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Why study Feynman loop integrals?

• Connections to and new tools from mathematics: iterated 
integrals, multiple zeta values; symbols; QFT provides 
interesting mathematical problems -- e.g. what are the 
functions needed to describe Feynman integrals?
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• Many important processes depend on various scales. What 
are the multi-variable functions needed to describe them?   
Analytic evaluation is challenging, but often feasible and 
very interesting!

• Important ingredient in cross-section calculations for 
collider experiments



Integrands versus integrals
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• Good methods for obtaining loop integrands
- from analytic properties: 

unitarity cuts, recursion relations

• Integrands similar properties to tree-level amplitudes

[Bern, Dixon, Dunbar, Kosower, 90s]
[Britto, Cachazo, Feng, Witten, 2004]

[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka, 2010]

- using Feynman diagrams e.g. GQRAF: [Nogueira, 1993], FeynArts: [Hahn, 1999] ...

- ongoing work on automation at two loops
Mastrolia, Mirabella, Ossola, Peraro,Reiter, Tramontano, 

Johansson, Kosower, Larsen, Caron-Huot, Badger, Frellesvig, Zhang, ...

• Integrals: Good control at NLO: One-loop integrals 
under analytic control; Can be readily evaluated 
numerically.                                                                           
Can we reach a similar state for integrals needed at NNLO?



Analytic computation of (Feynman) 
loop integrals

• what functions are needed?

• how do they depend on the kinematical variables?

(e.g. asymptotic limits, singularities)

• how do they depend on D=4 - 2     ?

• how can we compute the integrals?
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✏



Outline
• Part 1: Introduction to differential equations (DE) 
for Feynman integrals

• Part 2: New strategy for solving DE

- choice of integral basis

- solution as Chen iterated integrals

• Part 3: Examples:

- massless 2 to 2 scattering

- Bhabha scattering
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Integral functions: examples
Experience shows: many processes described by 
iterated integrals

• simple cases: logarithms                         , polylogarithms Li

• generalization: harmonic polylogarithms (HPLs)

• more general: Goncharov polylogarithms,
   Chen iterated integrals

• multiple masses -> Elliptic functions (not in this talk)

• ...

log z =

Z z

1

dt

t
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Harmonic polylogarithms (HPL)
• defined iteratively

• more general integration kernels:
   Goncharov polylogarithms; Chen iterated integrals

• naturally arise in differential equations

[Remiddi, Vermaseren, 1999]

• ‘transcendental’ weight: number of integrations

H
a1,a2,...an(x) =

Z
x

0
f
a1(y)Ha2,...,an(y)dy

and so on. Using eq. (3.3) we find

Ω(1)
0 =− 2HV , (3.10)

Ω(2)
0 =− 2HV H0,V − 2HV,0,V , (3.11)

Ω(3)
0 =− 2HV H

2
0,V − 4H2

V H0,0,V − 2H0,V HV,0,V

− 2HV H0,V,0,V − 4HV HV,0,0,V − 2HV,0,V,0,V , (3.12)

etc. These last relations are understood at w = 1.

In principle, eqs. (3.10), (3.11), (3.12), and their higher-order analogues, together with

Γ = −Ω0, provide formulas for Γ. However, this representation is clearly not an optimal

one. In the following, we will simplify it by converting it to a more appropriate and simpler

class of iterated integrals. This will also allow us to make further observations regarding

the structure of the result.

3.3 Structure of the perturbative result

Here, we first show certain properties of η and Ω0, and then outline an algorithm for

expressing Ω0 in terms of harmonic polylogarithms.

As we show presently, the total differential of η at any loop order is of the form

dη(L) =f1 d log x+ f2 d log(1 + x) + f3 d log(1− x)

+ f4 d log(w + x) + f5 d log(w + 1/x) , (3.13)

with the fi being functions of the same type as η(L), but of degree (i.e. number of iterated

integrals) lowered by one. From equations (3.13) and (3.3) it immediately follows that

dΩ(L) = g1 d log x+ g2 d log(1 + x) + g3 d log(1− x) , (3.14)

with gi being functions of degree lowered by one, and satisfying the same property. This,

implies that at any loop order L, Ω(L) can be expressed in terms of harmonic polylogarithms

(HPLs) of degree (2L− 1).

