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Neutrino Oscillations in Vacuum
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Neutrino Oscillations

◮ Flavor Neutrinos: νe , νµ, ντ produced in Weak Interactions

◮ Massive Neutrinos: ν1, ν2, ν3 propagate from Source to Detector

◮ A Flavor Neutrino is a superposition of Massive Neutrinos

|νe〉 = Ue1 |ν1〉+ Ue2 |ν2〉+ Ue3 |ν3〉
|νµ〉 = Uµ1 |ν1〉+ Uµ2 |ν2〉+ Uµ3 |ν3〉
|ντ 〉 = Uτ1 |ν1〉+ Uτ2 |ν2〉+ Uτ3 |ν3〉

◮ U is the 3× 3 unitary Neutrino Mixing Matrix
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|ν(t = 0)〉=|νe〉 = Ue1 |ν1〉+ Ue2 |ν2〉+ Ue3 |ν3〉

νe

ν3

ν2

ν1

source propagation

νµ

detector

|ν(t > 0)〉 = Ue1 e
−iE1t |ν1〉+ Ue2 e

−iE2t |ν2〉+ Ue3 e
−iE3t |ν3〉6=|νe〉

E 2
k = p2 +m2

k

at the detector there is a probability > 0 to see the neutrino as a νµ

Neutrino Oscillations are Flavor Transitions

νe → νµ νe → ντ νµ → νe νµ → ντ
ν̄e → ν̄µ ν̄e → ν̄τ ν̄µ → ν̄e ν̄µ → ν̄τ

transition probabilities depend on U and ∆m2
kj ≡ m2

k −m2
j
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Early History of Neutrino Oscillations

◮ 1957: Pontecorvo proposed Neutrino Oscillations in analogy with
K 0 ⇆ K̄ 0 oscillations (Gell-Mann and Pais, 1955) =⇒ ν ⇆ ν̄

◮ In 1957 only one neutrino ν = νe was known!

◮ 1958: Goldhaber, Grodzins and Sunyar measure neutrino helicity: νL
◮ Then, in weak interactions νL and ν̄R
◮ Helicity conservation =⇒ νL ⇆ ν̄L
◮ ν̄L is a sterile neutrino (Pontecorvo, 1967)

◮ 1962: Lederman, Schwartz and Steinberger discover νµ
◮ 1962: Maki, Nakagava, Sakata proposed a model with neutrino mixing:

νe = cos ϑ ν1 + sinϑ ν2
νµ = − sinϑ ν1 + cos ϑ ν2

”weak neutrinos are not stable due to the occurrence of a virtual
transmutation νe ⇆ νµ”

◮ 1967: Pontecorvo: νe ⇆ νµ oscillations and applications (solar
neutrinos)
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Ultrarelativistic Approximation

Only neutrinos with energy & 0.1MeV are detectable!

Charged-Current Processes: Threshold

ν + A → B + C

⇓

s = 2EmA +m
2
A ≥ (mB +mC )

2

⇓

Eth =
(mB +mC )

2

2mA

−
mA

2

νe +
71Ga → 71Ge + e− Eth = 0.233MeV

νe +
37Cl → 37Ar + e− Eth = 0.81MeV

ν̄e + p → n + e+ Eth = 1.8MeV
νµ + n → p + µ− Eth = 110MeV

νµ + e− → νe + µ− Eth ≃
m2

µ

2me
= 10.9 GeV

Elastic Scattering Processes: Cross Section ∝ Energy

ν + e− → ν + e− σ(E ) ∼ σ0 E/me σ0 ∼ 10−44 cm2

Background =⇒ Eth ≃ 5MeV (SK, SNO) , 0.25MeV (Borexino)

Laboratory and Astrophysical Limits =⇒ mν . 1 eV
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Flavor Transitions
[Eliezer, Swift, NPB 105 (1976) 45] [Fritzsch, Minkowski, PLB 62 (1976) 72] [Bilenky, Pontecorvo, SJNP 24 (1976) 316]

