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Neutrino Oscillations in Matter
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Effective Potentials in Matter

coherent interactions with medium: forward elastic CC and NC scattering

Vey Vs Vr Vey Vpy L

7T /\

e ,p,n
- V2
Vee = vV2GeN, Ve =—v = [ye=v{2 = —5Ge N,
Ve = Ve + Wnc V, =V, = Vnc

only Vcc = Ve — V), = Ve — V. is important for flavor transitions

antineutrinos: Vee=-Vee  Vne = —Wnc
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Evolution of Neutrino Flavors in Matter

Flavor neutrino v, with momentum p:  |v,(p Z > vk(p
Evolution is determined by Hamiltonian
Hamiltonian in vacuum: H = Hp

Ho [vi(p)) = Ex [vi(p)) Ex = /P> + mj
Hamiltonian in matter: H = Ho + H, Hiva(p)) = Valva(p))
Schrodinger evolution equation: i% lv(p,t)) = H|v(p, t))

Initial condition: |v(p,0)) = |va(p))

For t > 0 the state |v(p, t)) is a superposition of all flavors:

) =Y es(p, t)va(p))
5

.. T o 2
Transition probability: P, ., = [pg]
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evolution equation of states
. d
i e t) =Hlv(p, 1)), [v(p.0)) = lra(p))
flavor transition amplitudes
Wﬁ(pa t) = <Vﬁ(p)‘y(pa t)> ) Qpﬁ(pa 0) = 5a6

evolution of flavor transition amplitudes

i 55 25(p,8) = () (P, )

"%%(P’ t) = (wz(p)|Holv(p, t)) + ws(p)|Hilv(p, t))
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i 5 a(p. 1) = (3P Holw(p, 1) + v5(p) Hal(p. 1)

(va(p)[Holv(p, t)) =

D> wap)lvk(p)) (wi(p)[Holvi(p)) (wi(P)v,(p)) (vo(p) v (P, 1))
o Usk Okj Ex U ©o(p, t)

—ZzuﬁkEk ok ©p(P; t)

wa(p)Hilv(p,t)) =D (wa(p)Hilvp(p)) (v(P)IV(p, 1))

p
8o Vs ©p(p; t)
= 63,Va,(p, t)
P
.d .
8= > (Z Usk Ex Upy + 9, Vﬁ) ©p
P k
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2

s . m
ultrarelativistic neutrinos: Ex=p+ 2_Ek E=p t=x

Ve = Ve + Wne V,= V= Wc

. d 2.
" ix ws(p,x) = (p+ Wnc) ¢s(p,x) + Z <Z Usk % Upi + 6pe 0pe Vcc) ©p(p,x)
P k
wﬁ(P,X) — S%(P,X) eipx+i fOX Ve (x7) dx’

J

d L N d
. _ aipxi [ Wne(X)dx" [ .
i Yg =e 0 < p— Vnc+i I > ©vg

. d mi
Id—X ¢ﬂ = zp: (Zk: Uﬁk ﬁ pk + 5ﬂe 5pe VCC) ¢P

2 2
PVQ—WB = |905| = |1/}ﬁ|
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evolution of flavor transition amplitudes in matrix form

/iwa_i(UMwwA)wa

dx 2E
Ve 5 mi 0 0 Acc 00
"Ua — wu M = 0 m% 0 A e ( 0 0 0)
pr 0 0 mg 0 00
Acc = 2EVcc = 2V2EGeN,
effective J ) 2 )t matter 20t effective J
mass-square: mass-square:
matrix M = UM U" —— UM U +2F V MM . matrix
in vacuum potential due to coherent in matter

forward elastic scattering
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Two-Neutrino Mixing

. . costy sind
Ve — vy, transitions with U =

—sind cosd

UM2 Ut — cos?ym? + sin? Ym3 cosIsin¥ (m3 — m?)
~ \cosdsind (m3 — m3) sin 9m? + cos? ¥mj
_ 1 SmP 4 1 —Am?cos29 Am?sin 29
2 2\ Am?sin2¢9 Am?cos 29
T
irrelevant common phase
Ym? = m? + mj Am? = m3 — m?

