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Tree Amplitudes

A(k1, k2, . . . , kN) =

∮
O
ΨN(z , k, ϵ)

∏
a∈A

′ 1

fa(z , k)

∏
a∈A

dza
(za − za+1)2

/
dω,

O encircles the zeros of fa(z , k),

fa(z , k) ≡
∑
b∈A
b ̸=a

ka · kb
za − zb

= 0 The Scattering Equations

(Cachazo, He, Yuan 2013) . . . (Gross, Mende 1987) . . . (Fairlie, Roberts 1972)

k2a= 0,
∑
a∈A

kµa = 0, A = {1, 2, . . .N.}

DG proved A(k1, k2, . . . kn) are ϕ
3 and Yang-Mills gluon

field theory tree amplitudes , as conjectured by CHY.



Möbius Invariance za → αza+β
γza+δ ,

A(k1, k2, . . . , kN) =

∮
O
ΨN(z , k, ϵ)

∏
a∈A

′ 1

fa(z , k)

∏
a∈A

dza
(za − za+1)2

/
dω

∏
a∈A

′ 1

fa(z , k)
≡ (z1 − z2)(z2 − zN)(zN − z1)

∏
a∈A

a ̸=1,2,N

1

fa(z , k)

→
∏
a∈A

(αδ − βδ)

(γza + δ)2

∏
a∈A

′ 1

fa(z , k)
,

ΨN(z , k, ϵ) is Möbius invariant,
ΨN = 1 for ϕ3, ΨN =

∏
a∈A(za − za+1)× Pffafian for Yang-Mills

The integrand and the Scattering Equations are Möbius invariant
(CHY).



Massive Scattering Equations f̂a(z , k) = 0, k2a = m2

U(z , k) ≡
∏
a<b

(za − zb)
−ka·kb

∏
a∈A

(za − za+1)
−m2

2 is Möbius invariant,

∂U

∂za
= −f̂aU, f̂a(z , k) =

∑
b∈A
b ̸=a

ka · kb
za − zb

+
m2

2(za − za+1)
+

m2

2(za − za−1)
,

implying f̂a(z) → f̂a(z)
(γza + δ)2

(αδ − βγ)
.

The infinitesimal transformations δza = ϵ1+ϵ2za + ϵ3z
2
a ,

U(z + δz)∼ U(z) +
∂U

∂za
δza, so the f̂a satisfy the three relations∑

a∈A
f̂a= 0,

∑
a∈A

za f̂a = 0,
∑
a∈A

z2a f̂a = 0.

There are N − 3 independent Scattering Equations f̂a = 0.

Fixing z1 = ∞, z2 = 1, zN = 0, there are N − 3 variables,

and generally (N − 3)! solutions za(k). f̂ = f when m2 = 0.



Total Amplitudes

For example, N = 4,

Aabcd(k1, k2, k3, k4) = g2
(
fabe fecd

ns
s

+ fbce fead
nt
t
+ fcae febd

nu
u

)
= g2

((
tr(TaTbTcTd) + tr(TdTcTbTa)

)
A(1234)

+
(
tr(TaTcTdTb) + tr(TbTdTcTa)

)
A(1342)

+
(
tr(TaTdTbTc) + tr(TcTbTdTa)

)
A(1423)

)
,

ns =
(
ϵ1 · ϵ2(k1−k2)α + 2ϵ1 · k2ϵ2α − 2ϵ2 · k1ϵ1α

)
×
(
ϵ3 · ϵ4(k3 − k4)

α + 2ϵ3 · k4ϵα4 − 2ϵ4 · k3ϵα3
)

+
(
ϵ1 · ϵ3ϵ2·ϵ4 − ϵ1 · ϵ4ϵ2 · ϵ3

)
s,

A(1234) =
ns
s

+
nt
t
. s = (k1 + k2)

2, t = (k2 + k3)
2, u = (k1 + k3)

2

A(k1, k2, k3, k4) =A(1234).



A Single Scalar Field, Massless ϕ3

A single massless scalar field, ΨN = 1.

Aϕ(k1, k2, . . . , kN) =

∮
O

∏
a∈A

′ 1

fa(z , k)

∏
a∈A

dza
(za − za+1)2

/
dω

Aϕ(k1, k2, k3, k4) =
1

s
+
1

t
,

Atotal = Aϕ(k1, k2, k3, k4)+Aϕ(k1, k3, k2, k4) +Aϕ(k1, k4, k2, k3)

= 2

(
1

s
+

1

t
+

1

u

)



Proof of the Formula of CHY for Massless ϕ3

Aϕ
N(ζ) = Aϕ

N(k1, k2 + ζℓ, k3, . . . , kN−1, kN − ζℓ),

For ℓ2 = ℓ · k2 = ℓ · kN = 0, these shifted, ordered field theory tree
amplitudes have simple poles in ζ, and Aϕ

N(ζ) → 0 as ζ → ∞.