The latter are defined iteratively by

Ha1,a2,...,an(x) =

∫ x

0
fa1(t)Ha2,...,an(t) dt , (3.15)

where the integration kernels are

f1(x) =
1

1− x
, f0(x) =

1

x
, f−1(x) =

1

1 + x
. (3.16)

The degree-one functions needed to start the recursion are defined as

H1(x) = − log(1− x) , H0(x) = log(x) , H−1(x) = log(1 + x) . (3.17)

The subscript of H is called the weight vector. A common abbreviation is to replace

occurrences ofm zeros to the left of ±1 by±(m+1). For example, H0,0,1,0,−1(x) = H3,−2(x).

– 8 –

f1(y) =
1

1� y
, f0(y) =

1

y
, f�1(y) =

1

1 + y
kernels:
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Integration by parts identities (IBP)

• how to compute the master integrals?

• for a given topology, finite number of ‘master’ 
integrals needed

• IBP relates integrals with different indices

[Chetyrkin, Tkachov, 1981] public computer codes [Anastasiou, Lazopoulos]
[Smirnov, Smirnov] [Studerus, von Manteuffel]

a1

a2

a3

a4

Z
d4�2✏k

@

@kµ
qµ

1

[k2]a1 [(k + p1)2]a2 [(k + p1 + p2)2]a3 [(k � p4)2]a4
= 0

August 14, 2013     NBI Copenhagen     Johannes M. Henn, IAS

‘family’ of integrals F (a1, a2, a3, a4;D, s, t)



Differential equation (DE) technique

• system of differential equations
• use IBP to re-express RHS in terms of master integrals
• differentiate master integrals w.r.t. momenta and masses

[Kotikov, 1991] [Gehrmann, Remiddi, 1999]

@if(xj , ✏) = Ai(xj , ✏)f(xj , ✏)

• very powerful, many integrals computed using this method
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[in Feynman representation/one loop: Bern, Dixon, Koswer, 1993]



Differential equation (DE) technique

• system of differential equations
• use IBP to re-express RHS in terms of master integrals
• differentiate master integrals w.r.t. momenta and masses

[Kotikov, 1991] [Gehrmann, Remiddi, 1999]

@if(xj , ✏) = Ai(xj , ✏)f(xj , ✏)

• very powerful, many integrals computed using this method

• Some issues:
-      often complicated, physical properties not transparent
(e.g. asymptotic behavior, singularities)
- multi-variable case can be complicated
- what integral functions are needed?
- coupled system of equations hard to solve

Ai
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[in Feynman representation/one loop: Bern, Dixon, Koswer, 1993]



Part 2:
New strategy for solving DE 

(for Feynman integrals)

How to choose a good integral basis?

What will the solution look like?
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Change of basis in DE
• system of differential equations

@if(xj , ✏) = Ai(xj , ✏)f(xj , ✏)

• change of integral basis: 

f �! B f
Aj �! B�1AjB �B�1(@jB)

• idea: can we find an optimal integral basis that 
simplifies the system of DE?

problem:           typically complicatedAi

• differential equations should make properties of 
the solution manifest
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Pure functions of uniform weight

has uniform weight 2, but is not pure

• pure functions: derivative reduces weight

• uniform ‘transcendental’ weight 
f1(x) = Li3(x) +

1

2

log

3
x

f2(x, y) = Li4(x/y) + 3 log xLi3(1� y)

T (f1) = 3

T (f2) = 4

T

T (f) = n �! T (d f) = n� 1

f3 =

1

x

log

2
x+

1

1 + x

Li2(1� x)

f1, f2 are pure functions of uniform weight

functions with unique normalization

• dimensional regularization
x

✏
= 1 + ✏ log(x) + . . . ✏assign weight -1 to 

pure functions should obey simple differential equations!
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Pure functions of uniform weight

• example 2: form factor integral

• example 1: box integral

[Gehrmann, J.M.H, Huber, 2011]

[Bern, Dixon, Smirnov, 2005]

T (⇣n) = nnote

Remark: results for pure functions are very compact and simple!
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Example: choice of integral basis

Rutgers - J. M. Henn, IAS

B. Form factor in terms of master integrals

Just as in QCD, the three-loop scalar form factor in N = 4 can be reduced to master inte-

grals by means of the Laporta algorithm [44], for which we used the program REDUZE [45].