C. Giunti — Neutrino Theory and Phenomenology — NBIA PhD School — 23-27 June 2014 — 9



d () _ 1 —Am?cos20 4+ 2Acc  Am?sin29 (e
Am?sin 29 Am? cos 20 Yy

it = (540) = (2

PVe_”/;_L(X) = ‘¢u(x)|2
Presve(x) = |we(X)|2 =1-= Pve—wu(x)
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Constant Matter Density
.4 (we) 1 (—Amzcos219+2Acc Amzsin219> <¢e)

dx \¥./) 4E Am?sin 29 Am?cos29 ) \ ¢,
dAcc
dx =0

. M
diagonalization of effective hamiltonian: (we) = ( cos I s'"ﬂ"") (z'l"')
2

Yu —sindy cosIy

cos Uy —siniy —Am? cos 204+2Acc Am?sin 209 cosPy sindy \
sindy  cosdy Am?sin 209 Am? cos 29 —sindy cosdy ) T

[ Acc—Am3, 0
- 0 Acc+Am?,

4 () | Acc L (—AmYy 0 '
Tax \gM )~ 4TE aE\ 0 Am) | \eM

irrelevant common phase
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Effective Mixing Angle in Matter

tan 29
1_ _ Acc
Am?2 cos 209

tan29%y =

Effective Squared-Mass Difference

Amiy = \/(Am2 cos 20 — Acc)? + (Am? sin 209)?

Resonance (Um = 7/4)

Am? cos 29

AR = Am?cos29 = NR=
CcC e 2\/§EG|:

C. Giunti — Neutrino Theory and Phenomenology — NBIA PhD School — 23-27 June 2014 — 12



() (0 o) ()
() = (i ) C) = ()=o) ()
o = (e)=6) = (he) = (00)
M(x) = cos Iy exp (iATIE"X>

2
M (x) = sinty exp (—iA;nEMX>
Prvcsn () = [0 ()? = |~ sin () + cos dnay )|

A 2
Py, (x) = sin® 20y sin? <%>
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Y

(107%¢V?)

’”§I2

mins

MSW Effect (Resonant Transitions in Matter)

N[Ny
T T
L Ve™vy V= _
L J=10" |
[Z=2Z =7 B
. I |
20 40 60 80 100
N./Np  (cm™)
.\'(R/.\“'\
T
L V2

121 -

V2

n

Yy N

[Am? =7 x 109V, 9 = 10-%] 4

20 40
N /Ny

60 80 100
(em™3)

Ve = COS U\ V1 + Sin Vo

v, = —sindy vy + cos Vy 12
tan 249
tan29y = an
1 Acc
Am? cos 209

Amﬁﬂ = [ (Am2 cos 21 — Acc)2

1/2
+ (Am?sin 219)2 ]
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i e _ 1 —Am?cos20 4+ 2Acc  Am?sin 20 Pe
x \Wu) AE Am?sin 29 Am?cos29 )\,

. . o fWe) _ [ cosUu  sinty M
tentative diagonalization: <¢u =\ Zsinvy  cos vy ¢'2v|

ii costv  sindm) (UM

dx \—sindy cosiIm /) \ M) —
i —Am?cos 29 4+ 2Acc  Am?sin 29 costm  sintu @b'lv'
AF Am?sin 209 Am?cos29 ) \ —sindy costy ) \ )

e (1) =

irrelevant common phase

if matter densitity is not constant dy/dx # 0

2 0 d0u M

Acc+ 1 —AmM 0 + -/ dx ¢1

4E  4E 0 Amg, diy 0 P)
1 "d

X
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d /M 1 /—Am?, 0 0 —i— = M
"dx <w'1\/'> ~ |4E < 0 ; Am2> T dowm dx (q/}'l\">
2 M i 0 2

1

1 dx
adiabatic T _
non-adiabatic
maximum at resonance

initial conditions:

PM(0)\  [cos¥?, —sindd\ (1) _ [cos,
YM(©0) ) — \sinvd,  cos?, 0)  \sind,
solution approximating all non-adiabatic I/i\/l s 1/5\" transitions in resonance

g Am2, (x xn Am2 (x!
cos 1.90M exp i/ R m () dx’ A?l + sin 1.90M exp —i/ R () dx’ .AZRI
Jo 4E Jo 4E

x Am, (x"
X exp i/ de’
4E
X

¥ (x)

