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® Motivation & introduction

® Calculating multi-loop amplitudes in N'= 4 SYM

® Unitarity & maximal cuts
® Special cuts <> heuristic rules
® Supersum structure in cuts

® 4-loop non-planar =4

® 1,2,3,4-loop UV divergences

® Full color structure of divergences

® Conclusions
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Motivation - hidden structures

® Maximal SUSY theories are remarkably rich in hidden structures

® N=4SYM - AdS/CFT, dual conformal symmetry (Yangian),
integrability, BDS resummation, twistors

® V=8 SUGRA - UV finite, E,;, simplest theory 2

® N =4 SYM inputto =8 SUGRA ampl. through KLT & unitarity

= talks by Carrasco, Roiban

® Goal: study the less-well-understood non-planar sector of '= 4 SYM
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N'= 4 super-Yang-Mills

1
[.YM — —4—92F‘WF \%
Maximal SUSY extension of YM 6 ———— z
On-shell spectrum: : > -

helicity -1 -1/2 0 12 1 ,’ N
g %000,

i 1 4 6 4 1 N d
Particles in adjoint group G, usually SUV,) :d
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Unitarity Method

mI ——

optical theorem 2Im | | = jdLIPSI I
2 3 OMhell
£
unitarity method ". =talks by Dunbar, Kosower
Bern, Dixon, Dunbar and Kosower (1994) 1 g 4

generalized unitarity

Bern, Dixon and Kosower

quadruple cut
maximal cut

Bern, Carrasco, HJ

Britto, Cachazo, Feng, and Kosower (2007)

Buchbinder, Cachazo (2004)

Cachazo and Skinner
Cachazo, Spradlin, Volovich _
(2008)
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Calculation Strategy

#topologies o diagrams

Ansatz: Ai—kmp = g'Vst Alree Z Z c; L

-_ R
leg perms ¥ S4 =1 symmetry factor
Separate color from kinematics:
I’i s CzIz Cz _ fabCfcde o fwyz

X

color factor

x numerator

Ni(lj’kj)

Integrals:  I; = /lelledelsle4
1515131516 17181515 013, 1ol s

Find all integral topologies & numerators |
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Integral topologies

* We choose to work with only trivalent (cubic) diagram topologies
e Contact terms are absorbed into the numerator N

Start with 4-loop trivalent
1Pl vacuum graphs
(a) (b)

Attach 4 external legs

Remove diagrams with 2, 3-point sub-graphs
consistent with No-Triangle property (checked by cuts)

....gives 50 diagram topologies or integrals
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O
y

= talk by Carrasco
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Fix Numerators with Maximal Cuts

Bern, Carrasco, HJ and Kosower (2007)

e put maximum number of propagator on-shell — simplifies calculation

on-shell < ( 3pt tree amplitudes

1 WY/
Ni: X

tree
stAj

+ O(I?) corrections

 systematically release cut conditions — great control of missing terms

t5pt tree
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k 4pt tree

collapse 1 cut line collapse 2 cut lines

Reconstructs the amplitude piece by piece !



N=4 bag of tricks!

* Rules & assumptions for NV; can used at intermediate steps
* Correctness of amplitude established at the end (complete set of cuts)

Power counting & singlet maximal cuts

. . Bern, Dixon, Dunbar, Rozowsky,
* Power counting D, =4 + f can constrain numerators pereistein: Howe, Stelle

* Worst case 4 loops: 2 inverse propagators [N ~ sl%lg
e Such terms fixed by maximal cuts with two collapsed cut lines
* Remarkably all needed maximal cuts have corners in phase space where

only gluon states propagate in loops: susy invariant “singlet cuts”
Heuristic rules for numerators <> special cuts (that iterate)

*rung rule <> |two-particle cut
* box substitution rule <= |box cut

* diagram twist rule <> |(BCJ) Jacobi-like numerator & amplitude relations

valid in D dimensions




Two-particle cut <= Rung Rule

= A simple property of the 2-particle cuts at one loop
2

3 2 3 \_'_/
= 1812523 :
| —
1 4 1 4 CN

Lead to easy rules for computing iterated 2-particle cuts in multiloop ampls

" |nspired “rung rule” for easily finding numerator factors

Bern, Rozowsky, Yan (1997)
62 209 m—fpu 9oO 62 009 —fp—
2
— (4 + £2)

el 08 —Pp—r oo El see —Pp—

*rung rule is less useful for non-planar diagrams

* better use the 2-particle cut directly
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Box substitution rule <= box cut

Observation in 0705.1864 [heph]

inspired a “box substitution rule”

—8

2t2

=

— 2220k — —

8|’9

Bern, Carrasco, HJ and Kosower

@ N, can be obtained easily for diagrams containing a box subdiagram

2

13
’ 1

c2 oY 2 —

-

Noly

Known

3-loop <
diagrams

A

2

X 827825

5

J Fo||ow.§ from the simplicity of the 4-point V=4 SYM amplitude.
7/ 2 3

“Box cut”:
* Allows back-of-the-envelope

calculation of N

* Input comes from known
lower loop integrals

* Result is D-dim, but may
miss contact terms.