One obtains

F

(3)

S

= R

3

✏


+

(3D � 14)2

(D � 4)(5D � 22)
A

9,1

� 2(3D � 14)

5D � 22
A

9,2

� 4(2D � 9)(3D � 14)

(D � 4)(5D � 22)
A

8,1

�20(3D � 13)(D � 3)

(D � 4)(2D � 9)
A

7,1

� 40(D � 3)

D � 4
A

7,2

+
8(D � 4)

(2D � 9)(5D � 22)
A

7,3

�16(3D � 13)(3D � 11)

(2D � 9)(5D � 22)
A

7,4

� 16(3D � 13)(3D � 11)

(2D � 9)(5D � 22)
A

7,5

� 128(2D � 7)(D � 3)2

3(D � 4)(3D � 14)(5D � 22)
A

6,1

�16(2D � 7)(5D � 18)
�
52D2 � 485D + 1128

�

9(D � 4)2(2D � 9)(5D � 22)
A

6,2

�16(2D � 7)(3D � 14)(3D � 10)(D � 3)

(D � 4)3(5D � 22)
A

6,3

�128(2D � 7)(3D � 8)
�
91D2 � 821D + 1851

�
(D � 3)2

3(D � 4)4(2D � 9)(5D � 22)
A

5,1

�128(2D � 7)
�
1497D3 � 20423D2 + 92824D � 140556

�
(D � 3)3

9(D � 4)4(2D � 9)(3D � 14)(5D � 22)
A

5,2

+
4(D � 3)

D � 4
B

8,1

+
64(D � 3)3

(D � 4)3
B

6,1

+
48(3D � 10)(D � 3)2

(D � 4)3
B

6,2

�16(3D � 10)(3D � 8)
�
144D2 � 1285D + 2866

�
(D � 3)2

(D � 4)4(2D � 9)(5D � 22)
B

5,1

+
128(2D � 7)

�
177D2 � 1584D + 3542

�
(D � 3)3

3(D � 4)4(2D � 9)(5D � 22)
B

5,2

+
64(2D � 5)(3D � 8)(D � 3)

9(D � 4)5(2D � 9)(3D � 14)(5D � 22)

⇥ �
2502D5 � 51273D4 + 419539D3 � 1713688D2 + 3495112D � 2848104

�
B

4,1

+
4(D � 3)

D � 4
C

8,1

+
48(3D � 10)(D � 3)2

(D � 4)3
C

6,1

�
. (B.1)

R

✏

is given in Eq. (2.14). In order to arrive at Eq. (5.2) we have to plug in D = 4�2✏ and

the ✏-expansions for the master integrals from Eqs. (A.7) – (A.27) of [30], together with

their higher order ✏-terms from [32].

C. Four-point amplitude to two loops

Here we summarise the known four-point amplitude in N = 4 super Yang-Mills to two

loop order. As we have seen in the main text, both leading and subleading terms in colour

are required when computing the form factor at leading colour using unitarity.

– 29 –

three-loop N=4 SYM form factor 

Gehrmann, J.M.H., Huber (2011)

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2 A7,3

,2

A7,4 A7,5 A8,1 A9,1

A9,2 A9,4

B4,1 [= A4] B5,2 [= A5,4] B6,2 [= A6,4] B8,1

B5,1 [= A5,3] B6,1 [= A6,6] C6,1 [= A6,5] C8,1

Figure 1: Master integrals for the three-loop form factors. Labels in brackets indicate the naming
convention of Ref. [25].

corresponding to weight eight numerically to a precision of one per-mille or better using

MB.m [30] and FIESTA [31, 32]. All other of the 22 master integrals we even confirm ana-

lytically through to weight eight by expanding the closed form in terms of hypergeometric

functions given in [20, 21] using the HypExp package [33].

– 2 –

Gehrmann, Glover, Huber, Ikizlerli, Studerus;
Lee, Smirnov & Smirnov



Example: choice of integral basis

Rutgers - J. M. Henn, IAS

three-loop N=4 SYM form factor 

Gehrmann, J.M.H., Huber (2011)

F1

p

a

p

b

F2

p

a

p

b

F3

p

a

p

b

F4

p

a

p

b

F5

p

a

p

b

F6

F8 F9

Figure 7: Diagrams of which the three-loop form factor F (3)
S

in N = 4 SYM is built. All internal
lines are massless. The incoming momentum is q = p1+p2, outgoing lines are massless and on-shell,
i.e. p21 = p

2
2 = 0. Diagrams with labels p

a

and p

b

on arrow lines have an irreducible scalar product
(p

a

+ p

b

)2 in their numerator (diagrams that lack these labels have unit numerator). All diagrams
displayed exhibit uniform transcendentality (UT) in their Laurent expansion in ✏ = (4�D)/2.

same colour representation, which is achieved by setting C

A

= C

F

= 2T
F

and n

f

= 1 in

the QCD result [27]. It turns out that with this adjustment the leading transcendentality

– 16 –

following expression satisfies all cuts that we have evaluated,

F

3�loop

S

= g

6

µ

6✏

N

3 (�q

2)2
⇥
8 (�q

2)F
1

� 2F
2

+ 4F
3

+ 4F
4

� 4F
5

� 4F
6

� 4F
8

+ 2F
9

⇤
.

