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Why we like N' =4 SYM

]

Maximally supersymmetric, conformal four-dimensional gauge theory

]

Is believed to be integrable, in the planar limit at least

]

Remarkable relations between various quantities:

[ Scattering amplitudes: An(p;) = (p1,p2,--.,pn|S|0)

[ (Light-like) Wilson loops: Wy = (tr Pexp (zyf dx - A(az)>>

n

[ Correlation functions: Gn(z;) = (O(x1)O0(22) ... O(xn))
[ Scattering amplitudes suffer from IR divergences and require a regularisation

[l Exact scattering matrix S = 1

How much physics can we learn from scattering amplitudes in N' = 4 SYM?
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ete™ annihilation in QCD

0 PETRA (1978-1986) and LEP (1989-2010)

s ALEPH oeLx Run=15768  Evt -54905

0 A virtual photon or Z°—boson decay into quarks and gluons that undergo a hadronization
process into hadrons

I Final states can be described using the class of infrared finite observables (event shapes):
energy-energy correlations (EEC), thrust, heavy mass, ...

LI Can be computed in perturbative QCD, hadronisation corrections are ‘small’ at high energy
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Energy-energy correlations

Function of the angle 0 < x < 7 between detected particles

[Basham,Brown,Ellis,Love]

1 E.FEy
EEC(x) = <A_X Z o 0(Ax — | cosbup — cosx|)>
a,b

Total energy > Eq = Q

Conventional (‘famplitude’) approach

EEC(x

L5 firvsen Bt e

O'tot

Weak coupling expansion in QCD
EEC(x) = agA(x) + a2 B(x) + O(a2)
Current status (1978 — today):

[J Very precise experimental data

U Poor analytical control, B(x) is known numerically

Final goal: develop more efficient method to computing EEC

events
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eTe™ annihilation in N/ = 4 SYM

[ Define EEC in N' = 4 SYM and evaluate it at weak/strong coupling

[ From QCD to N = 4 SYM: introduce an analog of the electromagnetic current

O (protected) half-BPS operator built from the six real scalars ®/ (with I =1, ..., 6)
Oko/(x) = tr [@1 @7 — 151 oK K]
U To lowest order in the coupling, O5q/ () produces a pair of scalars out of the vacuum

L For arbitrary coupling, the state O5q/()|0) can be decomposed into an infinite sum over

on-shell states with an arbitrary number of scalars (s), gauginos (\) and gauge fields (g)
/d4:c e'9% Oqq/ (2)|0) = |ss) + |ssg) + [sAN) + ...
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EECin N =4 SYM

LI Conventional approach

1 E.E
EEC(x) = > / dLIPS |Ag sy x| QQbé(cosx — cos Ogp)

o
tot a,b, X

L' The amplitude of creation of the final state |a, b, X = everything)

Agibrx = == P

0 Matrix elements (s;; = (p; + pj)? withp? = 0)

2
Ass|? = [(s(p1)s(p2)|O20/[0)|* = — 1+ aFyirt (4%)]

S
Assgl? = [(s(p1)5(p2)g(p3)|O20/0)|* = a —
§13523
2
Ao = [(AP1)A(p2)5(p3)|02010)]* = a —

't Hooft coupling a = g3, N/(47?)
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EEC from amplitudes |

[J The total cross section

Trot (q) = /dLIPSQ | Ass|? +/dLIP83 (JAssg|® + |Asan]?) + O(a?)