N = 897895(212842 | S2384a)

827 825
512825549 + 823597548



@ A box cut may not involve a box subdiagram

@ Isolating any 4-point N=4 SYM loop-amplitude will do it

2-particle cuts
@ ®)
o ( OV ;
G- -GHL G
(d)

(c) ()

“box cuts”

e 44 (out of 50) of the cubic topologies have box subdiagrams or
other 4-pt subdiagrams
e But, many contact terms cannot be determined by the box cut



A diagram “twist rule”

We can use the Jacobi-like numerator identity of 0805.3993 [hep-ph]

Bern, Carrasco, HJ

AN _ re NgCs MN4C;  NyCy
= - Al (1,2,3,4)=gz( L )
S t Uu
= talk by Bern
ny, (M Ng

Numerators of diagrams entering a cut are not independent

2 3 2 3 2 3

| internal line
is off shell

1 Ni 4 1 N 4 1 (]\,])T 4

J

e Possible to relate non-planar topologies to planar ones
* In general, the N, are constrained by a large linear eqn system
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Some results from two-particle cuts

51 %{}2 sty %{[@‘4 812 1‘<E3 )
Simple numerator
I structure follow from
sh o the simplicity of the
y 1| two-particle cut

"w__- two-particle cut

2 2
812845 4 |

3

5 4 5 4

— 2
sij = (ki + kj)

3

5 4 5 4 Bern, Carrasco, Dixon,

HJ, Roiban, [to appear]
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Some Results from Box Cuts

2
356(52339,10 — 812829 — 110323) 10
356(312356 — 893835 — 1(25312) +812815878 4

2 2
+12 (812829 — 155503)

box cut

2
816(812879 + 15,523) 10
2
+815812(823 — 878 + 13) 4

2 2. 12
+823810,11(817 + 1§) — 15823l

2
315(313356 — 812878 — 13313)

2
—516( 823856 — 812879 — l§823}"

2
+1z81271.10 12

—13(s1281,10 — 135812 + 1%)523)

—847(812867 + 523589

Y Sk S

9 S16(812828 — $23867) 7
—812823 — S12l7y)
o 1 +545(813837 — S23538) 1
+81284586,10 + I11 112823 Sk
i : , ¢ 23846845 + L3S12813
+s12(183 — Bsgro — Bisyz)  ° 10 212 §
_321‘31;3!6

5 &

+12 812567 — 523) + 512812823
numerator structure more complicated, but still quite modest...
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The most complicated numerators

Related to planar
contributions through
the“twist rule”

7 &
Bl e 3
81282884,12 — S1283781,11 — 82381683,10

1
> +8923825840 + 5312823(813.15 o 313.1-;) 6 l 9

Contactterm
corrections
determined by
maximal cuts

—

+310(I313) — 1213) + so3(1313, — 1313,) @

812(82,10830 — 847818 + $2,10850 + 83086,10 + $2386,11) — 823857568 — S1385056,10
+12(512835 + 8128, 75 — $23850) + 12(812826 + S128; TT — $2356.10)
+ls2>(312312,ﬁ — 813810,11) + 1o(812811 77 — 81359,12)
—1338198), 77 — 131812810 13 + (813 — 2812) 1315,
+803(1212 — 1213 + 1212 + 1212) + 51013503, + 510202
+819(— lzl l212 — B3, — 123, - 13%)
+s12(—! 6 7+ lQZ — 131t — 1 lm 1$olts)

(131 — 15 — B1%,) + si3(B1F) + 1§13,)

+893

812(3-;?«55,12 — 819836 — 348336) o E 823(84336.11 — 81583,10 — 815347) — S12823811,12
+13(s0387.12 — 8238415 — S13810,11) + L (8128811 — 8128475 — 81389,12)
+13(52383.15 — 812855 + 82386.10) + 1f(8128) 15 — 8238,7 + S12850)
+lf3(312323 + 812838 — $2386,11) + lf‘;(s23312 + 823817 — 81285,12)
+11823(84,12 — 86,10) + F2812(84,11 — 830)
+s13(302 + 1202 + 1212 + 13,13, + 1303 + 313, — 1313, — 13,13)
+s12(— lzl 0B+ —R) + BB -1+ )+12(12 + 1))
+8o3(—1 + (15 + By — B) + B (1o — 1§ — B+ 1) + B(15 + 1))

