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Introduction and motivation

@ It is important to understand the effective action of string
theory not only from the point of view of phenomenology,
but also from the point of view of understanding various
duality symmetries of string theory.

@ These perturbative and non-perturbative (U-duality)
symmetries are useful in defining the theory
non—perturbatively and give us an insight into the
quantitative properties of the theory.

@ However, this has proved to be difficult to obtain in generic
circumstances.
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Introduction and motivation

@ The effective action encodes the S matrices of the theory
and contains non-trivial moduli dependence of the
interactions for various compactifications.

@ Though this has not been possible in general, certain
terms in the effective action have been calculated in
special cases.

@ This has been a consequence of strong symmetry
constraints of the theory, for example supersymmetry and
special geometry. Physical and topological string theories
have made possible these calculations.
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@ We shall focus on a simple setting: string/M theory
compactifications preserving maximal (32)
supersymmetries.

@ These are toroidal compactifications where BPS
interactions can be calculated.
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Introduction and motivation

@ Among the various interactions in these BPS multiplets, we
shall consider the R*, D*R* and D®R* interactions.

@ These interactions are 1/2, 1/4 and 1/8 BPS respectively.

@ The moduli dependent coefficient functions of these
interactions can be calculated using various methods using
spacetime and world sheet techniques, supersymmetry
and duality (Green, Gutperle '97; Green, Gutperle,
Vanhove ’97; Kiritsis, Pioline '97; Green, Sethi '98; Obers,
Pioline '98; Green, Kwon, Vanhove '99; Green, Vanhove
'05; Basu '07; Basu ’'07; Green, Miller, Russo, Vanhove ’10;
Green, Miller, Russo, Vanhove '10).
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Introduction and motivation

@ We shall analyse the role played by maximal supergravity
in determining these interactions.

@ This will lead to an interplay of how these interactions arise
from supergravity and are UV divergent, and how string
theory regulates these divergences to yield finite moduli
dependent answers.

@ Thus we stand to learn about supergravity as well as string
theory from this analysis, in particular muti—loop
amplitudes.
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Introduction and motivation

@ The calculations can be done in arbitrary dimensions, but
we shall focus on T2 compacitification of N = 1,d = 11
supergravity.

@ This is because for T¢ compactifications for d > 3, from
the M theory point of view, there are contributions from
wrapped (Euclidean) membranes and five branes whose
effects are not captured by supergravity.

@ Thus the 9 dimensional result is exact, and also simple
enough to analyse. Hence a good setup for our analysis.



Introduction and motivation

@ The supergravity analysis is helpful because multi-loop
amplitudes in maximal supergravity have been calculated
(Green, Schwarz, Brink '82; Green, Gutperle, Vanhove '97;
Bern, Dixon, Dunbar, Perelstein, Rozowsky '98; Bern,
Carrasco, Dixon, Johansson, Kosower '07; Bern, Carrasco,
Dixon, Johannson, Roiban '08; Green, Russo, Vanhove
'08; Bern, Carrasco, Dixon, Johannson, Roiban '09; Bern,
Carrasco, Johansson '10).
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Introduction and motivation

@ The R* term receives contributions only upto 1 loop.
@ The D*R* term receives contributions only upto 2 loops.
@ The D8R* term receives contributions only upto 3 loops.

@ The D?*R* terms (k > 4) which are non-BPS receive
contributions from all loops (Bjornsson, Green ’10;
Bjornsson '10).



Introduction and motivation

@ We now briefly discuss the contributions from 1 and 2
loops in supergravity.
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The one loop four graviton amplitude in supergravity

@ The one loop four graviton amplitude in 11 dimensions is
given by

I(S,T)+I(S,U) + (T, U)| K

@ K is R* at the linearised level, and 2x2, = (2m)12,.

© S=—-G"(ki + ko)u(ki + ke)n, T =
—GMN(k1 + k4)M(k1 + k4)N and
U= —GMN(/(1 + kg)M(k1 + ks)N, where Gy is the M
theory metric.

@ The external momenta are labelled by k(i = 1,...,4) and
satisfy 3", kwm = 0 and k? = 0, and point inwards.



The one loop four graviton amplitude in supergravity

@ The one loop box diagram /(S, T) is

2 3

_ /d11q 1
q?(q + k1)2(q + ki + k2)2(q — ka)?