S%Q + 25135923 N2 —1

+ O(a?) =
512813823 (a”) 167

N2 -1
— [1 + aFVirt(QQ)] +a /dLIPSg

0 - O(a?
167 + at (a)

[ Energy-energy correlations

EEC = {/dLIPSg w(p1,p2) | Ass|? + /dL|P53 w(pl,p2,p3)(|Assg|2 + |~As>\>\|2) +0(a®) | /oot

Weight factors for EEC (Eq,:Pa)
(Ey,Pp)

E.E
w(pl,pg,...)zz 2b5(C089ab—COSX)

a,b q
[l One-loop calculation (unprotected quantity) [Zhiboedov],[Engelund,Roiban]
EEC © 4+ 0(a?)
—q = n a
N=d 422(1—2) 1—=z
IR finite, positive definite function of z = (1 — cosx)/2, 0<z<1

[ Two-loop correction is hard to compute (~ 102 diagrams)
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EEC from amplitudes Il

LI Conventional approach

1 E.E
EEC(x) = g /dLIPS ‘Aa+b+x |2 5 b d(cosx — cosfyp)
Ttot Ty Q

The amplitude of creation of the final state |a, b, X = everything)

Aatbtx I/d%eiqx(a, b, X|O2¢ ()[0)

[ Main disadvantages:
L presence of infrared divergences in transition amplitudes A, 4 x
Ll integration over the Lorentz invariant phase space of the final states dLLIPS
1 necessity for summation over all final states ) _

1 no analytical results beyond one loop

[ New approach: EEC can be computed from correlation functions of energy flow operators
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EEC from correlation functions

[l Total cross section from the optical theorem

otot(q) = Z(QW)45(4) (¢ — px)| Ao,y Sx)?
X

_ / d*z €% 37 (0|01 (0)|X) e #PX (X|0(0)[0)

X
1

16—7T(N2 —1)6(¢")0(¢?)

— /d% €' (0|07 (z)0(0)|0) =

Wightman correlation function, protected for 1/2-BPS operators

[l Generalization to EEC
EEC ~ ) (0|0 ()| X)w(X)(X|0(0)[0) = (0|0 (2)&(7i1)E(2)O(0)|0)

ﬁiTOi (t,’l"?’_i)
Energy flow operator

EM)|X) = ZEa5<2> 5. — Q)] X)

[J Relation to the energy-momentum tensor in N’ = 4 SYM
[Sveshnikov, Tkachov],[GK,Oderda,Sterman]

E(R) = / dt lim 72 7@"To;(t, ri7)
0 T— 00
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EEC from correlation functions Il

[ Energy flow correlations [GK,Sterman],[Belitsky,GK,Sterman],[Hofman,Maldacena]
E(71) E(Mi2)

(E(T)E(T2))q = 0oy /d% e'4%(0|07 (z) E(711)E(7i2) O(0)|0)
Energy flow in the direction of 77; and 7iz
[ Average over the orientations 771 and no with the relative angle x kept fixed
EEC = /dQldQQ §(1 - g — cos x)(E(71)E(72))q/q°

LI Multi-fold integral of Wightman 4pt function

BEC ~ [ dlze'ts [ “dtidty lim rird 0107 () Tom, (01)Tom, (22) O(0)0)
0 1

J - P N o lx; = (t,”r”r_iq;)

Ve Ve

Fourier Detector limit Wightman corr. function

0 Compute corr.function (OT (z)T(z1)T(22)O(0)) in Euclid
[J Continue to Minkowski with Wightman prescription

1 Take detector limit + perform Fourier
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Correlation functions in N/ =4 SYM

[l Quantum corrections to various correlation functions are determined by the same scalar function

1
(O(z1)O0(22)0(23)O(74)) B = 5555 P(u,v;a)
L1oXo3L34T Y1
1
(O(21)T (22)T(23)O(24)) E = 75555 L (Ou, Ov)P(u, v; a)
(z1575373,)
Conformal ratios
U = $%2$§4/($%3$%4) 3 v = 5333534211/(%%353%4)
[ Universal function in N/ = 4 SYM at weak coupling [Eden,Schubert, Sokatchev], [Bianchi et al]

2
®(u,v) =a @M (u,v) + a? (% (14+u+v) [CID(l) (u, v)]
+ 2 {CI)@)(U, v) + lc1><2>(v/u, 1/u) + lCID(Q)(l/v,u/v)} ) + O(a?)
u v
&) (u, v) ‘box’ integral, ®(2) (u, v) ‘double’ box integral