Aϕ
N(ζ) = −

∑
i

ResζiA
ϕ
N

ζi − ζ

The poles ζi occur where (πζ
m)

2 = 0 or (π̄ζ
m)

2 = 0, i.e. at

ζ = sm/2πm · ℓ ≡ ζLm, and ζ = −s̄m/2π̄m · ℓ ≡ ζRm, 3 ≤ m ≤ N − 1,

with residues given by

ResζRmA
ϕ
N = Aϕ

m(k1, k
ζRm
2 , k3, . . . , km−1,−π̄ζ

R
m

m )
1

2π̄m · ℓ
× Aϕ

N−m+2(π̄
ζRm
m , km, . . . , kN−1, k

ζRm
N ),

πm ≡ −k2 − k3 − . . .− km, π̄m ≡ −km − k3 − . . .− kN ; sm = π2
m, s̄m = π̄2

m.



Aϕ(k1, k2, . . . , kN) = Aϕ
N(ζ = 0)

=− 2
N−1∑
m=3

[
2πm · ℓ
sm

ResζLmA
ϕ
N − 2π̄m · ℓ

s̄m
ResζRmA

ϕ
N

]
∗

which determines Aϕ(k1, . . . kN) for N > 3 from Aϕ(k1, k2, k3) = 1.

Our proof is to show Aϕ = Aϕ satisfies ∗.

Aϕ
N(ζ) ∼

∮ ∏N−2
a=3 za

∏N−1
a=4 (1− za)

(1− z3)zN−1

N−1∏
b=5

b−2∏
a=3

(za − zb)
2
N−1∏
a=3

dza
fa(z , ζ)

A pole at ζRm comes from the integration region za → 0,
m ≤ a ≤ N − 1. Let za = xazm, zm → 0,



∏N−1
a=3 dza=

∏m−1
a=3 dza dzm

∏N−1
a=m+1 dxa,

ResζRmA
ϕ
N = Aϕ

m(k1, k
ζRm
2 , k3, . . . , km−1,−π̄ζ

R
m

m )
1

2π̄m · ℓ
×Aϕ

N−m+2(π̄
ζRm
m , km, . . . , kN−1, k

ζRm
N ),

Similarly for ResζLmA
ϕ
N .

So proving the formula for Aϕ(k1, . . . , kN) by induction.



Proof for Pure Gauge Theory

AYM
N (ζ) ∼

∮
Ψo

N

∏N−2
a=3 za

∏N−1
a=4 (1− za)

(1− z3)zN−1

N−1∏
b=5

b−2∏
a=3

(za − zb)
2
N−1∏
a=3

dza
fa(z , ζ)

where the only difference from the scalar case is Ψo
N , which is

related to the Pfaffian of the antisymmetric matrix MN with the
2nd and Nth rows and columns removed,

Ψo
N = (−1)NPf MN(z ; k

ζ ; ϵζ)(2,N)

N∏
a=1

(za − za+1),

detM ≡ (Pf M)2,

ϵζ+2 = ℓ̄− 2(ζ/k2 · kN)kN , ϵζ−2 = ℓ; ϵζ±4 ,

ℓ̄2 = ℓ̄ · k2 = ℓ̄ · kN = 0, ℓ · ℓ̄ = 2.



All singularities in Ψo
N are canceled by the numerator. Ψo

N

factorizes at the poles in the integrand ζL,Rm , since the Pfaffian
does. As zm → 0,

Pf MN(k1, . . . , kN ; ϵ1, . . . , ϵN ; z3, . . . , zN−1)(2,N)

∼
∑
s

Pf, Mm(k1, . . . , km−1,−π̄m; ϵ1, . . . , ϵm−1, ϵ
s ; z3, . . . , zm−1)(2,m)

× Pf MN−m+2(π̄m, km, . . . , kN ; ϵ
s , ϵm, . . . , ϵN ; xm+1, . . . , xN−1)(1,N−m+2),

and

N−1∏
a=2

(za − za+1) → zm−1z
N−m
m

m−2∏
a=2

(za − za+1)
N−1∏
a=m

(xa − xa+1)

This demonstrates that AYM
N (ζ = 0) satisfies the BCFW recurrence

relation, so that AYM(k1, . . . kN), computed from the scattering
equations, are equal to the Yang Mills field theory tree amplitudes.