The one loop four graviton amplitude in supergravity

@ For the background R&' x T2, where V, and Q are the
dimensionless volume and complex structure of T2 , the
loop momenta are split into non—compact parts and KK
modes, the 4 propagators are written introducing 4
Schwinger parameters, so that /(S, T) equals

1/2

T IJ .
dwadw-d. § e —oG I[IJ/ 1—0Q(S,T,wj)
4/121 Vz A 3/2 / 8 2 ! I

where
Q(S, T;w,-) = —Swy (wg — WZ) — T(W2 — W1)(1 — W3)a

and
0<wi <wr <w3z <1,



The one loop four graviton amplitude in supergravity

@ When S = T =0, the integral has an UV divergence which
is evaluated using Poison resummation to yield

1 73 475/2 _3/2 ~
31(0.0) = 55 - 15~ | T5—(Ahi)® + ;B p(. D)
11
where
) 5 Qs
Es(Q, Q) - T 1. O 25
(mayz0) M+ MU

is an Eisenstein series of SL(2,Z).



The one loop four graviton amplitude in supergravity

@ The A3 UV divergence is cancelled by the one loop counter
term

2 3
p=¢
4 3
(M _ _F11 i
(5./4 (2 )11/C 4/3 Cq.

where ¢; is moduli independent.
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The one loop four graviton amplitude in supergravity

@ Perturbative equality of the genus 1 four graviton type 1A
and type |IB amplitudes in 9 dimensions sets

2712
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The one loop four graviton amplitude in supergravity

@ Perturbative equality of the genus 1 four graviton type 1A
and type |IB amplitudes in 9 dimensions sets

475/2 2r?
@ Hence the UV divergence is uniquely regularised in string

theory.



The one loop four graviton amplitude in supergravity

@ The other local contributions are given by
72 [/(3, T) + (S, U) + KT, U)
9/22 /2 Vo) 321 (n-1/2)E, 1 2(2,Q),
where

= Ggr + Ggy + Gy,

and
1 w3 wp n
Gar = [ s [ duz [ dir(~ (S Tiw))"
0 0 0
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The one loop four graviton amplitude in supergravity

@ We can now expand the Eisenstein series keeping terms
upto exponentially suppressed contributions, and obtain
results in the lIA and 1B string theories.

@ To do so, we use the relations (Hull, Townsend '94; Witten
'95; Aspinwall ’95; Schwarz '95)

Vo= e Rt — e, i =C, Q=6 =rne?,

and |
/11 = e¢ /3/5.

@ Here ra (rg) is the dimensionless radius of the circle in the
lIA (B) theory, ¢* (¢®) is the lIA (B) dilaton, and C is the
R—R potential.
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The one loop four graviton amplitude in supergravity

@ The contribution from the Eisenstein series is given by

Es(Q,Q) = 2¢(25)Q5 + 2\/7?r§?3) 1/2) c(2s - NS+

@ We now write down the contributions till O(D*R*#).




The one loop four graviton amplitude in supergravity

@ We get that

2 2
AD = (278115 15)Krg [2g(3)e—z¢s n %(1 +rg?)

+2772/§'
6!rg

b (L c@06) + 1c®)*) + 0d)
24118 %\ 21 9

o2 (¢(3) + 2((2)e*”)

in the 1IB theory, and



The one loop four graviton amplitude in supergravity

@ in the lIA theory

2
A(1) @285, )ICrA[Zg(s)e—quAJrZ;TU +r,2)
2r2[}
2 o (@) + 2020

6

+2{S4!03<2175(2)C(5)f2‘ - ;<(6)e4¢’A) + O(K®)] .
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The one loop four graviton amplitude in supergravity

@ We have defined
on=8"+T"+ U".

@ The overall factor of 278/{rg = 2781151, " is needed to
correctly normalize the action and is common to multiloop
amplitudes.

@ The perturbative equality upto genus 1 of the R* term is
satisfied, not so for the others. This has to be remedied by
higher loop contributions.



The two loop four graviton amplitude in supergravity

@ The two loop four graviton amplitude in 11 uncompactified
dimensions is given by
(27)?2

+Inp(S, U)) + 2 other permutations}lc.

AP = [32(/p(s T) + Ip(S, U) + Ino(S, T)



The two loop four graviton amplitude in supergravity

@ The planar and non—planar contributions /p(S, T) and
Ine(S, T) respectively are given by

2

and involve massless ¢° diagrams.



The two loop four graviton amplitude in supergravity

@ One proceeds as in the 1 loop case, and obtains an
integral over 7 Schwinger parameters. Of them 3 are
"radial" integrals, and 4 are "angular" integrals. This is
evident from the unique two loop skeleton diagram

Anirban Basu
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@ The links of the skeleton diagram are the "radial"
Schwinger parameters, while the "angular" ones arise from
the insertion of the graviton vertex operators in the first
quantised superparticle formalism.



The two loop four graviton amplitude in supergravity

@ The links of the skeleton diagram are the "radial"
Schwinger parameters, while the "angular" ones arise from
the insertion of the graviton vertex operators in the first
quantised superparticle formalism.