R

R

xg A 4 xn Am2(x!
ng/l(x) |:cosw90M exp (I/ R Amy (<) dx'> .A?z + sin ﬂUM exp <7i / R Amig (<) dx’ AEZ
Jo Jo
x A 2 ’
X exp —i/ mM(X ) dx’
Jxr AE
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Averaged v, Survival Probability on Earth

the(x) = cos 9 P (x) + sin 9 ' (x)
neglect interference (averaged over energy spectrum)
P (x) = [(e(x))[? = cos? 9 cos? 9 | AR |2 + cos? 9 sin? 99 | AR 2
+ sin? 19 cos? 9y | AR |% + sin? 9 sin 99 | AR, 2
conservation of probability (unitarity)
AR > = AR * = P AL = [ABP =1 P

P. = crossing probability

2

— 1 1
P.—v.(x) = 5 + <— - c) cos 2099, cos 20

[Parke, PRL 57 (1986) 1275]
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Crossing Probability

exp (~37F) - oxp (~57555)

c — £ [Kuo, Pantaleone, PRD 39 (1989) 1930]
s
1-ep (~57505)
_ . Am, /2E Am?sin? 29
adiabaticity parameter: v = =
2|dOm/dx[|r  2F cos 20 ‘%
R
A o x F =1 (Landau-Zener approximation) (parke, PRL 57 (1986) 1275]
2
Ax1/x F = (1 — tan? 19) / (1 + tan? 19) [Kuo, Pantaleone, PRD 39 (1989) 1930]

[Pizzochero, PRD 36 (1987) 2293]
A o exp (—x) F=1—tan? [Toshev, PLE 196 (1987) 170]

[Petcov, PLB 200 (1988) 373]

Review: [Kuo, Pantaleone, RMP 61 (1989) 937]
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SUN: Ne(x) =~ NS exp (—i) NE = 245 Np/cm? X0 =
X0

Solar Neutrinos

Ro
10.54

—sun 1
af g /) ve. R/E, {1 P = 5 + <— — Pc> cos 219y, cos 21}
2 BP2000
4 p— 2@ (037F) —ep (T35 5)
5 c =
Sl L—ewp (- 275. .
. Am?sin? 29
T= dinA
-2 2Ec05279‘%‘R
- F=1-—tan?¥
AT 0 os oa ]g/‘f])‘m 08 o7 0B 08 I ACC — 2\/§EGFN6
practical prescription: numerical |dIn Ac%dg|R for x < 0.904R;,
[Lisi et al., PRD 63 (2001) 093002] |dInAcc/dx|g — for x > 0.904Rg

Ro
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Electron Neutrino Regeneration in the Earth

psun earth - 2
(12PN, (P, —sin?0)
Psun+earth — P

Ve—>V, Ve—>V, +
erhe erve cos 24
[Mikheev, Smirnov, Sov. Phys. Usp. 30 (1987) 759], [Baltz, Weneser, PRD 35 (1987) 528]

12 1
] earth
@1: 1 P, is usually calculated numer-
S ] ically approximating the Earth den-
<, ] sity profile with a step function.
—— Data
2 Our approximation
0 prevrnroroecbece Effective massive neutrinos propa-
6 1 . .
s ] gate as plane waves in regions of
&4 . constant density.
=3 1
>0 ] . .
— paa ave functions of flavor neutrinos
z W funct f fl t
1ir Our approximation .o .
N SRR are joined at the boundaries of steps.

0 1000 2000 3000 4000 5000 6000
r (Km)
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Solar Neutrino Oscillations

LMA (Large Mixing Angle): Am? ~5x107%eV?, tan’9¥ ~ 0.8
LOW (LOW Am?): Am? ~7x107%eV?,  tan’0 ~ 0.6
SMA (Small Mixing Angle): Am?* ~5x107%V?,  tan’9 ~ 1073
QVO (Quasi-Vacuum Oscillations): Am? ~107%eV?, tan ¥ ~ 1
VAC (VACuum oscillations): Am? <5x107PeV?,  tan®d ~ 1
10~ T T T T
1074 107 # s LMA
sma LM &
105 TL 10-¢ B - +
~10¢ 107 3
% £ o 90 % C.L Q E
E 107 Low I e C.L Low
s % eeb = %%CL S
. 3 F == 99 %CL S 3
0 10°f = 9973 % CL i -
10 10-10 [ Cl + Ga + SK + Sp(D) + Sp(N) 1
- VAC o b B free + BP2000 Just S0t ]
10-12 L L L L
0001 001 01 1 10 104 10 10-¢ 10 10° 10
tan’@ tan?(g)
[de Gouvea, Friedland, Murayama, PLB 490 (2000) 125] [Bahcall, Krastev, Smirnov, JHEP 05 (2001) 015]
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[6V?]

