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Gravity double-copy structure

AN\ Graviton plane wave:  ¢#(p)e” (p) e

L Yang-Mills polarization
On-shell 3-graviton vertex:
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g M [ Yang-Mills vertex

Gravity scattering amplitude:
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L Yang-Mills amplitude



Kawai-Lewellen-Tye Relations (‘86)

String theory

tree-level identity: closed string ~ (left open string) x (right open string)

Gravity
dzi---dzn - €5 ki-€; —kj- €
A"N/ V [T i —al*"% exp 4+ = )
abc 1<i<j<n i< j i ] (CUZ - xj) multi—linear

KLT relations emerge after nontrivial world-sheet integral identities

Field theory limit = gravity theory ~ (gauge theory) x (gauge theory)

M'™(1,2,3,4) = —isy3AT(1,2,3,4) A°¢(1,2,4,3) gravity states are
N products of gauge theory
MEr*(1,2,38,4,5) = is1283447°°(1,2,3,4,5) A°(2,1,4,3,5)  states:

18138 :3 |
13245 Iy EY 5 A A |3/>_|>®|1/2>
etc...

See talk by Vanhove 3



Color-Kinematics Duality (‘O8)

Yang-Mills theories are controlled by a hidden kinematic Lie algebra
Bern, Carrasco, HJ
e Amplitude represented by cubic graphs:

/— humerators
A(L) Z / dLDe 1 n;cz « " color factors
LD 7, S ) 2
1€l's S p21p22pz3 s 1; propagators

Color & kinematic Jacobi
numerators satisfy identity
same relations:

fadCfceb . deCfcbd . fabCfcde

}{,‘V}V"“ = _}W antisymmetry

fbac — fabc

Algebra enforces (BCJ) relations on partial amplitudes = (n-3)! basis

(proven via string theory by Bjerrum-Bohr, Damgaard, Vanhove; Stieberger)



Gravity is a double copy of YM

e Gravity amplitudes obtained by replacing color with kinematics

= (2m)LP S; p? i p;. - p; BC)

m D) @, vk s O . - i
: (27T) Si D3, Pi,Diy - Dy,

* The two numerators can belong to different theories:

n; n;

— — . — similar to Kawai-
(W_4) % (W 4) N=8 sugra Lewellen-Tye but
(N=4)x (N=2) — N=6sugra works at loop level

(N=4)x (N=0) — N=4sugra
(N=0)x (W=0) — Einstein gravity + axion+ dillaton



General or accident?

Is the double copy structure a generic feature of gravity ?
Or accident of maximal N=8 supergravity (and its truncations) ?

Some known limitations (even for tree-level KLT):

® N<4 supergravities contaminated by extra matter (dilaton, axion,...)
® How are pure N<4 supergravities obtained ?

® Huge number of N=<4 supergravities that are not truncations of N=8 SG.
® Can extra matter be introduced in N=<4 supergravities ?
® Abelian
® Non-abelian (gauged supergravities)
® Tensor matter in D=6

® There are gauge-theory amplitudes that cannot be used in the KLT formula
® e.g. fundamental matter amplitudes — do they have a purpose ?



This talk

Two generalizations of color-kinematics duality

1) Color-kinematics duality for fundamental rep. matter HJ, Ochirov
- “square” matter and vector states separately
e.g. gravitons ~ (vector)?
matter/vector ~ (matter)?
- Pure N<4 supergravities
- Generic abelian N=<4 matter (vectors, tensors, fermions...)

2) Color-kinematics duality for a certain bosonic YM + scalar theory
- Supergravity coupled to abelian and non-abelian vectors
i.e. Maxwell-Einstein and Yang-Mills-Einstein supergravity

Chiodaroli, Gunaydin, HJ, Roiban

These address/resolve the mentioned problems!



Motivation Il: (super)gravity UV behavior

Old results on UV properties: See talks by Bern (Green, Basu)

9 susy forbids 1’2 |00p div. M Ferrara, Zumino, Deser, Kay, Stelle, Howe, Lindstrom,

Green, Schwarz, Brink, Marcus, Sagnotti

® Pure gravity 1-loop finite, 2-loop divergent cGoroff & Sagnotti, van de Ven
® With matter: 1-loop divergent ‘t Hooft & Veltman; (van Nieuwenhuizen; Fischler..)