Twistor String Theory (4d)

kµσµαα̇ ≡ kαα̇ = παπ̄α̇, Conjugate twistor variables

Z =

(
πα

ωα̇

)
, W =

(
ω̄α

π̄α̇

)
, W · Z = ω̄απ

α + π̄α̇ω
α̇,

and twistor string worldsheet fields, Z (ρ) =

(
λα(ρ)
µα̇(ρ)

)
.

Fourier transform gluon vertex operators according to helicity:

V A
+ (W , ρ) =

∫
dκ
κ e iκW ·Z(ρ)JA,

V A
− (Z , ρ) =

∫
κ3dκ δ4(κZ (ρ)− Z ) JA ψ1 . . . ψ4.

TreeMϵ1...ϵN =
∫
⟨0|e(n−1)q0

∏
s∈N δ4(κsZ (ρs)− Zs)

× exp
{
i
∑

j∈P κjWj · Z (ρj)
}
|0⟩

∏N
a=1

dρadκa

κa

∏
s∈N κ4s

×
∏

r<s;r ,s∈N (ρr − ρs)
4⟨0|JA1(ρ1)J

A2(ρ2) . . . J
AN (ρN)|0⟩

/
dg



δ4(κsZ (ρs)− Zs)

Z (ρ) = Z0 + Z−1ρ+ · · ·+ Z−n+1ρ
n−1, polynomial of order n − 1,

so

Z (ρ) =
∑

s∈N
1
κs
Zs

∏
r ̸=s;r∈N

ρ−ρr
ρs−ρr

, where κsZ (ρs) = Zs .

The positive helicity vertices become

e i
∑

j∈P κjWj ·Z(ρj ) = e i
∑

j∈P
∑

s∈N cjsWj ·Zs

where cjs =
κj

κs

∏
r ̸=s;r∈N

ρj−ρr
ρs−ρr

=
λj

λs(ρj−ρs)
are the link variables.

Fourier transforming to momentum space,

Mϵ1...ϵN = ⟨r1, rn⟩2(ρr1 − ρrn)
2
∫ ∏

j∈P δ
2
(
πj −

∑
r∈N cjrπr

)
×

∏
s∈N ′ δ2

(
π̄s +

∑
i∈P π̄icis

)
×
∏N

a=1
1

(ρa−ρa+1)

∏N
a=1

a ̸=r1,rn

dκadρa
κa

.



4-dimensional momenta kaαα̇ = πaαπ̄aα̇, 1 ≤ a ≤ N; α, α̇ = 1, 2.

{a ∈ A : a = i ∈ P, r ∈ N , m + n = N}, ρa ≡ za.

Link variables ci r ≡ λi
λr (zi−zr )

satisfy:

παi =
∑

r∈N cirπ
α
r , −π̄r α̇ =

∑
i∈P π̄iα̇cir .

BCFW in Twistor String Theory link variables

Mmn(ζ) = Kmn

∮
O
Fmn(c(ζ))

m−1∏
a=2

n−1∏
b=2

dciarb
Cab(c(ζ))

,

Mmn(ζ) =
∑
zi

Mζi
mn

ζ − ζi
, Mmn = Mmn(0) = −

∑
zi

1

ζi
Mζi

mn.

Analysis of the poles and residues proves BCFW, demonstrating
equivalence between the twistor string amplitudes and Yang Mills.



Twistor String Equations imply the Scattering Equations

2
∑
b

ki · kb
zi − zb

=
∑
r

⟨πi , πr ⟩[π̄i , π̄r ]
zi − zr

+
∑
j

⟨πi , πj⟩[π̄i , π̄j ]
zi − zj∑

r

⟨πi , πr ⟩[π̄i , π̄r ]
zi − zr

= −
∑
rsj

cis⟨πs , πr ⟩[π̄i , π̄j ]cjr
zi − zr

= 1
2

∑
rsj

λiλj⟨πr , πs⟩[π̄i , π̄j ](zr − zs)

λrλs(zi − zr )(zi − zs)(zj − zr )(zj − zs)∑
j

⟨πi , πj⟩[π̄i , π̄j ]
zi − zj

=
∑
rsj

circjs
⟨πr , πs⟩[π̄i , π̄j ]

zi − zj

= − 1
2

∑
rsj

λiλj⟨πr , πs⟩[π̄i , π̄j ](zr − zs)

λrλs(zi − zr )(zj − zs)(zi − zs)(zj − zr )
.

So
∑

b
ki ·kb
zi−zb

= 0, and similarly
∑

b
kr ·kb
zr−zb

= 0.

