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Neutrino Masses and Mixing
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Fermion Mass Spectrum
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Dirac Mass
Dirac Equation: (i — m)v(x) =0 (@ =~"9,)

Dirac Lagrangian: .Z(x) = 7(x) (i§ — m) v(x)

Chiral decomposition: v, = P,v, vr = Pgru, v=v+UR
1—7° 1+4°
Left and Right-handed Projectors: P, = 27 , Pr= 27

P?=P., Pi=Pgr, P .+Pr=1, PPr=PrP.=0
L =vridu, + VRivgr — m (Vg + URYL)

In SM only v, by assumption = no neutrino mass
Note that all the other elementary fermion fields (charged leptons and quarks)
have both left and right-handed components

Oscillation experiments have shown that neutrinos are massive

Simplest and natural extension of the SM: consider also vg
as for all the other elementary fermion fields
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Higgs Mechanism in SM

Higgs Doublet: ®(x) = <(Z:;((j:))> D2 = ol = ¢1¢+ + ¢$¢0
Higgs Lagrangian: Liges = (DMCD)T(D“CD) — V(|®]?)

Higgs Potential: V(|®[?) = 12[®|? + A\|®[*
2

2
p2<0and A>0 = V(o]?) =21 (|q>|2 . %)

v

— 12 — (V2Gg) =~ 246 GeV

Vacuum: Vi for [®]? = V; — () = % (8)

Spontaneous Symmetry Breaking: SU(2), x U(1)y — U(1)g
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» Unitary Gauge: ®(x) = % (v —i—?—l(x)) — |02 =% 4 vH + I H?

2
> V= (10P = %) = A2H2 4 AVH + 3 HE
my = V2\v2 = /22 ~ 126 GeV

—p2~(89GeV)? A= -1 ~0.13
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SM Extension: Dirac v Masses

LL = <ZIL'> €R VR

Lepton-Higgs Yukawa Lagrangian

gH,L = —yéL_LCMR —y”L_LEIVN/R + H.c.

Spontaneous Symmetry Breaking

035 Se) e ()

e R
o= =500 ) (b )

Y o ) ("*é”(x)) vR + H.c.
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v v
mﬁzyeﬁ mu:yyﬁ
g'H:'y—e:ﬂ gH:_V:&
TR T2

v = (\/EGF) Y2 = 246 GeV

PROBLEM: y” <107 <« y¢~ 1070
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Three-Generations Dirac Neutrino Masses
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D y!
g = — Z |:Yozﬁ an)g,BR_‘_ Oz% aL(Dl/,BR +HC

a7/8:e7u77—
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D v (T v o
.,% = — Z [%Y(;,B /aLglﬁR_‘_%YOILVB l/ééLl/;jR:| +HC
a7/8:e7u77—

PP = [E_’LM’K ’R+V_’LI\/I’”V;?] +H.c

/ / / /
_( . e [
— !/ — / — —
£ = M/L lr = “f v = V;,LL VR = V;/R
TL TrR Vel Vir
14 v
M/f _ Y/f M/l/ Y/I/
V2 V2
M/B Mlé Mlé MY MY M
, eee eéu eg— , ee e et
e / ! / [ Z— v v v
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ZP = —E My — V_,’_M”’ v + Hec
Diagonalization of M’* and M with unitary V/, V&, V¥, V¥
/L:VLKEL ,R:VngR VLZanL V;?:VEHR

Important general remark: unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Liin = LiPl) + Lridly + V] iy + VRidug
=aViigvie + ...

= £1il, + LRiJlr + VLiv + DRijvg
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ZP =) MLy — V] M" v +H.c.
=V h=Vier v, =V/n, vp=Ving
L0 = 0 VM ViR — TV TM VEug + Hec.