m?

s0f ' E| SOlid |in6: Am2 = 5 X 1076 eV2
" [ (typical SMA) tan®y =5 x 1074

wf / 1 dashed line: Am? =7 x 10 5eV?
' (typical LMA)  tan?9 = 0.4

0fF

0k

dash-dotted line: Am? =8 x 10~ 8eV?
(typical LOW)  tan?¥ = 0.7

w0k

0 il
o' w10 wtow 10w 10t 10
N/N, cm )

102 10 4
w'E
103 4 .
L i 3 E
E w- b il Z 1w ]
ﬁ wiEe— E
el I ]
10 'F 4
107" 3
107 10t 107 10t 10% 10° 10! 10 103 10 * 10" 107 10t 10*
N/Ny  [em N/Ny  fem 9 N/Ny  fem 9
typical SMA typical LMA typical LOW

C. Giunti — Neutrino Theory and Phenomenology — NBIA PhD School — 23-27 June 2014 — 22




[Bahcall, Krastev, Smirnov, PRD 58 (1998) 096016]

P(v,-v,) P(vov,)

P(vov,)

0.8
0.6
0.4
0.2

0.8
0.6
0.4
0.2

0.8

0.6

SMA: Am?
LMA: Am?
LOW: Am?

average
- day
— — —night

Livalas

il

L

L L e 3

ACANRARERARNRERE

0 5 10

Energy (MeV)
=5.0x 10 %eV? sin?29 = 3.5 x 1073
=1.6 x 10~ °eV? sin?29 = 0.57
=7.9x 10 8eV? sin?29 = 0.95

P(v,~v,)

Just So?

P(v,»v,) P(r,»v,) P(r-v,)

VAC

©OO00O ©O00O0 0000 0000 0000

P(v,~v,)

CNADPPONANINONNDPRONADIDON A DD =

o
o

10
Energy (MeV)
107 %eV? tan? ¥ =0.26
1076 eV?

LMA: X
X

Am? =7.6 x 10~ 8eV?
X
X

SMA:
LOW:
Just So:
VAC:

tan? ¥ = 0.72
tan? 9 = 1.0
tan® ¥ = 0.38

10712 eVv?
10710 eVv?
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tan? 9 = 5.5 x 10~4



SNO: Sudbury Neutrino Observatory

water Cherenkov detector, Sudbury, Ontario, Canada

1 kton of D>O, 9456 20-cm PMTs
2073 m underground, 6010 m.w.e.
CC: Ve+d—p+p+e”
NC: v+d—=p+n+v
ES: v+e —v+e
CC threshold: ESNO(CC) ~ 8.2 MeV
NC threshold: E3NO(NC) ~2.2MeV 3 = 8B, hep
ES threshold: E3NO(ES) ~ 7.0 MeV

D,0 phase: 1999 — 2001 NaCl phase: 2001 — 2002
SNO SNO
R = 0.35 £ 0.02 s = 0.31£0.02
RS _ 1014013 RE 103+ 0.00
e — 0.47 + 0.05 ts = 0.44 + 0.06
RES RES
[PRL 89 (2002) 011301] [nucl-ex/0309004]
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®3NO =1.76 £ 0.11 x 10°cm~2s7?
ONO =541 +0.66 x 10°cm 257!

V,U«’VT

SNO solved
solar neutrino problem

4

Neutrino Physics
(April 2002)

[SNO, PRL 89 (2002) 011301, nucl-ex/0204008]

Ve — Uy, vy oscillations

U
Large Mixing Angle solution

Am? ~ 7 x 107 °eV?
tanZ 9 ~ 0.45

@, (x 1Pem?s)

----- Qoo 68% C.L.

—— g}y 68%, 95%, 99% C.L|

I C68% C.L.
I oc°68%CL
[ @®68% C.L.
I o 68%C.L.