LCC ∼Wρ (νeLγ
ρeL + νµLγ

ρµL + ντLγ
ρτL)

Fields να =
∑

k

Uαkνk =⇒ |να〉 =
∑

k

U∗
αk |νk〉 States

initial flavor: α = e or µ or τ

|νk (t, x)〉 = e−iEkt+ipkx |νk〉 ⇒ |να(t, x)〉 =
∑

k

U∗
αk e

−iEk t+ipkx |νk〉

|νk 〉 =
∑

β=e,µ,τ

Uβk |νβ〉 ⇒ |να(t, x)〉 =
∑

β=e,µ,τ

(
∑

k

U∗
αke

−iEk t+ipkxUβk

)

︸ ︷︷ ︸

Aνα→νβ
(t,x)

|νβ〉

Aνα→νβ (0, 0) =
∑

k

U∗
αkUβk = δαβ Aνα→νβ (t > 0, x > 0) 6= δαβ
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Pνα→νβ(t, x) =
∣
∣Aνα→νβ(t, x)

∣
∣2 =

∣
∣
∣
∣
∣

∑

k

U∗

αke
−iEk t+ipkxUβk

∣
∣
∣
∣
∣

2

ultra-relativistic neutrinos =⇒ t ≃ x = L source-detector distance

Ekt − pkx ≃ (Ek − pk) L =
E 2
k − p2k

Ek + pk
L =

m2
k

Ek + pk
L ≃

m2
k

2E
L

Pνα→νβ(L,E ) =

∣
∣
∣
∣
∣

∑

k

U∗

αk e
−im2

k
L/2E Uβk

∣
∣
∣
∣
∣

2

∆m2
kj ≡ m2

k −m2
j

=
∑

k,j

U∗

αkUβkUαjU
∗

βj exp

(

−i
∆m2

kjL

2E

)
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Antineutrinos

Right-handed antineutrinos are described by CP-conjugated fields:

νCP = γ0 C νT = −C ν∗

C =⇒ Particle ⇆ Antiparticle
P =⇒ Left-Handed ⇆ Right-Handed

Fields: ναL =
∑

k

UαkνkL
CP
−−→ νCPαL =

∑

k

U∗

αkν
CP
kL

States: |να〉 =
∑

k

U∗

αk |νk〉
CP
−−→ |ν̄α〉 =

∑

k

Uαk |ν̄k〉

NEUTRINOS U ⇆ U∗ ANTINEUTRINOS

Pνα→νβ(L,E ) =
∑

k,j

U∗

αkUβkUαjU
∗

βj exp

(

−i
∆m2

kjL

2E

)

Pν̄α→ν̄β(L,E ) =
∑

k,j

UαkU
∗

βkU
∗

αjUβj exp

(

−i
∆m2

kjL

2E

)
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CPT Symmetry

Pνα→νβ
CPT
−−−→ Pν̄β→ν̄α

CPT Asymmetries: ACPT
αβ = Pνα→νβ − Pν̄β→ν̄α

Local Quantum Field Theory =⇒ ACPT
αβ = 0 CPT Symmetry

Pνα→νβ(L,E ) =
∑

k,j

U∗

αkUβkUαjU
∗

βj exp

(

−i
∆m2

kjL

2E

)

is invariant under CPT: U ⇆ U∗ α ⇆ β

Pνα→νβ = Pν̄β→ν̄α

Pνα→να = Pν̄α→ν̄α (solar νe , reactor ν̄e , accelerator νµ)
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CP Symmetry

Pνα→νβ
CP
−−→ Pν̄α→ν̄β

CP Asymmetries: ACP
αβ = Pνα→νβ − Pν̄α→ν̄β

ACP
αβ(L,E ) = 4

∑

k>j

Im
[
U∗

αkUβkUαjU
∗

βj

]
sin

(

∆m2
kjL

2E

)