@ The "angular" integrals can be easily done at every order
in the momentum expansion, and one needs to worry only
about the three "radial" integrals.
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The two loop four graviton amplitude in supergravity

@ These three parameters can be reexpressed in terms of
the volume V. and the complex structure 7 of an auxiliary
T2

@ Hence the entire integral has an elegant geometrical
interpretation.



The two loop four graviton amplitude in supergravity

@ After Poisson resumming, the leading D*R* term involves

(4 2)2[//»(0 0) + Inp(0,0)]

2

3 [ AT __r2Gy (s (i) V

/ avels F L2 e~ Gu(m+hr) (M+Nh7), 2/727
2 2

- 2/8

AN

where d?7 = drydm and F, is the fundamental domain of
SL(2,Z) defined by

> 0,72 >1}.



The two loop four graviton amplitude in supergravity

@ The UV divergences arise from the boundaries of moduli
space, and lead to

(472)2[1p(0,0) + Inp(0,0)]

13/2\3 = T((3)¢(4)
—an+ T E,(,Q) + TS
R AT ¥

where ais an irrelevant constant.



The two loop four graviton amplitude in supergravity

@ The UV divergences arise from the boundaries of moduli
space, and lead to

(472)2[1p(0,0) + Inp(0,0)]

w'%/2p =y L TC(3)¢(4)
5 +,5/2 E5/2(QaQ) + 8 4
RV 211Vz

= ah® +

where ais an irrelevant constant.

@ The leading divergence is the two loop primitive
divergence, while the subleading one is the one loop
subdivergence.



The two loop four graviton amplitude in supergravity

@ The one loop subdivergence is cancelled by the
counterterm diagram

2

which includes the one loop counterterm with coefficient
Cq.
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The two loop four graviton amplitude in supergravity

@ This yields
211/2,.6 3
(2 _ Fiiq m 2 5. 3 )52
5A4 (2 )22/151 ICUZ'4/131 Gt g(/\lﬂ) 4r g/zv 55/2(9 Q)



The two loop four graviton amplitude in supergravity

@ This yields
211/2,.6 3 2 3
(@ _ k14 m 5, —5/2
5./44 (2 )22/%_-’1 IC0'2-4/?1 Cq- 5(/\/11) yp 1-9/2 V E5/2(Q Q)

@ The first term redefines the coefficient of the primitive two
loop divergence which is cancelled by the two loop
primitive counterterm as it yields a term proportional to
e*?8/3 in the type IIB theory.
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@ The second term cancels the A3 divergence leaving behind
a finite remainder.



The two loop four graviton amplitude in supergravity

@ The second term cancels the A3 divergence leaving behind
a finite remainder.

@ Thus we get the renormalised two loop D*R* amplitude

)

6
A= el

s e g Ve B (@ Q) ert 3y .



The two loop four graviton amplitude in supergravity

@ The analysis for the DSR* term proceeds along the same
lines. However the integrand is no more SL(2,7Z),
invariant. Apart from the lattice factor, it involves a factor
which satisfies Poisson equation on F» with a source term
which follows from the structure of supersymmetry (Basu,
Sethi ’08). Hence more care has to be taken.



The two loop four graviton amplitude in supergravity

@ After regularising the one loop subdivergence the total
amplitude is given by
kS

(27r)22/6

+§2 (v,;Sg(Q, Q)+ &(Alﬁ)e)} ,

8
V; Y2 E55(0,9)

@ _
AT = 144

Kos {

where the last term involving the irrelevant constant ¢ is
the primitive two loop divergence.



The two loop four graviton amplitude in supergravity

@ After regularising the one loop subdivergence the total
amplitude is given by
kS

(277)22/6

+§2 (V2_35(Q, Q)+ &(Alﬁ)e)} ,

8
V; Y2 E55(0,9)

@ _
AT = 144

Kos {

where the last term involving the irrelevant constant ¢ is
the primitive two loop divergence.

@ ¢ satisfies the Poisson equation

, 02E
290090

4Q

=128 — 6E3),.



The two loop four graviton amplitude in supergravity

@ The two loop primitive divergence has to be cancelled by
the two loop counterterm

6
sAB) = Ko -

(2r )22/6 96



The two loop four graviton amplitude in supergravity

@ The two loop primitive divergence has to be cancelled by
the two loop counterterm

ade

5A 9%

(2 )22/6 ICU3

@ Perturbative equality of the genus 2 IIA and IIB four
graviton amplitudes implies that

&+ 6(Ah1)° = 24C(4)(1 — 1),

where 7 is an undetermined parameter, because the genus
2 amplitude also receives contributions from 3 loop
supergravity. In fact we shall see that n = 1.