(t ml — 3135 — olfs — Woldy — Wsldy) + sas(Uy 0 — BB, — 13114 — U135 — 1341%6)

+812
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Proof of amplitude

*To do:

* Find missing contact terms not given by heuristic rules
M automate (singlet) maximal cuts

* Check correctness of cuts in D = 4 using a complete set of cuts
I automate general cuts, and

M include full V=4 supersum = talk by Roiban
 Check correctness of amplitude using D-dimensional cuts

[0 automate D-dim cuts and superspace
M partial checks done: two-particle cuts, box cuts

1 5 I KR

=g == g

Note: for 1,2,3 loops, 4-dim cuts capture the full 4pt amplitude ;



Supersum Structure

Convenient to use “index diagrams” to visualize the supersum structure

g2(2)

)

g 9 9+(4)

R-charge index >

—— = n{if)n]

7 J

T = T
© = MHV
@ = MHV

L 4pt MHV amplitudes in a graphical notation

f2(2) f4(2)

fi@3 s°(3)
N \
L (+

g2ed(1) 9+(4) {2(1) g+(4)

Bern, Carrasco,

ffbc(3) ff_ (4) L Ita, HJ, Roiban

()
N = talk by Roiban
)\\\ AN
9+(2) g+(6)
s /

g?(1) 54(7)
For non-MHYV trees — CSW expansion
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Tracking the R charge index

gluon fermions scalars
|

2—@'5\/ 3~ \/l\/ \/
)o(i\( ISTONE 6+

| a |
e il il il /’\,

6

- ~ 4

Helicity 2|514]* + 4 (2|5/4]2 (2|6]4] + 6 (2|5]4]% (2|6]4]% + ...
dependent 4
part of cut = [<2|5|4] + (2|6\4]]

General structure of cuts (A +B+C+... )N, N =4

“single R index contribution” 1 = talk by Roiban



Supersum Example

4+ [ 45 Sl o 1= e -~

/I_—\ 1
(d)

single R.'mfl,ex Iy - I3 [lals] + [La|lilo|ls] + [Lalloly|ls] + [Lallils|ls) + [Lallsli]ls]) = s[lals]
contribution

1 1 1

cut = s [ly I5]*
(34) (413) (I3 l2) (l2l1) (11 3) [Lls] [ls la] [La l2] [l Is] (I3 1] [2 4] [I1 La] [La I5] 15 2]

54 = 625 contributions from individual states re-summed
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Automate Supersums

«  After the supersum structure is understood, automating Bern, Carrasco,

calculations is straightforward Ita, H, Roiban

«  Exploit similarity of N=4 SYM and pure Yang Mills (QCD)
4+ g = talk by Roiban

QCD: A B ac'an oA e s g

N=4 SYM: [A+B+(J+D+E+F+G+H]4

Algorithm = Find the (few) QCD contributions
and map to N=4 SYM

S E2 25
A <l4 l5) [l4 l5] [lz l7] [ll l3] : B= <l4 l5> [l4 l5] [l7 ll] [lz l3] . C = (l4 le) [l4 l7] [lz la] [ll l3] ,
D = (lsls) [lal7] [le 1] [ll3] , E = (lsle) [lsl7] [lals] [l11l3) , F = {l5l) [ls17] [lel1] [l213] ,
G = (lyle) lol1][lIal4] [l 1) , H = (l5le) [I211] [I315] [lg 7] -

[A+B+C+D+E+F+G+H]4= s [l 12) [l7l9.]]4

84 = 4096 contributions from individual states re-summed
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UV properties
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UV properties

® N=4 SYM UV properties are interesting due to recent studies of

potential counterterms  Bossard, Howe, Stelle, 0901.4661
=talk by Howe

® Planar amplitudes have established divergences in critical
dimensions:
DC — 8 L = 1

D.=4+6/L L=234

® We wish to determine the full color dependence of the UV
divergences

® In gauge group SU(N_), using color structures:

Tr(T%T% TS ™)
Tr(T%T%) = §%%

Tr k1
Tl’z'j
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1,2-Loop Amplitudes

2 3 3 4 4 )
Green, Schwarz,
1-loop: K + — Brink (1982)
1 4 1 2 1 3
2 3 3 Bern, Dixon,
Dunbar, Perelstein
2-loop: K| s + § 1= 2| + perms | and Rozowsky
1
1/ 4 4 (1998)
s = (k,+ k,)?