Jarlskog rephasing invariant: Im
[
U∗

αkUβkUαjU
∗

βj

]
= ±J

J = c12s12c23s23c
2
13s13 sin δ13

J 6= 0 ⇐⇒ ϑ12, ϑ23, ϑ13 6= 0, π/2 δ13 6= 0, π
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CPT =⇒ 0 = ACPT
αβ

= Pνα→νβ − Pν̄β→ν̄α

= Pνα→νβ − Pν̄α→ν̄β ← ACP
αβ

+ Pν̄α→ν̄β − Pνβ→να ← −A
CPT
βα = 0

+ Pνβ→να − Pν̄β→ν̄α ← ACP
βα

= ACP
αβ + ACP

βα =⇒ ACP
αβ = −ACP

βα
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T Symmetry

Pνα→νβ
T
−→ Pνβ→να

T Asymmetries: AT
αβ = Pνα→νβ − Pνβ→να

CPT =⇒ 0 = ACPT
αβ

= Pνα→νβ − Pν̄β→ν̄α

= Pνα→νβ − Pνβ→να ← AT
αβ

+ Pνβ→να − Pν̄β→ν̄α ← ACP
βα

= AT
αβ + ACP

βα

= AT
αβ − ACP

αβ =⇒ AT
αβ = ACP

αβ
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Two-Neutrino Mixing and Oscillations

|να〉 = cos ϑ |νk〉+ sinϑ |νj 〉
|νβ〉 = − sinϑ |νk〉+ cos ϑ |νj〉

νk

να

νj
νβ

ϑ

U =

(
cos ϑ sinϑ
− sinϑ cos ϑ

)

∆m2 ≡ ∆m2
kj ≡ m2

k −m2
j

Transition Probability: Pνα→νβ = Pνβ→να = sin2 2ϑ sin2
(
∆m2L

4E

)

Survival Probabilities: Pνα→να = Pνβ→νβ = 1− Pνα→νβ
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oscillation phase

∆m2L

4E
= 1.27

∆m2[eV2] L[m]

E [MeV]
= 1.27

∆m2[eV2] L[km]

E [GeV]

oscillation length

Losc =
4πE

∆m2
= 2.47

E [MeV]

∆m2 [eV2]
m = 2.47

E [GeV]

∆m2 [eV2]
km

Losc L

P
ν
α
→
ν
β

1

0.8

0.6

0.4

0.2

0
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Types of Experiments

transitions due to ∆m2 observable only if
∆m2L

E
& 1 ⇔ ∆m2 &

(
L

E

)−1

SBL

L/E . 10 eV−2⇒∆m2 & 0.1 eV2
Reactor: L ∼ 10m , E ∼ 1MeV
Accelerator: L ∼ 1 km , E & 0.1GeV

ATM & LBL

L/E . 104 eV−2

⇓

∆m2 & 10−4 eV2

Reactor: L ∼ 1 km , E ∼ 1MeV CHOOZ, PALO VERDE

Accelerator: L ∼ 103 km , E & 1GeV K2K, MINOS, CNGS

Atmospheric: L ∼ 102 − 104 km , E ∼ 0.1 − 102 GeV
Kamiokande, IMB, Super-Kamiokande, Soudan, MACRO, MINOS

SUN
L

E
∼ 1011 eV−2⇒∆m2 & 10−11 eV2

L ∼ 108 km , E ∼ 0.1− 10MeV
Homestake, Kamiokande, GALLEX, SAGE,

Super-Kamiokande, GNO, SNO, Borexino

Matter Effect (MSW) ⇒10−4 . sin22ϑ . 1 , 10−8 eV2 . ∆m2 . 10−4 eV2

VLBL

L/E . 105 eV−2⇒∆m2 & 10−5 eV2
Reactor: L ∼ 102 km , E ∼ 1MeV

KamLAND
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Average over Energy Resolution of the Detector

Pνα→νβ(L,E ) = sin2 2ϑ sin2
(
∆m2L

4E

)

=
1

2
sin2 2ϑ

[

1− cos

(
∆m2L

2E

)]