The two loop four graviton amplitude in supergravity

@ Dropping exponentially suppressed corrections, upto
O(DPR*) we get that in the 1IB theory

/4
AP = @n°1[r)Krs| o2 (450(5)e 72" + 2n2((3)13
6
2 208 Is 25207
+472¢(2)e >+ 16_4!03<4C(3) e

+8¢(2)¢(3)(1 + r52) + 24¢(4)e*° (1 + (1 — n)rg*)
+16¢(2)2e?%8rg2 + gg(a)e‘ws)} .



The two loop four graviton amplitude in supergravity

@ In the IIA theory,

@ _ (p 815 s g2, 2T
AP = (@n® 151y )Kra| 202 (45(5)e " + i@

71'2 A 6 A
+4er(2)92¢ )+ 16/ gie(4c@re
+8¢(2)¢(3)(1 +r32) + 24¢(4)e2 (1 — ) + ry )
+16((2)2624ry? + Gc( )e'")].



The two loop four graviton amplitude in supergravity

@ Let us setn =1 and write the total renormalised
contribution from 1 and 2 loops dropping overall numerical
factors, for both the IIA and 1IB theories.
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in the IIA and IIB theories respectively.

@ Exhibits perturbative equality and is the complete answer.
This receives contributions only from 1 loop.
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The two loop four graviton amplitude in supergravity

@ The D*R* term has

é(45((5)e—2¢s+12((2)((3)(r§+r§4)+24<(2)z62¢B(1+rE4)>
and
é(45{(5)e—2¢A+12((2)g(3)(r§+rg4)+24<(2)262¢A(1+r;4))

in the IIA and IIB theories respectively.

@ Exhibits perturbative equality and is the complete answer.
This receives contributions from both 1 and 2 loops.



The two loop four graviton amplitude in supergravity

@ The D®R* term has

s Gt caa + %)+ B
+3¢(4)eP%8(1 + 35r,§) + S8 gton(q 4 )
and
2 -14! [C(zs)ze_&m +CR)XE)(A + %) + W
+3((4) (" + :rg) + Cf)e“% +17%)]

in the IIA and IIB theories respectively.
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@ Perturbative equality is violated at genus 1 and 2, and
must be restored on including three loops, along with
possible extra contributions which respect perturbative
equality upto genus 3 by themselves (Berkovits’06).



The two loop four graviton amplitude in supergravity

@ Perturbative equality is violated at genus 1 and 2, and
must be restored on including three loops, along with
possible extra contributions which respect perturbative
equality upto genus 3 by themselves (Berkovits’06).

@ Hence, calculating the 3 loop amplitude is important, which
we consider now.
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@ The leading term in the low momentum expansion of the 3
loop amplitude is D®R4.

@ The relevant loop diagrams can be expressed in various
ways, which are useful in various settings. Originally, the
leading term naively seemed to be of the form D*R* but
that coefficient was shown to vanish identically (Bern et. al.
'07).



The three loop four graviton amplitude in supergravity

@ The leading term in the low momentum expansion of the 3
loop amplitude is DSR*.

@ The relevant loop diagrams can be expressed in various
ways, which are useful in various settings. Originally, the
leading term naively seemed to be of the form D*R* but
that coefficient was shown to vanish identically (Bern et. al.
'07).

@ Later on expressions were obtained where the leading
term is D®R* (Bern et. al ‘08) which are the ones we shall
use.



The three loop four graviton amplitude in supergravity

@ Yet another way of expressing these the amplitude was
obtained (Bern et. al. '10) where the KLT relation was
manifest. We shall not use those expressions.
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@ The loop diagrams that arise in the amplitude all arise from
attaching external vertex operators to the two skeleton
diagrams




The three loop four graviton amplitude in supergravity

@ The loop diagrams that arise in the amplitude all arise from
attaching external vertex operators to the two skeleton
diagrams

@ They are the (a) ladder skeleton, and the (b) Mercedes
skeleton respectively.
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@ There are 9 loop diagrams that follow, which we refer to as
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The three loop four graviton amplitude in supergravity

@ There are 9 loop diagrams that follow, which we refer to as

atoi.
@ Diagrams a, b, and d follow from the ladder skeleton and
are given by
a b d



The three loop four graviton amplitude in supergravity

@ Diagrams c, ¢, f, g, h and i follow from the Mercedes
skeleton.



The three loop four graviton amplitude in supergravity

@ These 6 diagrams are

¢ , e f
) 5 5 3 2 3
6
1 4 1 o 4 | 4
2 2 3
3 5 3
5 11 12
6
8 6 9 7
5
7 10
4
1 6 4 1 4 1<«
5
14 13




The three loop four graviton amplitude in supergravity

@ The diagrams a, b, ¢ and d are massless ¢ field theory
diagrams, while the rest are not as they have non—trivial
numerators even though the vertices are of the 2 type.