New results on N 2 4 UV properties:

© W=8 SG and W=4 SG 3-|00p finite! Bern, Carrasco, Dixon, HJ, Kosower, Roiban;

Bern, Davies, Dennen, Huang
Beisert, Elvang, Freedman, Kiermaier, Morales,
— . : Stieberger; Bjornsson, Green, Bossard, Howe,
‘. W_S SG no dlvergence before 7 IOOpS Stelle, Vanhove Kallosh, Ramond, Lindstrom,
Berkovits, Grisaru, Siegel, Russo, and more....

® First N=4 SG divergence at 4 l00pS Bermn, Davies, Dennen, Smirnov, Smirnov

(interesting interpretation 2 U(1) anomaly) carrasco, Kallosh, Roiban, Tseytlin
However, no new results in pure N < 4 SG ,
P Einstein N =1,2,35G
Need double-copy construction

for pure N'< 4 supergravity ﬁﬁ

Dissect Goroff & Sagnotti; van de Ven



» Motivation

® Color-kinematics duality for fundamental rep.
® Gravity-matter amplitudes
® Application to pure gravities in D=4

® Color-kinematics duality for bosonic YM+scalar theory
® Gauged supergravity (generic Jordan family of SGs)

® Explicit loop-level checks

® Conclusion



Color-kinematics duality for fundamental rep.
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4pt matter ampl’s

Since 2008, large body of evidence for color-kinematics duality
However, 4pt tree-level YM with matter seems broken?

q Q

~ NsCs

A(qa Q7Q7Q) — —

q Q

. L N¢ = Ty = 0
Naive application of

color-kinematics duality ne+ns +n, =0

- YM amplitude forced to vanish.
- Color-kinematics duality not generic ?

or are we thinking about it incorrectly ?



Switch to fundamental representation

The four-quark tree amplitude:

2° .7 37,k
arpa (13) [24]  am
__ZT’ij kl s — Dy
17,4 4%, 1
2T 7 37,k
- Paa <13> [24] C212
=y —— =,
1,4 41

Note: 1) diagrams are gauge invariant - each is a partial amplitude
2) not meaningful to impose constraints on numerators
3) any numerator relation have to be manifest

4) this amplitude must have manifest color-kinematics duality 1>



Gravity amplitudes from double copy

Four-photon amplitude in GR (distinguishable matter):

2 2 2
— o+ + Mg . <13> [24]
>rmm~< >:m'm~< 17727737747) = :

4T 1~
Four-scalar amplitude in GR (dlstlngmshable matter):
2+
}ro-omw{ }mm{ todT 3ot a4t = nalls _ U
S S
4+ 1t

indistinguishable matter:

NsNg NsNg u? u?
- _|_ -
S t

—+ 9+— 9—+ 2+—) — _
5 13



More complicated S5pt example

Look at 3 Feynman diagrams out of 10 in total:

1 a b b c1m1
5,0 — T TP TP (1les]14-5|3) [24] =
B8 = s T T (tleslio03) 24 = %

3= k A+ ]
1 1 b rha b C2M2

5 _ T TS T (13) [2]es|2+5]4] =

B~y T ATl 13 Rlsl251) = 2
27,7 17,4
37,k A+ [ , |

[/ rabc c
B0 = e /T (2 6158~ 0151 ol

A MM — 2 (13) [24) (k1 +h2)-25) ) = =2

5

Not gauge invariant, but accidentally satisfy color-kinematics duality

C1 — Co2 = —Cx N N1 —No = —Njg
14




Double copy = gravity amplitudes

Indistinguishable matter:

10 2

— 9+ 9— 4+ =++) _ n;

A(15,27,35,47,5;7) = .

i=1 " "

10 nﬁ

—+ oF— a—+ g+— =++) _ iTbi

ALy 2073, 407 5 =) D.
1=1

distinguishable matter

5 2
— oF a— 4+ =+t _ 1
A(17,27,37/,47/,5h )—ZE
—
25 n;N;
AQGT 207 85N = ) (e5 = ¢5)

4 and 5pts are well behaved for accidental reasons.