L [km]

P
ν α
→
ν β

105104103102

1

0.8

0.6

0.4

0.2

0

∆m2 = 10−3 eV sin2 2ϑ = 0.8 〈E 〉 = 1GeV σE = 0.1GeV

〈Pνα→νβ(L,E )〉 =
1

2
sin2 2ϑ

[

1−

∫

cos

(
∆m2L

2E

)

φ(E ) dE

]

(α 6= β)
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0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

E   [GeV]

P
ν α

→
ν β

10−2 10−1 1 10

∆m2 = 10−3 eV sin2 2ϑ = 0.8 L = 103 km σE = 0.01GeV

〈Pνα→νβ(L,E )〉 =
1

2
sin2 2ϑ

[

1−

∫

cos

(
∆m2L

2E

)

φ(E ) dE

]

(α 6= β)
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Observations of Neutrino Oscillations
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Exclusion Curves

〈Pνα→νβ(L,E )〉 =
1

2
sin2 2ϑ

[

1−

∫

cos

(
∆m2L

2E

)

φ(E ) dE

]

(α 6= β)

〈Pνα→νβ(L,E )〉 ≤ Pmax
να→νβ

=⇒ sin2 2ϑ ≤
2Pmax

να→νβ

1−
∫
cos
(
∆m2L
2E

)

φ(E ) dE

EXCLUDED REGION

0

0.2

0.4

0.6

0.8

1

10

�4

10

�3

10

�2

10

�1

s

i

n

2

2

#

�m

2

(eV)

1

−−−−−→
rotate
and

mirror

E
X
C
L
U
D
E
D
R
E
G
I
O
N

0

0
.
2

0
.
4

0
.
6

0
.
8 1

1
0

�
4

1
0

�
3

1
0

�
2

1
0

�
1

sin

2

2#

�
m

2

(
e
V
)

1

C. Giunti − Neutrino Theory and Phenomenology − NBIA PhD School − 23-27 June 2014 − 20



10
-2

10
-1

1

10

10 2

10
-3

10
-2

10
-1

1
sin2 2θ

∆m
2  (

eV
2 /c

4 )

Bugey
Karmen

NOMAD

CCFR

90% (Lmax-L < 2.3)
99% (Lmax-L < 4.6)

Reactor SBL Experiments: ν̄e → ν̄e Accelerator SBL Experiments:
(−)
νµ →

(−)
νe

1

10

10 2

10 3

10
-4

10
-3

10
-2

10
-1

1

sin2 2θ

∆m
2  (

eV
2 /c

4 )

E531
CCFR

NOMAD

CHORUS

CDHS

νµ → ντ
90% C.L. 10

10 2

10 3

10
-2

10
-1

1

sin2 2θ

∆m
2  (

eV
2 /c

4 )
NOMAD

CHORUS

CHOOZ

νe → ντ

90% C.L.

Accelerator SBL Experiments:
(−)
νµ →

(−)
ντ and

(−)
νe →

(−)
ντ

C. Giunti − Neutrino Theory and Phenomenology − NBIA PhD School − 23-27 June 2014 − 21



Experimental Evidences of Neutrino Oscillations

Solar
νe → νµ, ντ









SNO, BOREXino

Super-Kamiokande

GALLEX/GNO, SAGE

Homestake, Kamiokande









VLBL Reactor
ν̄e disappearance

(KamLAND)































→







∆m2
S ≃ 7.5× 10−5 eV2

sin2 ϑS ≃ 0.30

Atmospheric
νµ → ντ





Super-Kamiokande

Kamiokande, IMB

MACRO, Soudan-2





LBL Accelerator
νµ disappearance

(K2K, MINOS, T2K)

LBL Accelerator
νµ → ντ

(OPERA)







































→







∆m2
A ≃ 2.4× 10−3 eV2

sin2 ϑA ≃ 0.50

LBL Accelerator
νµ → νe

(T2K, MINOS)

