 1)+1 peaks

3. intensity of peaks is 
proportional to the product 

• The patterson function may 
be calculated directly from 
th  d t  tproportional to the product 

of the respective atom 
numbers (the number of 
electrons) 

the data set

4. centrosymmetric (if there is 
a vector from 1 to 2, there 
will be a vector from 2 towill be a vector from 2 to



Patterson function from 2 atoms in a 2D 
cell

Unit cell
Patterson function

Intramolecular vectors



6 dimensional problem6‐dimensional problem

if a molecule is placed in the asymmetric unit 6 
3 f h i iparameters are necessary. 3 for the orientation 

(rotation) and 3 for the position (translation)

reduced to two 3-dimensional problems

first determine the orientationfirst determine the orientation 
- afterwards the position



rotation functionrotation function

h i f i i d i d f h fthe rotation function is determined from the part of 
the Patterson function close to the origin

 the intramolecular vectors are shorther than the 
intermolecular vectorsintermolecular vectors

 the intramolecular vectors are independent of the position 
in the unit cell

how close to the origin is determined from the size of the 
molecule



rotation functionrotation function 
(intramolecular vectors)( )

(to simple)



translation functiontranslation function

• When the rotation function has been fixed, 
the translation function is determined by y
using the intermolecular vectors – that is the 
Patterson peaks further away from the originPatterson peaks further away from the origin



If t l t i il bl th hIf no template is available the phases 
have to be determined experimentallyhave to be determined experimentally



Different ways to solve the phase 
problem

• MIR (Multiple Isomorphous Replacement)• MIR (Multiple Isomorphous Replacement)

Heavy atom bound in the protein crystal

• MAD (Multiple wavelength Anomalous Dispersion)

Anomalous scatterer in the crystal

• MR (Molecular Replacement)

Homologous model same fold (~35% sequence identity )Homologous model,  same fold ( 35% sequence identity )

• Direct Methods – small molecules



Principle of MIRPrinciple of MIR

Isomorphous means that the crystal structures are exactly the same – the only
difference is the heavy atom sites



Principle of MIR

For each reflection, hkl (or h), 3 measurements

FP(hkl) FPH1(hkl)          FPH2(hkl)
FP(h)       FPH1(h) FPH2(h)P( ) PH1( ) PH2( )



( ) ( ) ( )isomorphous means: FP(h)+FH(h)=FPH(h)



If we can calculate αH, then we 
can calculate αcan calculate αP

How do we calculate α ?How do we calculate αH?

By determining the positions
of the heavy atoms!of the heavy atoms!



The heavy atom positions can be 
determined by using a difference 

patterson mappatterson map

FT-1
1. peaks corresponding to 

interatomic distances in the 
structure

FT

1. intensity of peaks is 
proportional to the product 

Patterson | FPH FP |
proportional to the product 
of the respective atom 
numbers (the number of 
electrons) FT )



With a few number of heavy atomWith a few number of heavy atom 
sites, the Patterson map can be easily 

i t t d!interpreted!



We now have FH - both length and phase.
We furthermore have FPH and FP - only length

• phase information can be 
obtained but it isobtained, but it is 
ambigous
– two possible phases for p p

each reflection F(h)





Including a second derivative solves 
h b !the ambiguity!



As the crystals are not perfectly isomorphous the twoAs the crystals are not perfectly isomorphous the two 
possible solutions are not necessarily coinciding

1. For each derivative there is a 
phase probability function for 
each reflection
2 These are multiplied2. These are multiplied
3. the best phase is the weighted 
average (the centroid of the joint g ( j
phase probability function)



Frequently used heavy atoms

platinum - 78 electronsp
gold        - 79
mercury - 80mercury - 80
uranium - 92
i idi    77iridium   - 77
lead - 82





soak the crystalssoak the crystals



In some cases non isomorphism mayIn some cases non‐isomorphism may 
be serious issue that cannot be 

overcome



Different ways to solve the phase 
problem

• MIR (Multiple Isomorphous Replacement)• MIR (Multiple Isomorphous Replacement)

Heavy atom bound in the protein crystal

• MAD (Multiple wavelength Anomalous Dispersion)

Anomalous scatterer in the crystal

• MR (Molecular Replacement)

Homologous model same fold (~35% sequence identity )Homologous model,  same fold ( 35% sequence identity )

• Direct Methods – small molecules



F  f exp ( 2 i(hx ky lz) Fhkl  f j
j
 exp (2 i(hx ky lz) 

f j  f0  f ' if ''

The anomalous part of the scattering factor becomes significant close to theThe anomalous part of the scattering factor becomes significant close to the 
Absorption edge of the atom.



Selenium anomalous signalg

f’’f’’

f’



consequences?

• Change  and you change the form factor 
f ti l t f tfrom one particular type of atoms

• Friedel’s law breaks down (because f´´ is 
imaginary)imaginary)

Th f h lThe use of these consequences to solve 
protein crystal structures is called MAD



• Dispersive difference

• Bijvoet difference



Dispersive differensep
• two data sets where f’Inflection point, 

remote, rm

differs
(perfectly isomorphous MIR case)

ip

• |F’()| is used to find the 
positions of the anomalous
scatterersscatterers



Bijvoet differensej ff
• A single data set at the 

wave length where f’’ is

Peak

wave length where f’’ is 
max

|F| =|F(hkl)| |F( h k l)||F|ano =|F(hkl)|‐|F(‐h‐k‐l)| 
is used to find the positions 
of the anomalous scatterers



success full MAD experiment:success full MAD-experiment:

• beam time on MAD beam‐linebeam time on MAD beam line

• cryo cooling

• Automatic solution (from computer)

– and AN ANOMALOUS SCATTERER IN THE CRYSTAL



Likely targets for MAD measurementsy g
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density modification

• improvement of the electronimprovement of the electron 
density, so that it is easier to 
interpreteinterprete





small changes can be important for g p
building the molecule



• phases come from MIR, MAD or MR – how to 
improve them? – get help from our knowledgep g p g
on the protein and the crystals

• improvements are going on in real space (not• improvements are going on in real space (not 
in reciprocal space). 

Fourier transform back to Fcalc and αcalc and 
calculate a new map from Fobs and αcalc.p obs calc



Reciprocal space Real space

F b α b Electron density (ρ )Fobs, αobs Electron density (ρxyz)

F α
Phase  Density

Fobs, αcombcombination modification

Modified electron Fcalc, αcalc
density (ρxyzmod)

calc, calc



1. solvent channels contain disordered solvent – that1. solvent channels contain disordered solvent  that 
is a flat electron density solvent flattening

2. more molecules in the asymmetric unit – they must 
be (almost) identical ncs‐averaging (non‐be (a ost) de t ca cs a e ag g ( o
crystallographic symmetry)

1. empirically it has been observed that the electron 
density of a protein must have a certain profile, try y p p , y
to fit it to that profile by histogram matching