The three loop four graviton amplitude in supergravity

@ The three loop amplitude is given by (Bern et. al. ’08)

@ _ (4% @, 10 1@, ofe
A = S (168 4 1) 4 21090 4 2 4 24
S3
1210 4 49 4 /<’7> + 2/(')} K
_ (477)“11

where S; represents the 6 independent permutations of
the external legs marked {1, 2, 3} keeping the external leg
{4} fixed.



The three loop four graviton amplitude in supergravity

@ The numerators N™) for the various integrands in the loop
diagrams are given by

N@ = N = NO©) = N(O) = g4,
N© = NO) = N(9) = SPracryq,

. 2
N = (S(Tzs + 736) + T (715 + 725) + ST)
+(32(7'26 +736) — T2(745 + Tzs)) (717 + Tog + 39 + T4,1o)

+8?(T17728 + Ta974.10) + T2(T28739 + T1774.10)

2
+U= (747739 + T2874,10):



The three loop four graviton amplitude in supergravity

@ and
N = (Stys — T1ap)? — 127(S27a5 + T2146)
—715(S%1a7 + UPrag) — a6( T2 77 + UP1a5)
2
—[BS?T — [2ST? + gSTU,
where

Tj=—2k - (i<4,j>5).
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The three loop four graviton amplitude in supergravity

@ Thus we need not consider a, b, ¢ and d.

@ We shall refer to the contribution from diagram x as /¥,
and the total contribution after the S; sum as /(X),

@ | shall consider only the diagram e in some detail, for the
rest | shall simply write down the final answers.
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@ Diagram e is given by
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@ In 11 uncompactified dimensions, the diagram e
contributes

e _ 45 / d''pd'lqd"'r(ks - q)(ks-q)
a®ptré(p+q)2(g+r*p+q+r)?




The three loop four graviton amplitude in supergravity

@ In 11 uncompactified dimensions, the diagram e
contributes

e _ 45 / d''pd'lqd"'r(ks - q)(ks-q)
a®ptré(p+q)2(g+r*p+q+r)?

@ OnR®' x T2, py, qu and ry decompose as {p,, Ii/h1},
{qu, mi/li1} and {r,, n;/ 11} respectively where p,, g, and
r, are the 9 dimensional momenta and /;, m; and n,

(I =1,2) are the KK momenta along T?2.



The three loop four graviton amplitude in supergravity

@ Introduce 10 Schwinger parameters for the 10 propagators.
Thus their contribution to the integral becomes

10
/Oo H doie™ S olg? e ((01 +02+03)m2+(04+05)|2+06n2) /2
o -
0 i

e (oremp +(oaos)memsorg(timany?) /2,
where

9 =1{9.9.9.p.p.1.p+q,9+r,q+r,p+q+r}

and
m?2 = GYmm,.



The three loop four graviton amplitude in supergravity

@ Thus

XfP()MUy 06,07, p,010)FL(A, 0, 06,07, p, 010),
where we have defined

oc=01+02+03 A=04+05 p=og+o0g.



The three loop four graviton amplitude in supergravity

@ Now
fo(0, \, 11, p, v, 0) = @ P AG —ur®—p(p+a)* —v(q+1)*~6(p+a+r)?
is the unintegrated momentum factor, and the lattice factor
F is given by

-GV (a/,lJ+/\m,mJ+un,nJ> /1121
FL(Ja)\aunoayae) = Z €

Iysmy,ny

o GV <p(/+m),(/+m)J+u(m+n),(m+n)J+9(/+m+n)/(/+m+n)J) /B



The three loop four graviton amplitude in supergravity

@ Now

fo(0, \, 11, p, v, 0) = @ P AG —ur®—p(p+a)* —v(q+1)*~6(p+a+r)?

is the unintegrated momentum factor, and the lattice factor
F. is given by

-GV (a/,lJ+/\m,mJ+un,nJ> /1121
FL(Ja)\aunoayae) = Z €

Iysmy,ny

o GV <p(/+m),(/+m)J+u(m+n),(m+n)J+9(/+m+n)/(/+m+n)J) /B

@ They depend on 6 "radial" Schwinger parameters.



The three loop four graviton amplitude in supergravity

@ Using (ks - q)(ks - q) — —Sq?/18 in the integral, we get

28°
1®) = / d®°pd®qd®rg? / do’
9(an2, v, | PO H 4

xfp(A, 0,06,07,p,010)FL(\, 0, 06,07, p, 0’10)-



The three loop four graviton amplitude in supergravity

@ Defining the 4 "angular" Schwinger parameters by

W=l gy Ottoz o 0
o o A p
we get that
e___ 2
1'% = 9(47T2/2 / dod\dudpdvdf(\2ov)

0
\7(07 )‘7/1’7 PV, 0)

X Fr(o, A\, p, p, v, 9)8)\



The three loop four graviton amplitude in supergravity

@ J is defined by
T (0 A p1s py v, 0) = / d*pd®qd®re P AT mplpa) (et
= 72720 %2 (0, )\, 1, p,v,0),
where Aj is defined by

D3(0, A, 1, p,v,0) = o+ prf + op(p + v+ 0) + Au(p + 0)
+oANv +0) + pv(p+0) + op(v + 0) + Xpv + v8 + pb).