(4.13)

We will now argue that Eq. (4.13) is the complete result for the three-loop form factor. In

fact, potential corrections to equation (4.13) can come only from seven-propagator integrals

that have vanishing two-particle cuts. An example of such an integral is F
10

shown in Fig. 6.

As we will see in section 7, the appearance of such integrals is highly unlikely due to their

bad UV behaviour, violating a bound based on supersymmetry power counting.

Moreover, in section 6, we will perform an even more stringent check on Eq. (4.13) by

verifying the correct exponentiation of infrared divergences. In particular, this means that

any potentially missing terms in equation (4.13) would have to be IR and UV finite, and

vanish in all unitarity cuts that we considered.

5. Final result for the form factor at three loops

In the previous section we obtained the extension of Eq. (2.13) to three loops,

F

S

= 1 + g

2

N µ

2✏ · (�q

2) · 2D
1

+ g

4

N

2

µ

4✏ · (�q

2)2 · [4E
1

+ E

2

]

+ g

6

N

3

µ

6✏ · (�q

2)2 · ⇥8 (�q

2)F
1

� 2F
2

+ 4F
3

+ 4F
4

� 4F
5

� 4F
6

� 4F
8

+ 2F
9

⇤

+O(g8)

= 1 + a x

✏

R

✏

· 2Dexp

1

+ a

2

x

2✏

R

2

✏

· [4Eexp

1

+ E

exp

2

]

+a

3

x

3✏

R

3

✏

· [8F exp

1

� 2F exp

2

+ 4F exp

3

+ 4F exp

4

� 4F exp

5

� 4F exp

6

� 4F exp

8

+ 2F exp

9

]

+O(a4) . (5.1)

The expressions for F
i

, and F

exp

i

are again given in appendix A. All diagrams are displayed

in Fig. 7. This yields

F

(3)

S

= R

3

✏

· [8F exp

1

� 2F exp

2

+ 4F exp

3

+ 4F exp

4

� 4F exp

5

� 4F exp

6

� 4F exp

8

+ 2F exp

9

]

= � 1

6✏6
+

11⇣
3

12✏3
+

247⇡4

25920✏2
+

1

✏

✓
�85⇡2

⇣

3

432
� 439⇣

5

60

◆

�883⇣2
3

36
� 22523⇡6

466560
+ ✏

✓
�47803⇡4

⇣

3

51840
+

2449⇡2

⇣

5

432
� 385579⇣

7

1008

◆

+✏

2

✓
1549

45
⇣

5,3

� 22499⇣
3

⇣

5

30
+

496⇡2

⇣

2

3

27
� 1183759981⇡8

7838208000

◆
+O(✏3) . (5.2)

We can make a very interesting observation here. For anomalous dimensions of twist

two operators, there is a heuristic leading transcendentality principle [54–56], which relates

the N = 4 SYM result to the leading transcendental part of the QCD result. We can

investigate whether a similar property holds for the form factor.

For the comparison, we specify the QCD quark and gluon form factor to a super-

symmetric Yang-Mills theory containing a bosonic and fermionic degree of freedom in the
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following expression satisfies all cuts that we have evaluated,

F

3�loop

S

= g

6

µ

6✏

N

3 (�q

2)2
⇥
8 (�q

2)F
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� 2F
2

+ 4F
3

+ 4F
4

� 4F
5
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6
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8
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⇤
.

(4.13)

We will now argue that Eq. (4.13) is the complete result for the three-loop form factor. In

fact, potential corrections to equation (4.13) can come only from seven-propagator integrals

that have vanishing two-particle cuts. An example of such an integral is F
10

shown in Fig. 6.

As we will see in section 7, the appearance of such integrals is highly unlikely due to their

bad UV behaviour, violating a bound based on supersymmetry power counting.

Moreover, in section 6, we will perform an even more stringent check on Eq. (4.13) by

verifying the correct exponentiation of infrared divergences. In particular, this means that

any potentially missing terms in equation (4.13) would have to be IR and UV finite, and

vanish in all unitarity cuts that we considered.