25 3 3
@, (x 10 cm2 59

20

«— ;
3 @ 1
o L ]
- = 4
~ 15+ —
E |- .
< [ ]
10 a
s ]

0 02 04 06

0.8
tarfo

[SNO, PRC 72 (2005) 055502, nucl-ex/0502021]
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KamLAND

Kamioka Liquid scintillator Anti-Neutrino Detector

long-baseline reactor v, experiment

Kamioka mine (200 km west of Tokyo), 1000 m underground, 2700 m.w.e.
53 nuclear power reactors in Japan and Korea
6.7% of flux from one reactor at 88 km

average distance from reactors: 180 km 79% of flux from 26 reactors at 138214 km
14.3% of flux from other reactors at >295 km

1 kt liquid scintillator detector: 7e + p — e* + n, energy threshold: E}*” = 1.8 MeV

data taking: 4 March — 6 October 2002, 145.1 days (162 ton yr)

expected number of reactor neutrino events (no osc.): Ne'i?,Z‘thﬁé\'D =86.8+5.6
expected number of background events: Nt'f:c"k’gLrAm'}'n% =0.95+0.99
observed number of neutrino events: NE2mEAND — 54
Nemved'® — Nbigomd 0,611 - 0.085 - 0.041 99.95% C.L. evidence
KamLAND e ’ ’ of 7, disappearance
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confirmation of LMA  (December 2002)

1.4F 3
1.2 10 ¢
1.0k} .m## ..m..m..,q;w.."...m,___i ,,,,, r
a L
4 A ILL 3 E
© 0.6 x Savannah River C
=2 o Bugey 5
X Rovno -
0.4 & Goesgen L
5 Baovers
0.2 & Choor E 1 Rate excluded
e KamLAND E Rate+Shape allowed
0.0, | I | | [ I LMA
10* 10 10° 10* 10 | W98 Palo Verde excluded
Distance to Reactor (m) 10'6 i (I:ho?z excluded Eha
h . 0 L LMA 0 0.2 0. 4 0.8
Shade: 95% C i 29
Am? =55 x 107%eV? 95% C.L.
Curve: 5
sin 29 = 0.83 [KamLAND, PRL 90 (2003) 021802, hep-ex/0212021]
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NG

(10%V?

2
21

Am

20¢ ] 40 207 / 10
15 % / N>< 15 [ \ / ----------
10E % —2 g 10E 8o
5E h \ / """ 20 5E \ / - 20
SN\ Y- n Danltet®in 18
22 ? (@) Kami\zs?/:—CSEIar Kar:;?l\éDL g & 2'25 (b) WoswcL qéw/:c,L_ Ly & &
2 E 99% C.L. === 99% C.L. 2 E 99%C.L.  ===99% C.L.
1.8 W 99.73% CL. — 99.73% C.L &> 1.8F Wloor3%CL —99.73% CL. [
160 K bestiit @ bestfi % 16F * bestit @ bestiit i
E Solar < F Solar E
14F 95% C.L O 14F oswCL  f
12; 99% C.L. S 1.2; 99% C.L. K
1 ;* O bestit NEN 1 ; O bestit ;
081 ——g ] J08F e
065 i 065 : N
04F E 0.4F . E
E 0,,free f | E 0,, constrainedE !
0-2?HmHHmm\HH\HHmmmulﬁmmuiu Lol 0'2?m\HH\H‘mHmuml‘?"umummuu:u Lol
0.10.2 0304 0506070809 5 10 1520 0.1 020304 0506070809 5 10 1520
tarf9,, Ax? tarf 9, Ax?
Am3; =7.531012 x 1075 eV? Am3; = 7.5340.18 x 107 ° eV?
2 _ +0.029 2 _ +0.029
tan® J1o = 0.43777 050 tan® 1o = 0.4367 535
. 2 2
sin® 913 = 0.023 £ 0.015 sin® 913 = 0.023 = 0.002