The three loop four graviton amplitude in supergravity

@ Thus, finally we get

20_ [e.9]
= garp Jy ORI )
11

0
Xaj((j?)‘al’hpvljae)v

where
dT = dodXdudpdrdb.



The three loop four graviton amplitude in supergravity

@ The contributions from all the other diagrams can be
calculated in the same way. | give you the final answer.



The three loop four graviton amplitude in supergravity

@ The contributions from all the other diagrams can be
calculated in the same way. | give you the final answer.

@ F; and Aj will always involve the sequence (o, A, u, p, v, 6).



The three loop four graviton amplitude in supergravity

@ The total contribution is

27‘(‘27/2 /oo ar
0

0
[ —— e P
(4722, Vp)° NG {

ox 7 THax

0 0 0 0
2
+20 )\,ua —I-J)\,uﬁae -1—0'/\,01/(2a + 8p)}A3

x27/2
o3 / ara;?F.

_{_7
3(4722,V,)3
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@ To simplify the expression, we need to express the
integrals in a manner thats respect the symmetries of the
underlying Mercedes skeleton.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ To simplify the expression, we need to express the
integrals in a manner thats respect the symmetries of the
underlying Mercedes skeleton.

@ To see this, consider the Mercedes skeleton with a specific
choice of the 6 Schwinger parameters. The symmetry can
also be seen from the dual regular tetrahedron which
follows from replacing each face of the Mercedes skeleton
(which is the wheel graph of order 4) with a vertex of the
regular tetrahedron, such that every edge of the regular
tetrahedron is parametrized by the link of the Mercedes
skeleton it cuts.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ The dual diagrams are




The symmetries of the Mercedes skeleton and an auxiliary T8

@ Thus the symmetry group is the set of discrete
transformations which interchange the 4 vertices of either
diagram, keeping the links between the vertices intact.
This is the symmetric group S4, the automorphism group of
the wheel graph of order 4, as well as the regular
tetrahedron. It is now easy to see how the Schwinger
parameters transform under the action of each of the 24
elements of S;.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ We can now express /3 is a manifestly S, invariant way. As
and F; are invariant, and the various other factors have to
be replaced by invariant combinations inside the integral.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ For example,
0 D2
Uku980
where

0 0 0 0
D2 = 0')\,&0((974—5‘{'874‘89)

+1/0<i+2+2+2>
FPPoan T av T ap T o
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@ The final answer simplifies enormously and
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@ The final answer simplifies enormously and

5.27/2 0o 72
[ L — aTA;7?F,.
57 B(an2P )3 " /0 3 0t

@ We want to simply this integral further by (possibly?)
geometrizing it, without worrying about UV divergences.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Perform a Poisson resummation in F; to go from KK
momentum to winding modes. To start with, we write F; as

el B 2
FL=> e GY G karksa /Iy
Kai

where the KK integers k,, are defined by k., = {/;, m;, n;}
for o = 1,2, 3. Also the symmetric matrix G*?
(a, B =1,2,3) has entries (of dimension /2,)

oc+p+0 p+0 0
G¥P=| p+0 M+p+v+60 v+96
0 v+0 w+v+6

(det G = Ajz.)



The symmetries of the Mercedes skeleton and an auxiliary T8

@ After Poisson resumming,

2 3

(ml5V2) 22 kel kB

F = 11 e ™ 1 GuGap

L AS AE I ’
ko

where the winding mode integers ko' are defined by
kel = {1 m! Al fora = 1,2, 3.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Define
o= %7 3\ = La //l = La
A3/3 A§/3 Ag/?’
ﬁ = La U= La é\: i)
INE INE INE

such that the hatted parameters have dimension /2.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Define
6= %7 3‘ = A ) //l = La
A3/3 A§/3 Ag/S
YA S S P
A§/3 Ag/S A§/3

such that the hatted parameters have dimension /2.
@ Thus

A

As(6, 7, i, p,0,0) = 8Xa + ... = D3 (0, )\, 11, p, 1, 0).