What kinematic algebra should be imposed on humerators in general?
15



‘Adjoint’ Color-Kinematics Duality

pure Yang-Mills theories are controlled by an ‘adjoint’ kinematic algebra

e Amplitude in cubic graph expansion:

numerators
LD —
.A(L) Z / gt ‘1 Nn;C; «color factors
= D 0= O 2

ZGF 27‘- LD S’L pzlpz2p23 e pzl <— propagators
Color & kinema-tic 71' B Jacobi
numerators satisfy identity
same relations:

Bern, Carrasco, HJ f adc f ceb _ fea,c bed £ fa,bc dee

}{:}""“ }“"“ antisymmetry

fbac — fa,bc

16



The ‘adjoint’ & ‘fundamental’ algebra

adjoint repr.

or gluon, or
Jacobi Id zgi /\j‘f‘éi vector multipl.

]Fdac fcbe - fdbc fcae fa,bc ]'Edce

Fundamental \Q(’
algebra — (\
fund. repr.

or fermion, or

a b b a rabc e complex scalar,
ik Tkj a TiE; Tkj = f T‘ij . or matter multipl.

Are there additional algebraic relations? 17



Recall the 4pt example

The four-quark tree amplitude has an obvious numerator identity

2% 7 37,k
- —iT%T,j: o
S D1

17,4 4%, 1

2T 7 37,k
=~y ==,

17,4 41

- ns — nt

Is the identity part of the kinematic algebra? o



— Optional kinematical identity

Two-term Id.

Possible to enforce for single scalar or fermion
in D=3,4,6,10 (Chiodaroli, Jin, Roiban)

<

Color identity? Not for fundamental matter, but
holds for certain complex representations of U(N)

19



Amplitude representation for non-pure SYM

super-Yang-Mills amplitude with one fundamental matter multiplet:

sum is over all cubic vector—-matter graphs with vertices{ mg‘i w< }
Color factors c; are built out of %€ T

If n; satisfy the kinematic algebra, and external legs are vector multiplets,
then consistent sugra ampl’s are generated by replacing the color factors:

eg. ¢ — (Ny)n; o ¢; = (Nx)q,

|Z| counts number of closed matter loops

71; conjugation denotes reversal of all matter arrows

Nx + 1 = number of complex matter multiplets in theory

Ny = number of abelian vector multiplets in theory 20



Factorizable non-pure gravities

archetype:

(N=1)x (N=0) — N=1sugra + N=2 matter

|

(N=1) x (N=1) N=2sugra +two N=2 matter
(N=2)x (N=0) — N=2sugra + N=2 vector
(N=2) x (N=1) N=3sugra + N= 4 vector
(N=2)x (N=2) — N=4sugra +two N=4 vectors

!

Definition: A= 2 matter: (\, 2¢, \)
In terms of on-shell superspace multiplets this can be summarized as:

HN+m = VN @ Vi = Hyom © Xapm © Xarpm

factorizable graviton multiplet : Ha+m = Vv ® Vi

gravity matter : XNimM =D ® 59\4

gravity antimatter : X = Op @ Dy, 21



Obtaining Pure Supergravities

recall:
Ng + 1 =number of complex scalars in theory

Nx + 1 = number of complex matter multiplets in theory

if we want no extra matter in the (super)gravity theory
we are forced to pick N, = —1 and Nx = —1

What does it mean?

The double-copied matter has the wrong-sign statistics;
that is, those matter fields are ghosts!