5. Final result for the form factor at three loops

In the previous section we obtained the extension of Eq. (2.13) to three loops,
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We can make a very interesting observation here. For anomalous dimensions of twist

two operators, there is a heuristic leading transcendentality principle [54–56], which relates

the N = 4 SYM result to the leading transcendental part of the QCD result. We can

investigate whether a similar property holds for the form factor.

For the comparison, we specify the QCD quark and gluon form factor to a super-

symmetric Yang-Mills theory containing a bosonic and fermionic degree of freedom in the
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• each integral has uniform (and maximal) 
`transcendental’ weight
 T[ Zeta[n] ] = n 
 T[eps^-n] = n
 T[A B] = T[A] + T[B]

• for theories with less susy, other integrals 
also needed



Optimal choice of integral basis
• idea: use transcendental weight as guiding principle

• how to find such integrals?
      - unitarity cuts, leading singularities                          
      - ‘d-log’ representations
      - explicit parameter integrals

[Cachazo] 
[Arkani-Hamed et al.]

[J.M.H., A.V. Smirnov, V.A. Smirnov, 2013]

[J.M.H., 2013]

• Example:

�!
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Conjecture/Observation

• leads to simplified form of differential equations

• (in many cases) all basis integrals can be chosen 
to be pure functions of uniform weight

[J.M.H., 2013]

@if(xj , ✏) = ✏Ai(xj)f(xj , ✏)

d f(✏, xn) = ✏ d Ã(xn)f(✏, xn)

key step: equation(s) in differential form

      makes properties of answer manifest:Ã

• specifies class of iterated integrals needed
(‘symbol’ as corollary)

• singularities

• asymptotic behavior
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Solution of differential equations

• solution in terms of Chen iterated integrals

d f(✏, xn) = ✏ d Ã(xn)f(✏, xn)

• equation(s) in differential form

boundary conditions at base point from physical limits
Chere        is a contour in the kinematical space

• observation: often     contains only logarithms
-> weight properties manifest

higher orders in      trivial to obtain ✏

f = P e✏
R
C d Ã g(✏)

Ã

f =
P

k�0 ✏
kf (k)

f (0)
= const f (1) =

R
dÃ f (0) f (2) =

R
dÃ f (1)

In general:

[Chen, 1997]
[Goncharov; Brown]
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Part 3: Examples

• massless 2 to 2 scattering

• two-loop Bhabha scattering integrals
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Example: massless 2 to 2 scattering

• good choice of master integrals [J.M.H., 2013]
4

FIG. 1. Integral basis corresponding to f1, . . . f4 (first line)
and f5, . . . f8 (second line), up to overall factors. Fat dots
indicate doubled propagators, and the dotted line an inverse
propagator. The incoming momenta are labelled in a clock-
wise order, starting with p1 in the lower left corner.

It would be interesting to find criteria for, or prove or
disprove the existence of a matrix B of eq. (3) that leads
to (4). We would like to stress that beyond the example
given here, we found this method to apply to many fur-
ther cases of practical interest. In particular, we expect
the method to apply equally to massive and non-planar
integrals. A more detailed discussion and applications to
more general loop integrals will be given elsewhere.

In more complicated multi-leg processes, or processes
involving masses, the appropriate set of integral functions
may not yet be known. We anticipate that our method
will be a convenient way of solving this problem, and lead
to investigations of generalized functions appropriate for
those scattering processes. In this context we also wish to
stress that the differential equations can first be trivially
solved in terms of symbols, and possible simplifications
identified, before the problem of finding a convenient in-
tegral representation is addressed.

A further promising avenue of research is the system-
atic investigation of leading singularities in D = D0 − 2ε
dimensions, where D0 is some integer. In this context,
we would also like to point out that we found propa-
gators with doubled or higher powers useful in choosing
master integrals. We focused on expansions near four
dimensions, but one can apply our method in other di-
mensions as well, where a different choice of basis may
be appropriate.
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• Knizhnik-Zamolodchikov equations

x = t/s

• (regular) singular points

@

x

f = ✏


a

x

+
b

1 + x

�
f

a ä

-2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
3

2
0 0 0 -2 0 0 0

- 1

2

1

2
0 0 0 -2 0 0

-3 -3 0 0 4 12 -2 0
9

2
3 -3 -1 -4 -18 1 1

s = 0 , t = 0 , u = �s� t = 0

[Smirnov, 1999][Gehrmann, Remiddi, 1999]

b ä

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

- 3

2
0 3 0 1 0 0 0

0 0 0 0 0 2 0 0
3 6 6 2 -4 -12 2 2

- 9

2
-3 3 -1 4 18 -1 -1

• boundary conditions: finiteness as u ! 0
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Generalization to 3 loops
• all planar 2 to 2 three-loop 
master integrals