2ka · kb = ⟨πa, πb⟩[π̄a, π̄b]; ⟨πa, πb⟩ ≡ πaαπ
α
b , [π̄a, π̄b] ≡ π̄aα̇π

α̇
b



Polynomial Form for the Scattering Equations

For a subset U ⊂ A,

kU ≡
∑
a∈U

ka, zU ≡
∏
b∈U

zb,

then the Scattering Equations∑
b∈A
b ̸=a

ka · kb
za − zb

= 0

are equivalent to the homogeneous polynomial equations∑
U⊂A
|U|=m

k2UzU = 0, 2 ≤ m ≤ N − 2,

where the sum is over all N!
m!(N−m)! subsets U ⊂ A with m elements.



Proof of the Polynomial Form of the Scattering Equations

pµ(z) ≡
∑
a∈A

kµa
z − za

,
∑
a

kµa = 0, k2a = 0,

p2(z) =
∑
a,b

ka · kb
(z − za)(z − zb)

=
1

2

∑
a

1

z − za

∑
b ̸=a

ka · kb
(za − zb)

= 0

2p2(z)
∏
c∈A

(z − zc) =
∑
a,b∈A

2ka · kb
∏
c∈A
c ̸=a,b

(z − zc)

=
N−2∑
m=0

zN−m−2
∑
U⊂A
|U|=m

zU
∑
S⊂U
|S|=2

k2S = 0

where U = {b ∈ A : b /∈ U}. Using
∑

S⊂U
|S|=2

k2S = k2
U
= k2U , then

h̃m ≡
∑

U⊂A
|U|=m

k2UzU = 0.



The Scattering Equations are
the Unique Polynomial Equations that are Möbius Invariant

L−1 denotes the generator of translations,

L−1 = −
∑
a∈A

∂

∂za
, L−1 h̃m = −(N −m − 1)h̃m−1 ,

L1, special conformal transformations

L1 = −
∑
a∈A

z2a
∂

∂za
+ΣA

1 , L1 h̃m = (m − 1)h̃m+1,

L0, scale transformations

L0 = −
∑
a∈A

za
∂

∂za
+

N

2
, L0 h̃m = ( 1

2
N −m)h̃m ,

so that [L1, L−1] = 2L0, [L0, L±1] = ∓L±1.

The h̃m, 2 ≤ m ≤ N − 2, form an (N − 3)-dimensional multiplet of
the Möbius algebra, i.e. a representation of ‘Möbius spin’ 1

2
N − 2.

The equations h̃m(z1, . . . , zn) =
∑

U⊂A
|U|=m

k2UzU = 0 determine a

discrete set of points (up to Möbius invariance).



z1 → ∞, z2 fixed, zN → 0,

Amplitudes in terms of Polynomial Constraints

AN =

∮
O
ΨN(z , k)

z2
zN−1

N−3∏
m=1

1

hm(z , k)

∏
2≤a<b≤N−1

(za − zb)
N−2∏
a=2

zadza+1

(za − za+1)2
.

hm = lim
z1→∞

h̃m+1

z1
=

1

m!

∑
a1,a2,...,am ̸=1,N

ai uneq.

k21a1...amza1za2 . . . zam , 1 ≤ m ≤ N − 3,

The N − 3 polynomial equations hm = 0, of degree m,
linear in each za individually,
are equivalent to the Scattering Equations.

By Bézout’s theorem, they determine (N-3)! solutions for the
ratios of the z2, . . . , zN−1.



Solutions to the Scattering Equations

N = 4

h1 = k212z2 + k213z3 = 0, z3/z2 = −k212/k
2
13 = −k1 · k2/k1 · k3.

N = 5

h1 = k212z2 + k213z3 + k214z4 = 0,
h2 = k2123z2z3 + k2124z2z4 + k2134z3z4 = 0,

eliminating z4 yields a quadratic equation for z3/z2.
This can be written as ∣∣∣∣ h1 h2

∂h1
∂z2

∂h2
∂z2

∣∣∣∣ = 0.



N = 6 write (x , y , z , u) = (z2, z3, z4, z5)

h1 = k212x + k213y + k214z + k215 = 0,
h2 = k2123xy + k2124xz + k2134yz + k2125xu + k2135yu + k2145zu = 0,
h3 = k21234xyz + k21235xyu + k21245xzu + k21345yzu = 0,

eliminating x , y yields a sextic equation for z/u.
This can be written∣∣∣∣∣∣∣∣∣∣∣∣

h1 h2 h3 0 0 0
hx1 hx2 hx3 0 0 0
hy1 hy2 hy3 h1 h2 h3
hxy1 hxy2 hxy3 hx1 hx2 hx3
0 0 0 hy1 hy2 hy3
0 0 0 hxy1 hxy2 hxy3

∣∣∣∣∣∣∣∣∣∣∣∣
= 0,

hxm =
∂hm
∂x

, hxym =
∂2hm
∂x∂y

, etc.



