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MRI saturation is well-studied in simulation.
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The MRI evolves in stages.
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The MRI evolves in stages. .
weakly nonlinear

1000 | L
linear nonlinear
800 - N
Radial
Magnetic 000
Field

Density (G) 400 -

200 -

Gissinger+ 2012 |

- . | . | . | L1
0 0.5 1 1.5 2 2.5




The MRI evolves in stages. .
weakly nonlinear
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We analyze a thin-gap Taylor Couette setup.
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We solve the non-ideal, incompressible
MRI equations.

momentum
1 1
u+u-Vu=—-—-VP-Vd+-(IxB)-20xu—-Qx(Qxr)+rvVu
p p
induction

0B =V x (uxB)+nV°B

constraints

V-u=0

V-B=J0



We solve the non-ideal, iIncompressible
MRI equations.

momentum
1
8tu+u-Vu:—1VP—V<I>+—(J xB)—20xu—Qx (Qxr)+vVu
p p T
induction | |
Kinematic
0B =V x (uxB)+nV’B viscosity
_ magnetic
constraints resistivity
V-u=90

V-B=J0



We solve the non-ideal, iIncompressible
MRI equations.

momentum
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We work Iin terms of stream and flux functions.




We work Iin terms of stream and flux functions.
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We work Iin terms of stream and flux functions.

momentum VISCOUS
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We work Iin terms of stream and flux functions.

momentum
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We work Iin terms of stream and flux functions.

J (fa g) — azfaa:g - a:vfazg
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Weakly nonlinear analysis explores
behavior at the margin of instability.
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Weakly nonlinear analysis explores

behavior at the margin of instability. Fired Rm
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Tune the most unstable mode just over the
threshold of instability.




Tune the most unstable mode just over the small

threshold of instability. pararrgveter
o B = By (1—¢€)




Multiscale analysis tracks the evolution of fast
and slow variables.

0 slow Z 10

0 fast z 100



We choose an ansatz state vector form.

V =a(Z,T)V (z)e*




We choose an ansatz state vector form.

X dependence
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V=a(ZT)V (z)e*
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The tluid guantities are expanded
INn a perturbation series.

V =€eVy +¢“Vy +¢ Vg + ...



Dedalus Iis a general-purpose spectral code.

dedalus-project.org

Fourier Z - Burns+, in prep.
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Spectrally solve the most unstable mode

of the linear MRI.

V =¢V; +¢Vo +¢Vg + ...

LV, =0

Vi=a(T,Z2) Vll(az)eikcz
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We solve each term in the expanded equations

at each order.

V =¢V; +¢Vo +¢Vg + ...
[,Vg — N2 — 5132V1
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DoV + €DOrV + €D*0,0,V + 2¢D*0,0,0,V + N = LV + L4102V + € L20,V — €0, XV — €9;L3V + O(e’)
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J (U, V2¥) =90,09,V*V — 9,09, V¥ =

0,00, VU — 9, V0, V2V + €20, 00,05V — €20, V0,05V + 260,V0,0,07,¥ — 20, V0207V + €07 V0, VU — €0, V0, VU + €30, V0,02V —
63833\1!8%\1! + 2¢20,90,0,0,¥ — 262833\11828%‘11

= J (U, V?0) + &J (V,050) + 26J (9,0.07%) +€J (U, V?T) + € (¥,05¥) + 26T (¥,0.027)

J(f,9) =02f0:9 — 0. f0zg

S s awa e oea- The elimination of secular terms yields
J(eV1 4+ €Uy, eV + 2V U5y) .
vability criteria.
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The result is an amplitude equation
for the most unstable mode.

Ora = —bdya — co ‘oz2| - h@%a - gikzga
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The result is an amplitude equation
for the most unstable mode.

diffusion term

!

Ora = —bdya — co |oz2| - h@%a - gz’kia

i !

nonlinear term linear growth



The result is an amplitude equation
for the most unstable mode.

diffusion term
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Ora = —bdya — co |oz2| - h@%a - gz’kia
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nonlinear term linear growth



Finally, we obtain the saturation structure of
each fluid quantity at each order.

V =€eVy +¢“Vy +¢ Vg + ...



First order velocity perturbations
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Second order velocity perturbations

Z (vertical)

©\$

]
)j

{

-

— -

—() )

0.0

X (radial)

u

Y
0.012
0.009
10.006
10.003
0.000

1—0.003

1—0.0006

—0.009

—0.012



First and second order velocity perturbations Uy
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First order magnetic field perturbations B
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Second order magnetic field perturbations
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First and second order magnetic field perturbations B
Yy
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Future work

explore parameter space
relax thin gap approximation
comparison to experiment
helical MR

PPPL MRI experiment




Conclusions

* \We derive a robust analytical framework for solving
MRI systems up to second order perturbations.

 We use the spectral code Dedalus to solve the
radial components of our equations.

* Preliminary results suggest a shear-related
saturation mechanism.