[KamLAND, arXiv:1303.4667]
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LMA Solar Neutrino Oscillations

best fit of reactor + solar neutrino data: Am® ~7 x 10 °eV? tan’9 ~ 0.4

—sun 1 1
P, = 5 + (— - P) cos219M cos 29

2
ex F)—exp(—Z 2 sin2

1—exp( 2’ys|n219) 2ECOS219| dx ‘R

InA 1 10.54
Acc ~ 2V2EGe NS exp [ — X dinAl (1 _ 1054 5 105ev

X0 dx X0 R@

2 . 2 4 E N\

tan"9 ~ 0.4 = sin“29 ~ 0.82, cos2y ~ 0.43 y>~2x10 VeV

T>1 — P.K1 — E,,ini,'\,ﬂf ~ % + % cos 209 cos 29
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Am? cos 29 — A2
\/(Am2 cos 20 — A2 )2 + (Am?sin 209)°

critical parameter [Bahcall, Pefia-Garay, hep-ph/0305159]

‘= Al 2V2EGENY 1o E N2
Am?cos29  Am?cos2y T \MeV ) \ NS
0 BN 1 2 vacuum averaged
(Kl=dy=d = PVEHVE =3 2 sn 29 survival probability
sun i matter dominated
VerVe — survival probability

cos 29, =

l

(>1 = 0 ~7/2= P

1 1 T T
08E : 09 F
(<1 ¢>1 vacuum matter
0.6 0.8 averaged dominated
0.4 0.7
0.2 —
T o i
° -0.2 R~
-0.4
0.6 0.2
0.8 01 (<1 (>1
1 L 1 0 1 1 |
10! 10° 10" 107! 10° 10'
ENY/NE  [MeV] EN{/Ng  [MeV]
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(E)pp ~0.27TMeV, (ro)pp ~0.1 Ry = (EN2/NE)pp =~ 0.094 MeV
Erge ~ 0.86 MeV | < 0)7ge = 0.06 R, == (E NO/NS)7g, ~ 0.46 MeV
<E>BB _67|\/|eV < >8B _004 R@ - <E NS/NC>8B ~ 4.4 MeV

0.9 F

08g {"Be

sun, LMA

—
P,

1011 ‘ 1(I)° 1;)1
E NY/N¢ [MeV]

each neutrino experiment is mainly sensitive to one flux
each neutrino experiment is mainly sensitive to 9

accurate pp experiment can improve determination of 1J

[Bahcall, Pefia-Garay, hep-ph/0305159]
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Mass Hierarchy

1. Matter Effect (Atmospheric, Long-Baseline, Supernova Experiments):

Am?; cos 2013

> Ve S v, MSW resonance: V= & Ami; >0 NH

B Am?; cos 2013

> Ve S 1y, MSW resonance: V= <  Amj; <0 IH

2F
2. Phase Difference (Reactor 7, — 7e):
77L2 'H’LQ
Normal Hierarchy % —_—2 Inverted Hierarchy
|Am3, | |Am3, |
I I
2 2 2 2
|Am3,[+[Amy, | |Amzy|—[Am3, |
2 2 _11_2 2 2
|Am3;| > |Am3,| o |Amy| <|Ams|
141 V3
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Arbitrary unit

0.6

0.5

0.4

0.3

------- Non oscillation
—— 0, oscillation
Normal hierarchy

Inverted hierarchy

T T[T [T T T T

IIIOI = I1I5I - IZIOI = .2I5. = .30
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L. Zhan, Y. Wang, J. Cao, L. Wen,
PRD78:111103, 2008
PRD79:073007, 2009

Precision energy spectrum
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[Miao He, NuFact 2013]
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In Neutrino Oscillations Dirac = Majorana

[Bilenky, Hosek, Petcov, PLB 94 (1980) 495; Doi, Kotani, Nishiura, Okuda, Takasugi, PLB 102 (1981) 323]

[Langacker, Petcov, Steigman, Toshev, NPB 282 (1987) 589]

1
E . . : _:_ ( 2,1t )
volution of Amplitudes i2 ™ EZ UM?UT + 2EV aﬁwg
s
difference: Dirac: u®
' Majorana: UM = y®Ip(x)
1 0 - 0
0 e'?21 ... 0
py=1|.". " . —~ pf=p
0 0 .. e
m? 0 - 0
2 0 m 0 2 2 2 2
M2 = _ . = DM?=M?D = DM?D'=M
0 0 -« m

UMp2 (oMYt = y® ppm2ptu®PHF = uPI M2 (yP)
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