The one-loop Scattering Equations

Pµ(ν, τ)≡ pµ +
∑
a∈A

kµa ζ(ν − νa) = kµ +
1

2

∑
a∈A

kµa
℘′(ν) + ℘′(νa)

℘(ν)− ℘(νa)
,

where pµ = kµ +
∑
a∈A

kµa ζ(νa).

Pµ(ν, τ) is defined on the torus,
Pµ(ν + 1, τ) = Pµ(ν + τ, τ) = Pµ(ν, τ), when

∑
a∈A kµa = 0.

P(ν, τ)2 has no poles when k2a = 0 and

fa =p · ka +
∑

b∈A,b ̸=a

ka · kb ζ(νa − νb) = 0, a ∈ A.

Then P(ν, τ)2 = k2 is a constant. For modular invariance, k2 = 0.∑
a∈A fa = 0.

The one-loop Scattering Equations are the N equations:
fa = 0, k2 = 0.

see also Adamo, Casali and Skinner 1312.3828 [hep-th],

Gross and Mende, Nucl. Phys. B 303, 407 (1988).



Review of Elliptic Functions: Functions on the Torus

The Weierstrass ℘(ν, τ) function,

℘(ν + 1) = ℘(ν), ℘(ν + τ) = ℘(ν),

℘(ν) = −ζ ′(ν), ζ(ν) =
θ′1(ν, τ)

θ1(ν, τ)
+ 2η(τ)ν, η(τ) = − θ′′′1 (0, τ)

6 θ′1(0, τ)
,

ζ(ν + 1) = ζ(ν) + 2η(τ); ζ(ν + τ) = ζ(ν)− 2πi + 2η(τ)τ.

Modular Properties:

ζ(ν, τ + 1) = ζ(ν, τ), ζ(
ν

τ
,−1

τ
) = τ ζ(ν, τ),

℘(ν, τ + 1) = ℘(ν, τ), ℘(
ν

τ
,−1

τ
) = τ2 ℘(ν, τ),

℘′(ν, τ + 1) = ℘′(ν, τ), ℘′(
ν

τ
,−1

τ
) = τ3 ℘′(ν, τ).



The Polynomial Form of the one-loop Scattering Equations

For a subset U ⊂ A,

kU ≡
∑
a∈U

ka, ℘U ≡
∏
b∈U

℘b,

where ℘b = ℘(νb, τ), then the one-loop Scattering Equations

fa = k · ka +
1

2

∑
b ̸=a

ka · kb
℘′(νa) + ℘′(νb)

℘(νa)− ℘(νb)
= 0

are equivalent to the one-loop polynomial equations

Am =
∑

|U|=m

k · kŪ℘U + 1
2

∑
|U|=m−1

∑
a∈U

ka · kU℘′
a℘U = 0, 1 ≤ m ≤ N − 1.



A1 = −
∑
a

k · ka℘a = 0,

A2 = −
∑
a ̸=b

k · ka℘a℘b +
1

2

∑
a ̸=b

ka · kb℘′
a℘b = 0,

A3 = −1

2

∑
a,b,c unequal

k · ka℘a℘b℘c +
1

2

∑
a,b,c unequal

ka · kb℘′
a℘b℘c = 0

etc.



Proof of the Polynomial Form of the one-loop Scattering Equations

For Mma =
∑

|U|=m
U ̸∋a

℘U , 1 ≤ m ≤ N − 1, M0a = 1,∑N
a=1Mmafa = Am, 0 ≤ m ≤ N − 1, A0 =

∑
a k · ka,

so that fa = 0 implies Am = 0.

The inverse matrix is

M−1
am = (−1)m℘N−m−1

a

∏
b ̸=a(℘a − ℘b)

−1 implying

fa =
N−1∑
m=0

M−1
amAm,

so that Am = 0 implies fa = 0.



Comments

The polynomial form of the tree level Scattering Equations
facilitates computation of their solutions za(k), due to the linearity
of the equations in the individual variables za. Bézout’s theorem
provides an explanation for the (N − 3)! solutions.

The Scattering Equations can be generalized to massive particles,
enabling the description of tree amplitudes for massive ϕ3 theory.

In four dimensions, the Scattering Equations and the twistor string
equations are closely related.

The proofs make it certain that both the twistor string and the
Scattering Equations approach are equivalent to gauge field theory
at tree level.

The polynomial form of the one-loop Scattering Equations is given.