The symmetries of the Mercedes skeleton and an auxiliary T8

@ The measure transforms in a simple way as

finally leading to

5721/2 ® eri)2 212 Gy Ga k! kP
I = TA e T i THaes .
" 6.64 (’3/0 dTA")

/}al




The symmetries of the Mercedes skeleton and an auxiliary T8

@ Is there an underlying auxiliary geometry like the two loop
case? We proceed by analogy with the two loop case to

make an educated guess.
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@ Is there an underlying auxiliary geometry like the two loop
case? We proceed by analogy with the two loop case to

make an educated guess.
@ The unique two loop skeleton diagram is



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Hence there are 3 Schwinger parameters, and F; involves
a sum over two sets of integers m; and n,. The 3
Schwinger parameters were traded off for the parameters
of an auxiliary T2, having moduli its volume, and complex
structure. The Poisson resummed integers M, and h;
correspond to non—trivial winding numbers along the two
non—contractible cycles of T2.
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@ Hence there are 3 Schwinger parameters, and F; involves
a sum over two sets of integers m; and n,. The 3
Schwinger parameters were traded off for the parameters
of an auxiliary T2, having moduli its volume, and complex
structure. The Poisson resummed integers M, and h;
correspond to non—trivial winding numbers along the two
non—contractible cycles of T2.

@ The integral over the complex structure modulus of T2
(which parametrises the coset space U(1)\SL(2,R)) is
SL(2,7) invariant for the D*R* term.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ How does the count work for our case?



The symmetries of the Mercedes skeleton and an auxiliary T8

@ How does the count work for our case?

@ For the 3 loop Mercedes skeleton, we have 6 Schwinger
parameters, and 3 sets of integers /;, m; and n;.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ |t is natural to guess that the 6 parameters can be traded
off for the 6 moduli of an auxiliary T3, of which one is the
volume modulus and the rest are the 5 shape moduli
(which parametrise the coset space SO(3)\SL(3,R)). The
Poisson resummed integers ;, iy and A; would then
correspond to the winding numbers along the three
non—contractible cycles of T3.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ |t is natural to guess that the 6 parameters can be traded
off for the 6 moduli of an auxiliary T3, of which one is the
volume modulus and the rest are the 5 shape moduli
(which parametrise the coset space SO(3)\SL(3,R)). The
Poisson resummed integers ;, iy and A; would then
correspond to the winding numbers along the three
non—contractible cycles of T3.

@ The measure involving the shape moduli would have to be
SL(3,Z) invariant.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Recall that
FL=>_ oGV G kaiksu /I,
kal

indeed has the correct structure if G* is identified with the
inverse metric of the T3.
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@ To do so, we identify

G 1/12 A /L2 Ap /L2
= Vo 2R LA L2 RRJIZ LT, AAg/L2+ LTy Ts
11 Ax/L? AjAx/L2 + LTy /Ty A3/L2 + L|T|?/ Ty,

where V; is the volume of T3, and L, Ty, T, Ay, A, are the
5 shape moduli.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ To do so, we identify

G 1/12 A /L2 Ap /L2
= Vo 2R LA L2 RRJIZ LT, AAg/L2+ LTy Ts
11 Ax/L? AjAx/L2 + LTy /Ty A3/L2 + L|T|?/ Ty,

where V; is the volume of T3, and L, Ty, T, Ay, A, are the
5 shape moduli.
@ Thus, for example,




The symmetries of the Mercedes skeleton and an auxiliary T8

@ This leads to

A~ "1/2 722 GIJGaﬂRa/RBJ
dTAS Ze 11
[}a/
4V4

—7r 2/3 alfpd
/11;5L4 T2 dV3 deT1 dT2 dA1 dA2 Z e 2V, V G/JG /3k kB '

kal



The symmetries of the Mercedes skeleton and an auxiliary T8

@ This leads to

A 1/2 *ﬂ'2/2 G/JGaﬂRalRBJ
dTAL? S e rh
/}a/
4V4

- 2/3 alf BJ
/1115L4T2dV3deT1dT2dA1 dA2Ze 2y, V22 Gy Goskelk

kal

@ Here Gy = V»Gyy where Gy, is the metric of T2 of unit
volume.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Also G, = Vf/?’éag, where

Gop
12 + JAIT—As2  (ATi—Ai[TI?)  (AiTi—A)
NP T, NP
(A T1—A|TI?) [T| _
(A A ) F te
111—-A> T —1
T —15 (LT2)~,

is the metric of T2 of unit volume.
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@ Now

du deT1 dTg dA1 dA2

L4 T2
is SL(3, Z) invariant.
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@ Now

du deT1 dTg dA1 dA2

L4 T2
is SL(3, Z) invariant.
@ Thus /3 is proportional to

_ 2/3 alf ,BJ
15/V3dV3duZe w2V V238G Gapkelk
kal
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e /"% is the count of the primitive divergence of the three
loop amplitude.
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e /"% is the count of the primitive divergence of the three
loop amplitude.

@ Theintegral is SL(3,7Z) x SL(2,Z)q invariant, and the
auxiliary T2 is manifest.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Reducing the shape moduli integral to the fundamental
domain of SL(3,Z) is involved. | skip the details, and give
the answer.