(41 master integrals)

[J.M.H., A.V. Smirnov, V.A. Smirnov, 2013]

(26 master integrals)

integrals without 
bubble subintegrals:
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Generalization to 3 loops
• all planar 2 to 2 three-loop master integrals

[J.M.H., A.V. Smirnov, V.A. Smirnov, 2013]

x = t/s

@

x

f = ✏


a

x

+
b

1 + x

�
f

• boundary conditions from finiteness at             
x = �1

• solution to arbitrary order     in terms of HPLs of weight k 
by simple algebra

• singularity and monodromy structure manifest            

✏k
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Generalization to 3 loops
• all planar 2 to 2 three-loop master integrals

[J.M.H., A.V. Smirnov, V.A. Smirnov, 2013]

x = t/s

@

x

f = ✏


a

x

+
b

1 + x

�
f

• boundary conditions from finiteness at             
x = �1

• solution to arbitrary order     in terms of HPLs of weight k 
by simple algebra

Note: also single-scale integrals completely determined!

E.g.

No additional computation needed for boundary conditions!

cf. [Heinrich, Huber, 
Kosower, Smirnov, 2009]

• singularity and monodromy structure manifest            

✏k
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Example 2: Bhabha integrals
• previous results (using DE or Mellin-Barnes)

[J.M.H., V.A. Smirnov, 2013]

• complete analytic answer for integral family I

[Smirnov, 2001] [Heinrich, Smirnov, 2004] 
[Czakon, Gluza, (Kajda) Riemann, 2004-2006] 

[Bonciani, Ferroglia, Mastrolia, Remiddi, van der Bij, 2003, 2004]

many individual integrals computed, to some order in     
problems with coupled differential equations

• for phenomenology, approximate limits were computed
e.g. [Actis, Czakon, Gluza, Riemann, 2007-2008] 

✏
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One-loop warm-up
• choice of master integrals

• kinematics

August 14, 2013     NBI Copenhagen     Johannes M. Henn, IAS



One-loop warm-up
[J.M.H., V.A. Smirnov, 2013]• differential equations

d f = ✏ d Ã f

• symbol alphabet

(natural generalization of) two-dimensional HPLs
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One-loop warm-up
[J.M.H., V.A. Smirnov, 2013]

• (regular) singular points of DE have physical meaning, e.g.:

• kinematics

note: inversion symmetry                          and 

x = �y $ u = 0

x = 0 $ s = 1
x = 1 $ s = 0

x = �1 $ s = 4m2

x $ 1/x y $ 1/y
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One-loop warm-up
[J.M.H., V.A. Smirnov, 2013]• Symbol follows as corollary of DE

Boundary condition:

Symbol:

d f = ✏ d Ã fSymbol iteratively defined by DE:

• Analytic answer to any order in terms of 2d HPLs
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Two-loop differential equations
[J.M.H., V.A. Smirnov, 2013]• differential equations

d f = ✏ d Ã f

• larger, 12-letter symbol alphabet

• observation: except for one integral, up to weight 4, only 
the one-loop symbol alphabet is needed!

• solution to any order in terms of Chen iterated integrals
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Two-loop differential equations
[J.M.H., V.A. Smirnov, 2013]• Example
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Two-loop differential equations
[J.M.H., V.A. Smirnov, 2013]• Example for iterated integral

numerical checks in Euclidean as well as physical region.

e.g. parametrization:

sample numerical values:
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Conclusions and outlook

• further applications:

- important concept: pure functions of uniform weight
• criteria for finding optimal loop integral basis

- determine functions needed to all orders in 

- make properties of functions manifest
(analytic structure, discontinuities, homotopy invariance)
- trivial to solve in terms of Chen iterated integrals
- symbol/coproduct structure helpful for rewriting answer (e.g. for faster 
numerical evaluation)

• new form of differential equations
✏

- other physical processes (different mass configurations/many 
external legs)
- non-planar integrals
- phase space integrals
- integrals in other dimensions D = D0 � 2✏
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