LBL Reactor
ν̄e disappearance

(

Daya Bay, RENO

Double Chooz

)















→







∆m2
A

sin2 ϑ13 ≃ 0.023
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Three-Neutrino Mixing

◮ ναL =

3∑

k=1

Uαk νkL (α = e, µ, τ)

◮ three left-handed flavor fields: νeL, νµL, ντL

◮ three left-handed massive fields: ν1L, ν2L, ν3L

◮ right-handed components are not needed

◮ in neutrino oscillations Dirac = Majorana

◮ only two independent ∆m2

∆m2
21 +∆m2

32 +∆m2
13 = m2

2 −m2
1 +m2

3 −m2
2 +m2

1 −m2
3 = 0

◮ ∆m2
S = ∆m2

21 = 7.5 ± 0.2× 10−5 eV2 uncertainty ≃ 3%

◮ ∆m2
A = |∆m2

31| ≃ |∆m2
32| = 2.4 ± 0.1 × 10−3 eV2 uncertainty ≃ 4%
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νe νµ ντ

∆m2
A

∆m2
S

ν2

ν1

ν3

m2

Normal Spectrum
∆m2

31 > ∆m2
32 > 0

m2

∆m2
S

ν2

ν1

∆m2
A

ν3

Inverted Spectrum
∆m2

32 < ∆m2
31 < 0

absolute scale is not determined by neutrino oscillation data
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U =









c12c13 s12c13 s13e
−iδ13

−s12c23−c12s23s13e
iδ13 c12c23−s12s23s13e

iδ13 s23c13

s12s23−c12c23s13e
iδ13 −c12s23−s12c23s13e

iδ13 c23c13









=





1 0 0

0 c23 s23

0 −s23 c23





ϑ23 = ϑA

sin2 ϑ23 ≃ 0.4− 0.6

Posc ∝ sin2 2ϑ23

maximal and flat

at ϑ23 = 45◦









c13 0 s13e
−iδ13

0 1 0

−s13e
iδ13 0 c13









Daya Bay, RENO

Double Chooz

T2K, MINOS

sin2 ϑ13 ≃ 0.023 ± 0.002









c12 s12 0

−s12 c12 0

0 0 1









ϑ12 = ϑS

sin2 ϑ12 ≃ 0.30± 0.01

δ sin2 ϑ23

sin2 ϑ23
≃ 40%

δ sin2 ϑ13

sin2 ϑ13
≃ 10%

δ sin2 ϑ12

sin2 ϑ12
≃ 5%
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Effective VLBL νe Survival Probability

Pνe→νe =

∣
∣
∣
∣
∣

3∑

k=1

|Uek |
2e−im2

k
L/2E

∣
∣
∣
∣
∣

2

|Ue3|
2 ≪ |Ue1|

2, |Ue2|
2 =⇒ |Ue1|

2 ≃ cos2 ϑ12 , |Ue2|
2 ≃ sin2 ϑ12

Pνe→νe ≃

∣
∣
∣
∣
∣

2∑

k=1

|Uek |
2e−im2

k
L/2E

∣
∣
∣
∣
∣

2

≃
∣
∣
∣cos2 ϑ12e

−im2
1L/2E + sin2 ϑ12e

−im2
2L/2E

∣
∣
∣

2

= cos4 ϑ12 + sin4 ϑ12 + 2cos2 ϑ12 cos
2 ϑ12 cos

(
∆m2

21L

2E

)

= 1− sin2 2ϑ12 sin
2

(
∆m2

21L

4E

)
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Effective ATM and LBL Oscillation Probabilities