This is a welcome feature of the construction, not a bug
— Removes the unwanted states in the vector double copy
— Preserves the double-copy factorization of states

— Preserves Lorentz invariance
22



Pure NV=0,1,2,3 supergravity amplitudes

(super-)Yang-Mills amplitude with one fundamental matter multiplet
(L) B d*Pe 1 n;e
Z (2m)LP S; D;
sum is over all cubic vector—-matter graphs with vertices{ w}i m_q,< }
Color factors c; are built out of %€ T
If n;, n’- satisfy the kinematic algebra - pure (super-)gravity

d*Pe ( 1)||nn
L ()
=5 [ L

’I,

|’L| counts number of closed matter loops (i.e. ghost loops)

T; conjugation denotes reversal of all matter arrows

23



Example: one-loop 4pt

Collect all diagrams with the same denominators
- 1 = {Box, triangle, bubble}

—m m/ m—= m/

MO S 3 /de 1 n¥n" ng — nJ'm,

S84 i={B,t,b}

If left and right states are the same—> effective gravity numerator is

eqRingx)

GR matter matter

...and similarly for triangle and bubble

24



Bosonic YM+scalar theory 2 YM-Einstein SUGRA

25



YM + scalar theory

Consider the bosonic YM + scalar theory

1 N y Chiodaroli, Gunaydin, HJ, Roiban
Ly—o = —ZFWF;‘
2
(D™ (Db + B (i366%) (50 8 67 Yo b

4

89 il g s (initially studied in 1999
3|( abc)F ¢ ¢ ¢ by Bern, De Freitas, Wong)

It has two coupling constants, and
two copies of Lie algebras: color & flavor

Non-trivially satisfies color-kinematics duality !
(checked at tree level up to 6pts, and at 1-loop 4pts.)

Multiple gauged supergravities obtained after double copying:
e.g. certain N=0,1,2,4 Yang-Mills-Einstein supergravities

26



E.g. N=2 Yang-Mills-Einstein SUGRA

Consider the tensor product of the spectrum
(V=0 YM + scalars) x (N=2 SYM)
{A+7 ¢a, A—} 02 {A+7 /\+7 @, 957 )‘—7 A—}

This gives the spectrum of the generic Jordan family of
N = 2 Maxwell-Einstein and Yang-Mills-Einstein supergravities

Gunaydin, Sierra, Townsend;
de Wit, Lauwers, Philippe, Su, Van Proeyen;
de Wit, Lauwers, Van Proeyen

Indeed, using the explicit Feynman rules of this N=2 gravity theory
we have confirmed that the double-copy construction reproduces
amplitudes in this theory in D=4 and D=5 dimensions.

27



One-loop 4pt amplitudes

28



Algebra for one-loop 4pt calculations

3
diagrams:
4

nbox Thri nbub
vanish
:;)"‘E"'( )“" ;) % Q‘i 3] % .. after
integration
Tlsnail ntadpole nxtadpole
kinematic algebra: nei(1,2,3,4,0) = nuox((1,2],3,4,0)
nbub(l 2 3 4 E) — nbOX([l,Z],[ ] )
Nsnail (1,2, 3,4, €) = npox([[1, 2], 3], 4, ) ,
Ntadpole(1, 2,3, 4, £) = nuox([[1,2], [3, ]], f),
Nxtadpole (1,2, 3,4, £) = npox ({[[1, 2], 3], 4], £) .

29



Amplitude in YM + scalar theory

Consider the 4pt amplitude with external scalars in the YM+ scalar theory

Three types of contributions:

n}(;)x(l, 2, 3, 4) o _,[:gl4Fba1changda:;eFeMb

n}(:;)x(l, 954 2) - _1?’_29/2{(NV o 2) (Fala«;beav:sa-z (g% i &21) ¥ FGIGZbe(LB(M (e? s g%))
+ 24(sF@asb phases | gparasb rbasas) | gasasTy, (642 — 42 — f2)
599 Ty (642 — £2 — £2) + 5% Trag (642 — £2 — £2)

i 501&2‘]1['34(66% . E% . &21) I (gg L E% L Eg +€2)(5a'2a4TI'13 + 5a-1a.3Tr24)}



Amplitude in YM-Einstein SUGRA

Consider the 4pt amplitude with external vectors in the YM-Einstein theory

The three types of contributions are obtained as double copies

~ N'=2,mat. (S T 65)2 22 st + (8 L5 eu)2

Npox (1,2,3,4,0) = (Kki2+ K34) + (ko3 + 1614)—t + (K13 + K24)