[ N = 4 superconf. symmetry allows us to determine ® .1 (u, v) t0 SiX l0OPS  [Eden,Heslop,GK, Sokatchev]

L ADS/CFT correspondences predicts ®(u, v) at strong coupling [Arutyunov, Frolov]
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From Euclid to Minkowski
[l Brute force method: compute anew using Schwinger-Keldysh technique (too hard)
[ Better method: analytically continue correlation functions from Euclid to Minkowski+Wightman

[ Warm-up example: free scalar propagator Dxyc1ia () = (¢p(x)¢(0)) ~ 1/22

(06 (2)$(0)[0) = D _(0¢(z)|n){n|$(0)|0)

n
. o . RN 1
= Y el O 0]¢(0)|n) (n|$(0)]0) ~ —
(0 —i0)2 — &2
Ey, >0
[ How to get Wightman correlation functions (‘magic’ recipe) [Mack]
L) Go to Mellin space:
—d+i0c0 di+ di . ' CB2 ZCQ CB2 $2
PEuclid :/ /1 .‘72 M(j1,jo;a)w/to?2, w==2234 0 =232
~§—ico (271) 13724 13724
- 2 2 _ .2 - 0
[l Substitute Ty T g =Ly 10 - Ty

S4d .. 2 2 J1 2 2 J2
0+i%0 iy dja L T12,+ %34, + L23,+%41,+
(I)Wightman — N M(jl » J25 CL) 2 2 2 2
—s—ico (271) L13,4+T24 1 L13,+%24,+

0 M(j1,j2;a) is known both at weak and strong coupling in planar ' = 4 SYM
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All-loop prediction for EEC

Master formula

d+100 di+ di
1714)2 . .
EEC M(j1,jo; a) K(j1,
)= 422(1—3) /5 ico (27i)? (jlvp Y (]}, 2

7 \§

corr.function detector

The dependence on the angle x enters through

= (1 —cosx)/2, 0<z<1

Detector function is independent on the coupling

2T°(1 — j1 — j2)
I'(j1 + 72)[0(1 — j0)T'(1 — j2))?

The dependence on the coupling constant resides in the Mellin amplitude

K(j1,72) =

d+100 di+ di
O (u,v;a) :/ 1892 M(]l joia) ut T2
—5—i00 (27‘(’2)

1 — » Jj1+72

7

N~

angular dependence

M (j1,j2; a) = aM P (j1, j2) + a2 M@ (j1,52) + . ..

Ve

are known
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Warm up exercise

[ Master formula at one loop

EEC(l—loop) —

a /_Hioo dj1dj2

1 — >\ J1tJ2
422(1 — 2) J_s_ico (2m0)2 >

MW (41, j2; a) K (41, j2) (
Mellin amplitude

MW (41, 42) = —i [[(—51)T(—j2)T(1 + j1 + j2)]°
21°(1 — j1 — j2)
I'(j1 + 72) (1 — 51)T' (1 — j2)]?

[ Change integration variable j1 + j2 — Jj1

EEC(1-loop) — / dj1dj2 'k ™ (1 _ z)jl
42:2(1 — Z) 27‘(‘2 2 2 ]1 _]2) j22 Sin(7rj1) -
— / dj1 ™ 1— 2\t
— 4z2(1 — z) 271 j1 sin(7j1) 2

B a _XO:O (—1)k<1—z>k

C422(1 - 2) =k z
a | 1

= n

422(1—2) 1—=2

K(j17j2) —
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EEC at two loops

Final result for EEC

EECyn=—4 = 4z2(11— 3 {aFl (2) + a? (1 —2)F2(2) + %Fg(z)} + O(a3)}, z = %(1 — Ccos X)

F,(z) are linear combinations of functions of homogenous weight w = 1,2, 3

Fi(z) = —1In(1 — 2)