Pνα→νβ =

∣
∣
∣
∣
∣

3∑

k=1

U∗

αkUβke
−im2

k
L/2E

∣
∣
∣
∣
∣

2

∗
∣
∣
∣e

im2
1L/2E

∣
∣
∣

2

=

∣
∣
∣
∣
∣

3∑

k=1

U∗

αkUβk exp

(

−i
∆m2

k1L

2E

)
∣
∣
∣
∣
∣

2

∆m2
21L

2E
≪ 1

Pνα→νβ =

∣
∣
∣
∣
U∗

α1Uβ1 + U∗

α2Uβ2 + U∗

α3Uβ3 exp

(

−i
∆m2

31L

2E

)∣
∣
∣
∣

2

U∗

α1Uβ1 + U∗

α2Uβ2 = δαβ − U∗

α3Uβ3
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Pνα→νβ =

∣
∣
∣
∣
δαβ − U∗

α3Uβ3

[

1− exp

(

−i
∆m2

31L

2E

)]∣
∣
∣
∣

2

= δαβ + |Uα3|
2|Uβ3|

2

(

2− 2 cos
∆m2

31L

2E

)

− 2δαβ |Uα3|
2

(

1− cos
∆m2

31L

2E

)

= δαβ − 2|Uα3|
2
(
δαβ − |Uβ3|

2
)
(

1− cos
∆m2

31L

2E

)

= δαβ − 4|Uα3|
2
(
δαβ − |Uβ3|

2
)
sin2

∆m2
31L

4E

α 6= β =⇒ Pνα→νβ = 4|Uα3|
2|Uβ3|

2 sin2
(
∆m2

31L

4E

)

α = β =⇒ Pνα→να = 1− 4|Uα3|
2
(
1− |Uα3|

2
)
sin2

(
∆m2

31L

4E

)
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Pνα→νβ = sin2 2ϑαβ sin
2

(
∆m2

31L

4E

)

(α 6= β)

sin2 2ϑαβ = 4|Uα3|
2|Uβ3|

2

Pνα→να = 1− sin2 2ϑαα sin
2

(
∆m2

31L

4E

)

sin2 2ϑαα = 4|Uα3|
2
(
1− |Uα3|

2
)

LBL

Ue1 Ue2

Uµ1 Uµ2

Uτ2 Uτ3

Uµ3

Ue3

U =

Uτ1

sin2 2ϑee ≪ 1

⇓

|Ue3|
2 ≃

sin2 2ϑee

4
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Effective ATM and LBL Oscillation Amplitudes

◮ νe disappearance: Chooz, Palo Verde, Daya Bay, RENO, Double Chooz

sin2 2ϑee = 4|Ue3|
2
(
1− |Ue3|

2
)
= 4s213c

2
13 = sin2 2ϑ13 ≃ 0.09

◮ νµ disappearance: K2K, MINOS, T2K

sin2 2ϑµµ = 4|Uµ3|
2
(
1− |Uµ3|

2
)
= 4c213s

2
23

(
1− c213s

2
23

)

≃ 4s223
(
1− s223

)
= sin2 2ϑ23 ≃ 1

◮ νµ → νe : T2K, MINOS

sin2 2ϑµe = 4|Ue3|
2|Uµ3|

2 = 4s213c
2
13s

2
23 = sin2 2ϑ13 sin

2 ϑ23

≃ 1
2 sin2 2ϑ13 ≃ 0.045

◮ νµ → ντ : OPERA

sin2 2ϑµτ = 4|Uµ3|
2|Uτ3|

2 = 4c413s23c23 = c413 sin
2 2ϑ23 ≃ sin2 2ϑ23 ≃ 1
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CP Violation?

◮ In this approximation there is no observable CP-violation effect!

◮ CP-violation can be observed only with sensitivity to ∆m2
21: in vacuum

ACP
αβ = Pνα→νβ − Pν̄α→ν̄β

= −16Jαβ sin

(
∆m2

21L

4E

)

sin

(
∆m2

31L

4E

)

sin

(
∆m2

32L

4E

)

Jαβ = Im(Uα1U
∗

α2U
∗

β1Uβ2) = ±J

J = s12c12s23c23s13c
2
13 sin δ13

◮ Necessary conditions for observation of CP violation:
◮ Sensitivity to all mixing angles, including small ϑ13

◮ Sensitivity to oscillations due to ∆m2
21 and ∆m2
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