282 212 2u?
K12 + K Koz + K K13 + K
+#2( 12 34 i 23 14 n 13 24)
t U
K13 — K24

— 2’&6(1, 2, 3, E)T ,



Ampl’s for fundamental N=1 SYM and pure N=2 SG

N=1 matter ,N=lodd _ (s + 735 + 745)°

= —(K12 — K34) — (k14— K )(725+735)3 HJ, Ochirov
parity odd: o s 2s° i

2t3
1 3(715 + T35 3(T15 + 735)2 _ — 9. .
+(n13—n24)[8(ﬁ— (152u2 3)+ (152u33)) Ti5 = 2k; - £
(115 + 735)°
2u3

parity even: Carrasco, Chiodaroli, Gunaydin, Roiban; Nohle; Ochirov, Tourkine

2715 + 2735 — u

= ] . 22.(""313 + Ko4) e 6(1, 2,3, 5)

E.g. pure N=2 gravity numerator:

N=2SG _ / N=1SYM\2 N=1,even
Nhox — (nbox ) o 2(nbox +n

= (oo ST = 2Anf ) 4 2(n

Nzl,odd)( N=1,even Nzl,odd)

box box — ""box
N=1,odd ) 2

box

After integration: agreement with Dunbar & Norridge (‘94) 32



Two-loop check

We have checked that the ghost prescription removes all dilaton and
axion contributions in the physical unitarity cuts in 2-loop 4pt Einstein gravity

D=4
o = The double s-channel cut is the most nontrivial
- 4+ 2] It mixes two diagrams of different statistics:

The cancellation between the ghosts, dilaton
and axion is highly intricate in this case

> works wellfor AT @A) (A" A1) — ¢,a

33



9

°

In the past color-kinematics duality could not be used for pure N<4
(super)gravity theories - impeded studies of gravity UV behavior

Similarly, how to properly “double-copy construct” supergravity coupled to
abelian or non-abelian vectors was an open problem

The problems are solved by the introduction of fundamental-matter color-
kinematics duality, and a bosonic YM+scalar theory, respectively

Double copies give amplitudes in a wide range of matter-coupled
(super)gravity theories

A ghost prescription is proposed to give pure gravities.
Ghosts obtained from double copies of matter-antimatter pairs

Checks: At tree-level, one and two loops.

Opens a hew window into the study of gravity UV properties
34
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Notation for one-loop calculations

3
diagrams:
4

nbox Miri nbub
ansatz for 4pt MHV amplitude with internal matter, in any SYM theory: HJ, Ochirov
Ki N N-=2
mhox(1,2,3,4,0) = Y 4 (ZazJ MM 1+ e(1,2,3,0) Zaw M >)
1<i<j<4

power-counting factor: N =4 — N & SUSY

momentum monomials: MW — {Hmz m; € {57 t, - kja 527 MQ}}

1234 n
(12)(34)

(Q) (i ) 6,6,

state dependence: Rij —

( vector multiplet: Vs = Vv + Va0 )



Other Spacetime Dimensions

The prescription for adding matter-antimatter ghosts is similar
in other dimensions, however, starting in D=6 an unwanted 4-form show up.

Dim [A*® A”Y — ¢ & h*¥ & B*¥

tensoring matter

(matter)? — ¢ ® B** @ D*P°

resulting states

D=3| 1812516060 A® A 11 5160600 topological
D=4 2Q@2->1®261 |A"x)e(X( ®@X)|1el)e(1®1)—>106160 R

D= 383> 105®3 A ® X\’ 202319360 B

D= 414510906 ([N |2®2)6(21®2) - 166 1||h,,, D" (ghost)
D=10| 8®8 -1 35 ® 28 A 8®8 = 1@ 28 @ 35| hy,, D**° (ghost)

possibly cured cured by:

* Projecting out states in the matter-antimatter double copy ?
 Adding back a 4-form (axion in D=6) ?

e Otherway?

37