Fh(z) =4z {Lm (—vz) — Liz (v2) + %lnzln (1 j é)}
+ (14 z) [2Lig(2) + In%(1 — 2)] —|—21n(1—z)1n<1iz> +z%2,
Fy(z) = (1— 2)(1 + 22) {mz Gfé) 1n<1;z> _ 8Lig (\/E\/EJ _ 8Lig (\/ﬁlﬂ

— 4(z — 4)Liz(2) + 6(3 + 32 — 422)Li3 (%) —22(1442)¢3 + 2[(3 — 42)z1n 2

+2(22% — 2z —2)In(1 — z)|Lia(z) + % In? (1 — 2) [4(3,22 —2z—1)In(1 — 2)

2
+3(3—42)zlnz] + % [2,22 Inz — (222 + 2z — 2)In(1 — z)]
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From weak to strong coupling

EEC(a = 0.05)
0.5 0.7+ ;
L 0.6 -
0.4
I 05- .
03 04f .
— 03/ ]
0.2 ]
01- -
o.o:n 0-0; o L ?Os X‘ I
-1.0 -10 -05 0.0 05 10
[ At weak coupling EEC \r—4 has a shape which is remarkably similar to the one in QCD
LI Going from one to two loops, EEC flattens
[ This agrees with strong coupling prediction for EEC in planar N’ = 4 SYM [Hofman, Maldacenal

a o0 1 — —
BECn—s 2% - [1—|—a L(1 - 62(1 — 2)) + O(a 3/2)]

No jets at strong coupling
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End-point asymptotics |

Small angle correlations x — 0 (or z ~ x? — 0): calorimeters measure nearly collinear particles

X
EEC 204 [1—|—a(1nz—%C3—|—C2—3)] :\:‘/\/rrx
4 —t \/\'\ ®

z

LI Corrections are enhanced by In z, no homogenous transcedentality
[ Resummation of leading log’s a(a In z)* using the “jet calculus” [Konishi,Ukawa, Veneziano]

z—0 a

1
EEC "~ —/ dCBiUQD(xaQQ/Sab)
0

4z

_a 2 —~yp(3) _ @ 147 (3)
_ v S.,) T3 = Z YT
. (Q“/Sav) 17

v1(3) = a + O(a?) — twist-2 time-like anomalous dimension of spin S = 3
D(z,Q?/S,;) probability to fragment into a pair of partons with S,;, = 2E,E,(1 — cosx) ~ Q?*z
LI Resummation weakens singularity of EEC for xy — 0, jets at weak coupling

a

1 (3)

X0
/ dcos x EEC ~ ~1, (xo < 1)
0
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End-point asymptotics Il

EEC in the back-to-back kinematics x —+ 7 (ory =1 — 2z ~ (7w — x)? — 0)

1 2 ; X X ®
EEC “=* @{aln(l/y) — % {ln?’(l/y) + % ln(l/y)} } :\\9@\\/

[0 Large (Sudakov) corrections a” (In )™ come from the emission of soft and collinear particles

LI All order resummation [Collins, Soper]

1 o
EEC ~ @H(a)/o dbb Jo(b)S(b? /y; a)

Jo(b) Bessel function; S (b2 /y; a) the Sudakov form factor (with by = 2e~7E)
1 5 [ b2 b
S — exp |:—§Fcusp(a,) In <E> — F(CL) In (y—b%>j|
Dependence on the coupling constant is encoded in three functions
Leusp(a) = a — %CgaQ : ['(a) = —%C3a2 : H(a) =1—(2a
L Perturbative corrections to EEC(z — 1) have homogeneous transcedentality

[EECqcp(z — 1)] = EECpn—4(2 — 1)
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[]

[]

[]

[]

Conclusions and open questions

Energy correlations are good/nontrivial physical observables in N/ = 4 SYM

Relation to energy flow correlations in QCD (most complicated part)?

All symmetries of ' = 4 SYM are preserved, what is the manifestation of integrability?

Interpolation between weak and strong coupling?

Other proposals for ‘good’ observables?
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