The symmetries of the Mercedes skeleton and an auxiliary T8

@ Reducing the shape moduli integral to the fundamental
domain of SL(3,Z) is involved. | skip the details, and give
the answer.

@ Finally

.27 21/2 00 BA A fali
b=" 16/7:5703 / dVs Vs / dp Y e VeV Gk kY
11 0 F3 ol

is the unrenormalized amplitude, where F3 is the
fundamental domain of SL(3, Z).



The renormalised three loop amplitude

@ Assuming that the UV divergences arise from the
boundaries of moduli space, we get that

/12131 lCU3
(27)%8 s

+h3(/\/11)6V2_9/ Eg/o + h47T11/2(/\/11)3C(5)C(6)V2_6} ,

./451'3) — h1 (/\/1 1 ) + h2(/\/1 1 )8V2_7/2 E7/2

where h; are irrelevant constants.



The renormalised three loop amplitude

@ Assuming that the UV divergences arise from the
boundaries of moduli space, we get that

/12131 lCU3
(27)%8 s

+h3(/\/11)6V2_9/ Eg/o + h47T11/2(/\/11)3C(5)C(6)V2_6} ,

./451'3) — h1 (/\/1 1 ) + h2(/\/1 1 )8V2_7/2 E7/2

where h; are irrelevant constants.

@ There are no finite contributions to /3 and hence to this
amplitude.



The renormalised three loop amplitude

@ The terms involving E7,, and Eg/, are completely
cancelled by two loop A and A® counterterms respectively,
without leaving any finite remainder as they are
inconsistent with string perturbation theory. (Any finite
remainder would lead to terms of the form e—8¢5/3 and
e~*?8 respectively at weak coupling in the 1IB theory.)



The renormalised three loop amplitude

@ The term diverging as A2 has to be cancelled by a 1 loop
counterterm. This counter term can be calculated, and
involves the R* counter term with coefficient ¢;, as well as
a 5 point counter term in the same supermultiplet with
coefficient proportional to ¢;.



The renormalised three loop amplitude

@ Including this, we get

.A‘(f) + 6A513),1floop
5/2

18,¢(2)¢(5)V, °
- RERACAACY M-

_ 815
= (2 h7)Kas 16 - 10572

h N
L (M)® + o + 01]



The renormalised three loop amplitude

@ There was mismatch in the genus 1 contribution including
contributions unto 2 loops. Adding these terms to the one
above, in the IIA and IIB theory we get

815 6 C(2)¢(5) rg (m°/2hy 3
(2r° 3 re)Cralfos = 2 [3r6 + 57?2( (Aks)

+C1+é1):|
8,15 71 6 4(2)4(5) ﬂ 1 7r5/2h4 3
— (2r® 3y a2 [3 +57r2r2( 5 (M)
+c1+&1)].



The renormalised three loop amplitude

@ Equality of the genus one amplitude in the IIA and IIB
theories gives

7o/2h ~ 5r2
6 L(M1)R + o + & = 3




The renormalised three loop amplitude

@ Equality of the genus one amplitude in the IIA and IIB
theories gives

7o/2h ~ 5r2
6 L(M1)R + o + & = 3

@ The remaining divergence is the A'® three loop primitive
divergence. This is cancelled by the three loop
counterterm leaving a finite remainder determined by the
equality of the genus 2 IIA and IIB amplitudes. This
removes the final mismatch upto 2 loops.



The renormalised three loop amplitude

@ TO SUMMARIZE:



The renormalised three loop amplitude

@ TO SUMMARIZE:

@ Including all contributions unto 3 loops, we get the
interaction

B, / P®xv/— GOV, DPRAF(, Q)

in the effective action, where

_ 4 _ ~
F(Q.0) = 520(2)Es2(. W2+ e, Q)v;°

+4C(2)Eaja(Q. )V, °/% + 24¢(4) + %g(2)<(5)v,;6.



The renormalised three loop amplitude

@ Ignoring exponentially suppressed contributions, in the lIA
and IIB effective action, we get

E / ox\/~gBraDR? [4¢(3)Pe > + 8C(2)(B)(1 +157)
o C@)B)(rE + 15°) + 24C@)E (1 4 Srg? + 1%

+oC(6)e (14 15%)

— B [ dx/-gPaD°R* [40(3)%e 2 + B0(2)0(3)(1 + 147)

P @B + 1)+ 240 (1 4 2rg? 4 1)

oc(®)e (1 + 7))



The renormalised three loop amplitude

@ Perturbative equality unto genus 3 is true. Agrees with an
earlier result of mine (Basu ’07).



The renormalised three loop amplitude

@ Perturbative equality unto genus 3 is true. Agrees with an
earlier result of mine (Basu ’07).

@ | have discussed only a very specific term in a specific
compactification. Lot remains to be done.
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