
12/13/2009 Hubert Klahr - Planet Formation - MPIA 
Heidelberg

10/04/2010 Hubert Klahr - Planet Formation - MPIA 
Heidelberg

1

Hubert Klahr, Alex Hubbard, Lingsong Ge, Wlad Lyra, Richard Nelson

Hydrodynamic 
Stability of Disks

Kopenhagen 2014



Outline:

•Thermal Convection 

•Global Baroclinic Instability 
•Subcritical Baroclinic Instability 
•Goldreich-Schubert-Fricke Inst. (VSI -> 

Richard) 

•Convective Overstability 
•Linear theory and non-linear 
Simulations



Simulations of thermal 
convection in disks: 
!

Large Scale 
3D – Simulation 
90 degree 
3.5 – 6.5 AU 
102 x 40 x 120 cells 
=> Vortices 
!

3D Global Disk Simulation 
flux limited Diffusion 
temperature maintained by 
artificial (viscous) heating  
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Klahr & Bodenheimer 2003 
Radial Entropy Gradient leads to vortices 

somehow...  
Klahr 2004, Johnson & Gammie 2005, etc. :  

not a linear instability 
Because:  

!

!

Then a lot of discussion started... 
...but 4 years later: 

Petersen, Stewart and Julien 2007:  
“Works with the right amount  

of thermal relaxation!” 

!

-0.001 > Ri > -0.01
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Lesur and Palaloizou 2010:”Subcritical Baroclinic Instability”  

Like Convection Cells: 

6

r
Convective Overstability! 
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Lesur and Palaloizou 2010Lesur and Palaloizou 2010
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Lesur and Palaloizou 2010: 3D Unstratified Boussinesq

Lyra and Klahr 2011: 3D Unstratified Compressible + MHD
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2D Local (radial - vertical), 
Including thermal wind / vertical 

shear! How Come?

8density temperature pert.
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2D axissymetric Pluto Simulation: Temperature 
due to irradiation from star and thermal 

relaxation tau = 0.1 (also works for flux limited 
diffusion in irradiated disks) 

• eeeeeeee
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Thermal wind:

Star->

See Nelson, Gressel & 
Umurhan 2013
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2D axissymetric Pluto Simulation:  
Overstability due to thermal wind leads to convection like motion: 

Convective Overstability
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Modification of Solberg-Hoiland Criterion, including thermal relaxation: 
In collaboration with Alexander Hubbard 

Or instantanous cooling: Goldreich & Schubert 1967 - Fricke 1968 Instability
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Disk with radial temp. profile:  
T ∼ R-q with q = 1
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Disk with radial temp. profile:  
T ∼ R-q with q = 1
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Disk with radial temp. profile:  
T ∼ R-q with q = 1

Contours of constant Rotation and angular Momentum
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Disk with radial temp. profile:  
T ∼ R-q with q = 1
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Disk with radial temp. profile:  
T ∼ R-q with q = 1

Contours of constant Rotation and angular Momentum 
and kinetic Energy
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Disk with radial temp. profile:  
T ∼ R-q with q = 1
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Disk with radial temp. profile:  
T ∼ R-q with q = 1

Contours of constant Rotation and angular Momentum 
and kinetic Energy
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Disk with radial temp. profile:  
T ∼ R-q with q = 1
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Disk with radial temp. profile:  
T ∼ R-q with q = 1

Contours of constant Rotation and angular Momentum 
and kinetic Energy
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16Movie by Richard Nelson 
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Is VSI / GSF already at stage 3?
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G.S.F. also for Ωτ ≈ 10 ?
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G.S.F. also for Ωτ ≈ 1 ?
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Stability of vertically unstratified disk 
(Klahr and Hubbard 2014) 

Stability under the influence of thermal relaxation 

 2010Similar to Lesur and Papaloizou 2010 for finite size vortices 
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Analytic and Numerical results: 
Klahr and Hubbard 2014
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This guy knew it, but only investigated 
the ĝ parallel ! case. 

…the other angles will be similar  
to the MHD case…
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ApJ 2014
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ApJ 2014
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Stability of vertically and 
radially stratified disks:
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Incompressible limit:

G.S.F or V.S. instability

Convective Overstability
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C.O. Ωτ = 10; p = -0.66; q = 1; H/R = 0.1
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Evolution of largest velocity 
in simulation domain:

35
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Radial Stratification of acc. disks: 
Using data from Sean Andrews 

alpha = 0.001; Mdot = 1E-7 Msol/yr; 
Plus irradiation: Tstar = 4300; Rstar = 2 Rsol
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Conclusions

•2 new / rediscovered instabilities that 
should occur in sufficiently dead zones. 
•Many open questions - you name them. 

•Properties and fate of vortices? 

•3D full radiation hydro runs… 
revisiting: Klahr & Bodenheimer 2003
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Johansen and Klahr: High resolution simulations of planetesimal formation 7
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Fig. 6. The particle column density as a function of time after self-gravity is turned on after t = 35.0Torb. The insert shows an enlargement of the
region around the point of highest column density.

!
GSF: Nelson, Umurhan & Gressel et al . 2013!
CO: Klahr & Hubbard 2014, Lyra 2014
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Richardson number & 
thermal diffusion time
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The saturated state presents a turbulent flow dominated by inertial-acoustic waves

(Mamatsashvili & Chagelishvili 2007 ;Heinemann & Papaloizou 2008) with velocity

fluctuation of 10% of the speed of sound and producing �-values of at least a few times

10�3. Vortices are forming spontaneously out of the creation of potential vorticity. These

vortices show no sign of decay, yet draw the energy out of the global entropy gradient, thus

providing entropy flux downward the gradient, like in standard convection theory. Once

again this demonstrates, that the GBI is a kind of convection in the radially direction

of accretion disks under the special circumstances of shear and the Keplerian e⇥ective

potential. The latter has the e⇥ect that unlike in a Schwarzschild criterion there is no

preferred entropy gradient for instability. In fact positive and negative entropy gradients

lead to the same instability for the GBI in the local approach. A discussion of that

phenomenon can also be found in Klahr (2004), where we also show that in a global disk the

symmetry between positive and negative entropy gradients is broken, yet also in global disks

there are parameter spaces where radially increasing entropy will lead to the development

of the GBI.

The following section will describe the general equations solved in our Hydro code

TRAMP (very similar to the well known and wide spread ZEUS code by Stone & Norman)

and how the implementation of the global entropy gradient can be derived. Section 3 will

present a crucial 1D axis-symetric test for the stability of the scheme and provides limits

on the minimum length of the cooling time in the simulation with an entropy gradient

MRI           BI


