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Tree Amplitudes
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DG proved A(ki, ka, ... kn) are ¢ and Yang-Mills gluon
field theory tree amplitudes , as conjectured by CHY.
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The integrand and the Scattering Equations are Mobius invariant
(CHY).
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Massive Scattering Equations f(z, k) =0, k2 = m?
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There are N — 3 independent Scattering Equations ?a =0.
Fixing z1 = 00,20 = 1, zy = 0, there are N — 3 variables,

and generally (N — 3)! solutions z,(k). f = f when m? = 0.



Total Amplitudes
For example, N = 4,
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A Single Scalar Field, Massless ¢3

A single massless scalar field, Wy = 1.
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Proof of the Formula of CHY for Massless ¢3

A2(C) = A% (kiy ko + Clo ks, k1, kn — CE),

For (> =0 - ky = (- ky = 0, these shifted, ordered field theory tree
amplitudes have simple poles in ¢, and A% w(¢) = 0as { — oo.
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The poles ¢; occur where (7$,)? = 0 or (7r,§,) =0, ie at
C=5m/2mm-L=CL, and ¢ = —5,,/27m-L=CR, 3<m<N-1,

with residues given by
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A% (ky, ko, - .. k) = A% (C = 0)
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which determines A?(ky,...ky) for N > 3 from A?(ky, ko, k3) = 1.

Our proof is to show A? = A? satisfies .
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A pole at (R comes from the integration region z, — 0,
m<a<N-1. Let z; = X3Zm, Zm — 0,
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Similarly for RescéA,‘o\,.

So proving the formula for A?(ki,. .., ky) by induction.



Proof for Pure Gauge Theory
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where the only difference from the scalar case is W¢,, which is
related to the Pfaffian of the antisymmetric matrix My with the
2nd and Nth rows and columns removed,
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All singularities in W%, are canceled by the numerator. W§

factorizes at the poles in the integrand C,%;R, since the Pfaffian
does. As z,, — 0,
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This demonstrates that A}(¢ = 0) satisfies the BCFW recurrence
relation, so that A™(k,... ky), computed from the scattering
equations, are equal to the Yang Mills field theory tree amplitudes.



Twistor String Theory (4d)

kto,aq = kaa = TaTa, Conjugate twistor variables
T Wa - « = &
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and twistor string worldsheet fields, Z(p) = (23%%) .

Fourier transform gluon vertex operators according to helicity:
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The positive helicity vertices become
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4-dimensional momenta ko6 = TaaTaa, 1<a<N;a,a=1,2.
{agA:a=i€eP, m+n=N}, p,=2z,.

Link variables ¢;, = ﬁ satisfy:
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BCFW in Twistor String Theory link variables
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Analysis of the poles and residues proves BCFW, demonstrating
equivalence between the twistor string amplitudes and Yang Mills.



Twistor String Equations imply the Scattering Equations
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Polynomial Form for the Scattering Equations

For a subset U C A,
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are equivalent to the homogeneous polynomial equations
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Proof of the Polynomial Form of the Scattering Equations
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The Scattering Equations are
the Unique Polynomial Equations that are Mobius Invariant

L_; denotes the generator of translations,

Z 90 Lohn= ~(N=m—1)hp_1,
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Ly, special conformal transformations

2 d L1 i"Im = (m — 1);’m+1,
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Lo, scale transformations
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so that [Ll, L_l] =21y, [Lo, Lil] = Flyq.

The hy, 2 < m < N —2, form an (N — 3)-dimensional multiplet of

the Mobius algebra, i.e. a representation of ‘Mobius spin’ 1N — 2.

The equations hp(z1,...,2,) = Y vca kjzy = 0 determine a
|Ul=m

discrete set of points (up to Mobius invariance).



z1 — 00, 2o fixed, zy — 0,

Amplitudes in terms of Polynomial Constraints

N—2
Z,dZ511
AN:%‘UNZI() H H (Za_zb)H%.
hm(z k) 2<a<b<N-1 =2 (za = Zat1)
. Fm+1 1
hm = leinoo 71 B m! Z klalu-amzalzaz oo Zay, L= m<N-=3,

a1,an,...,am#1L,N
aj uneq.

The N — 3 polynomial equations h,, = 0, of degree m,
linear in each z, individually,

are equivalent to the Scattering Equations.

By Bézout's theorem, they determine (N-3)! solutions for the
ratios of the zp, ..., zy_1.



Solutions to the Scattering Equations

N =4

hy = k3zo + k2,23 =0,  z3/z0 = —k% /K% = —ky - ko /ky - ks.

N=5

h1 = k12222 + k123Z3 + k12424 =0,
hy, = k12232223 + k12242224 + k1234Z3Z4 =0,

eliminating z, yields a quadratic equation for z3/z.
This can be written as

h1  ho
oh  ohy| = 0.
822 822



N=6 write (x,y, z,u) = (22, z3, 24, 75)

hy = kiyx + kisy + kiyz + kis =0,
hy = kiyaxy + kipgxz + kisayz + kiysxu + kizgyu + kiyszu = 0,
hs = kiys4xyz + kipasxyu + kipgsxzu + kisesyzu =0,

eliminating x, y yields a sextic equation for z/u.
This can be written

hh hy hs 0 0 O
W hf 0 0 0
oo R b h hs

YRy Ry Ry R RS 0,
0 0 0 K h
0 0 0 m B
A 2,
e = 8— Y 0 etc.



The one-loop Scattering Equations

1 / + /
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where pt = k¥ + Z kb ((va).
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P#(v,T) is defined on the torus,
Pi(v+1,7) = PMv+7,7) = P*(r,7), when >~ _, kb = 0.
P(v,7)? has no poles when k2 = 0 and
fo=p-kat > ki kyC(va—w)=0, acA
bEA,b#£a
Then P(v,7)? = k? is a constant. For modular invariance, k? = 0.
ZaEA fa =0.

The one-loop Scattering Equations are the N equations:
f,=0, k? =0.

see also Adamo, Casali and Skinner 1312.3828 [hep-th],
Gross and Mende, Nucl. Phys. B 303, 407 (1988).



Review of Elliptic Functions: Functions on the Torus

The Weierstrass p(v, 7) function,

p(v+1) = p(v), p+T1)=p(),
o 7 _ 00, 7)
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Modular Properties:
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The Polynomial Form of the one-loop Scattering Equations
For a subset U C A,

kUEZkéh pUEprh
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where pp, = p(vp, 7), then the one-loop Scattering Equations
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are equivalent to the one-loop polynomial equations
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Proof of the Polynomial Form of the one-loop Scattering Equations

For Mima = ju=m pu, 1<m<N-1, Moa =1,
UZa

22’:1 Mmafs = Apm, 0<m<N-—1, Ao =, k- ka,
so that f; = 0 implies A, = 0.

The inverse matrix is
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so that A,, = 0 implies f, = 0.



Comments

The polynomial form of the tree level Scattering Equations
facilitates computation of their solutions z,(k), due to the linearity
of the equations in the individual variables z,. Bézout's theorem
provides an explanation for the (N — 3)! solutions.

The Scattering Equations can be generalized to massive particles,
enabling the description of tree amplitudes for massive ¢3 theory.

In four dimensions, the Scattering Equations and the twistor string
equations are closely related.

The proofs make it certain that both the twistor string and the
Scattering Equations approach are equivalent to gauge field theory
at tree level.

The polynomial form of the one-loop Scattering Equations is given.