Vit Mt vh = Mt Mg = m’ dag (a, B = e, p,7)

vyt Mm vy = MY My = my, 8 (k,j=1,2,3)

Real and Positive mg, my,
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Massive Chiral Lepton Fields

€L (]~
£ = VfT 0=\ Lr = Vﬁﬁ = | ur
TL TR
1z ViR
n, = VLVTI//LE VoL ng = VETV;?E UoR
v3L V3R

PP = ¥, M Ur -0 M ngp +H.c.

3
= — E mg EaL gaR — E mZ Vil VKR + H.c.
a=e,u,T k=1
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Mixing
Charged-Current Weak Interaction Lagrangian

HO = 2571WW +Hec

Weak Charged Current: Jy =Jy iy Q

Leptonic Weak Charged Current

L_2 Z EaL’Y VL—2E’YPV,L

a=e,u,T
e =Vvie v, =V/n,
ot v p vy o APV, — 0 AP
JWL_2£L VL Yy VL nL—2£1_7 VL VL nL—2£1_7 UnL

Mixing Matrix

4
u=Vv/vy
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Definition: Left-Handed Flavor Neutrino Fields
Vel
IJL:UHL:VLeJr anL:VfTV/L: VuL
VrL
They allow us to write the Leptonic Weak Charged Current as in the SM:
Sl =207 v =2 > Ty vaL
a=e,u,T
Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:
jﬁh =2(eLy VeL + LY Vur + 7L VL)
In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

If neutrino masses must be taken into account, it is necessary to use

3
ijT’L =2£,7"Un =2 Z ZEV’) Uak VL
a=e,u,T k=1
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

(ve,e”) 41 0 O (vS,et) -1 0 O
(™) 0 41 0 || (WS, ut) 0 -1 0
(vpy77) 0O 0 411 (v&,77) 0 0 -1

‘L:L6+LN+LT‘

Standard Model: Lepton numbers are conserved

C. Giunti — Neutrino Theory and Phenomenology — NBIA PhD School — 23-27 June 2014 — 17



» Le, L, L; are conserved in the Standard Model with massless neutrinos

» Mass term:

D D D
b Mg Mg, Mgy VeR
_ —— 5 T D D D
L =— (VeL Vul VTL) m%e m%u m%T Vur | + H.c.
mTe mT;L mTT Vrr

Le, L, L; are not conserved

» L is conserved: L(var) = L(vpr) = |AL| =0
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Mixing Matrix

Uel Ue2 Ue3
U=V 'V =[Us Up Us
UTl UT2 UT3

Unitary Nx N matrix depends on N? independent real parameters

N (N —1)

5 =3 Mixing Angles
N=3 — N(N+1)
— 5 = 6 Phases

Not all phases are physical observables

Only physical effect of mixing matrix occurs through its presence in the
Leptonic Weak Charged Current
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Weak Charged Current: _/ L—2 Z ZEQLW Uok Vit
a= evﬂﬂ'k 1

Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)
by — el (a=epu,T), vk — ey (k=1,2,3)

Performing this transformation the Charged Current becomes

JWL_2 Z Zf | € ~ipa pU ke“D"Vk/_

a=e,u,T k=1
3
Pt o a—i(pe—p1) 7 o~ ilpa—pe) Ap i(pk—p1)
JwL=2¢ Z Z%Le Y Uak € VL
1 a=e,l,T k=1 2 2

There are 5 independent combinations of the phases of the fields that
can be chosen to eliminate 5 of the 6 phases of the mixing matrix

It is convenient to express the 3 x 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Standard Parameterization of Mixing Matrix

Vel Ui Ue2 Ues\ [riL
vt | = | Uir Uz Ups 21
VrL Ui Ur2 Usz) \vaL
1 0 0 C13 0 5136_"613 c1p s12 0
U= 0 C23 523 0 1 0 —S12 C12 0
0 —523 (23 —5136'613 0 C13 0 01
C12€13 S12€13 s13e71013

= | —sinco3—ciosm3s13€/013  cpcz—siasmzsize’®13 sy3cas

is is
512523 —C12€23513€'°13  —cCroS3—S12023513€'°13 3013

Cap = c0S Uap Sap = sinUp 0<V, < 0<d13<2rm

NS

3 Mixing Angles 112, ¥23, ¥13 and 1 Phase d13
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Standard Parameterization

1 0 0 C13 0 513e_i513 C12
U= 0 23 503 0 1 0 —S512
0 —s3 o3 —s13€/%3 0 13 0
Example of Different Phase Convention
1 0 0 C13 0 513 C12
U= 0 C23 5236'623 0 1 0 —S512
0 —5236_'623 3 —s13 0 c3 0
Example of Different Parameterization
/ I a—id) /
Cio sppe” 12 0 1 0 0 3
YA
U= | —s],e ¢y 0 0 i3 shs 0
/ / /
O O ]. 0 _523 C23 —513

S12
C12

512
C12

(e}

o
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Jarlskog Rephasing Invariant

Simplest rephasing invariants:  |Uqx|? = Uar Usy Uak Uy U3 Ugj
Sm[Uak Uy Ui Ugj] = £J
J= %m[Ue2U:3U;2Uu3] =Qm |- x o
In standard parameterization:

2 .
J = c12512023523¢13513 5in 013

1
=3 sin 2915 sin 2923 cos Y13 sin 2113 sin 013

Jarlskog invariant is useful for quantifying CP violation due to U # U*
in a parameterization-independent way.

All measurable CP-violation effects depend on J.
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CP Violation
» U#U* = CP Violation

» General conditions for CP violation (14 conditions):
1. No two charged leptons or two neutrinos are degenerate in mass (6

conditions)
2. No mixing angle is equal to 0 or 7/2 (6 conditions)
3. The physical phase is different from 0 or 7 (2 conditions)

» These 14 conditions are combined into the single condition det C # 0
C — [M/V M/VT M/ﬁ M/ET]

detC =-2J (mg2 — mlz,l) (mlz,3 — m,%l) (mg3 mlz,z)
(mi; = m2) (m2 —mg) (m? — m})

[C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]
[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]
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Maximal CP Violation

» Maximal CP violation is defined as the case in which |J| has its
maximum possible value

1
6v3

> In the standard parameterization it is obtained for

1912:1923:7'('/4, 513:1/\/§, sin(513:i1

‘J|max —

» This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/4/3:

1 B ,
1 \f i 1 f 1\6 1 il /6 '1/6 o
U=|-2F553 2753 = | = —eEm/0 eFim 1
1 T 2,'\/§ 1 5 f V3 eFin/6  _oEim/6 1

2 23 2 V3
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GIM Mechanism

[S.L. Glashow, J. lliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

» The unitarity of V/, Vf; and V/" implies that the expression of the
neutral weak current in terms of the lepton fields with definite masses is
the same as that in terms of the primed lepton fields:
oL =281 v v + 28] £ 4L + 28k Cr 7 L

=2} L V(" " Vi'n+ 2] €0 V[T V0L + 28R Br VY Vig g
=2g/ M7’ ny +2g[ L7 €L + 28R LR LR

» The unitarity of U implies the same expression for the neutral weak
current in terms of the flavor neutrino fields v; = Uny:

JoL =28/ DL U~ Ul vy +2g[ 778 + 28R €r LR
=28/ ULV v +2g LLY EL+ 28k LRV LR
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Lepton Numbers Violating Processes

Dirac mass term allows L, L, L; violating processes

Example: u* — et ++4, et tet +e”

uwoo—e +v

Z U;k Uek = 0 = only part of vy propagator oc my contributes
k

Gem, 3a m? W= w
- I * k . N
= 10375 307 |2 VinUek o
P w
wo ? Vi T e
BR U:k Uek’
Suppression factor: Mk <107 for my S1leV
mw
(BR)ihe < 107 (BR)exp < 107"
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