Hp . . — tree
Helicity containing prefactor: K = stAy

Color factors: dress each diagram with @<= Tr(T¢[T"?,T¢])
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1,2-Loop UV Divergences

1 loop: D.=8-2¢

g* K

1
AE]_ )(1727374)|p0|e — _W

[Nc (Tri304 4+ Trigo3+ Trios3

+ Trizao + Trio3a + Triasz)
+6(Tri2Trag+ Trig Troz + Triz Trag)]

Counterterms ~ Tr F4 Tr F2 Tr F?

2 loops: D, =17 - 2¢
K
20 (47) 7 ¢

Af)(l,273,4)\pone = {(NCQ +20) (512 (Tr1324 + Tr1423)

+ 523 (Tri043 4 Tr1342) + 513 (Tri034 + Tri1432))
— 20Ne(s12 Trip Tr3a + 523 Tr14 Troz + 513 Tr3 Tr24)]

Counterterms ~ 02 TrF* 52 | _I_I’Fz]2

As expected, both single and double trace terms appears



The 3-loop amplitude

2 3 / \
82, sgz N > [C(a) I® 4 c®®) 4 1o@ @
N
L W D s > "+ L@@ 4 oc@ @ 4 9c® 1O
/ AN
SN = X +4COI® 4+ LOW B 4 200 0]
1 (c) 4 7 (d)
2 s 3 2\ 5 3 N
812846 812846 812846 Finil'e in D - 6 |
: é(e) . : ?(f) ! : ?(g> k
2 3
8Y Y9 . .
812(7’26 + T36) + 823(7‘15 + 1'25) + 812823 ? TS Dlvergent |n D —_— 6 |
74 410
(h) 4 A
2 3
7 A Bern, Carrasco, Dixon,
) . A6 HJ, Kosower, Roiban,
812845 — 823846 — 5(‘912 — 823)l7 > Bern, Carrasco, Dixon,
/ HJ, Roiban
8ij = (kz + kj)2 7 1) 4 S

Tij = 2ki . lj
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3-Loop UV Divergence

Bern, Carrasco, Dixon,
HJ, Roiban [to appear]

3 loops: D.=6-2¢

98

K
A (1,2,3,8) 00 = _W(NE +36¢(3) Ne) [s12 (Trisos + Tri423)

+ 523 (Tri243 + Tr1342) + 513 (Triz3s + Tr1432))

Counterterms ~ 82 TFF4 P ]2

Remakably the double-trace contributions are finite in D=6
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4-loop UV vacuum integrals

(before cancellations between different topologies)

PR

Vi \
doubled
propagator

m 18y

V11

e

In the assembled
amplitude only
3 integrals
contribute

~.

-O®E
O
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UV integral evaluation

* Vacuum integrals factorize into product of 1-loop integral with UV
pole and a finite 3-loop propagator (2pt) integral

* Finite 3-loop integrals reduce to master integrals using integration by
parts (IBP), a la MINCER. Chetyrkin, Tkachov (1981)

* Most nontrivial integral is nonplanar master integral, for which we
only have numerical results (obtained using Gegenbauer polynomial x-
space technique) Chetyrkin, Tkachov (1981); Bekavac, hep-ph/0505174

1 [512 . 2048 ., .
@ : (-l?r)lle[ 5L @) — g D)) + O1)
, 1 4352 339 ,
(B vo- s |-+ S| + o

Vi L Y 1.428452926283(3)
Am121T(3) ¢ 8 SeTEreTeTeee

Evaluated in critical dimension D, =4 + 6/4 = 11/2 30



4-Loop UV Divergence

Combining UV poles of integrals with color factors
A(1,2,3,D)pore = —6g10KNZ[NZVL+12 (V1 + 2V + V)|
x |s12 (Tr1324 + Tr1423) + 523 (Trioas + Tri3s2)
+ 513 (Tri234 + TF1432)}

Counterterms ~ 82 Tr F4 Bern, Carrasco, Dixon,

HJ, Roiban [to appear]

 Again the double-trace contributions are finite in D_=11/2
+ Also (N.)term is finite

 Absence of double-trace and (IV,)° terms at 3 and 4 loops
calls out for explanation.

« Related to better UV behavior of colorless theories?

= talk by Vanhove
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Conclusions

Full color 4-point 4-loop amplitude has been
computed in V=4 super-Yang-Mills theory

Tools: rung rule, box cut, twist rules, maximal cuts,
and generalized cuts with full susy multiplet

“Index diagrams” introduced to clarify supersum
structure in cuts, paving the way for automated
calculations

L =4 UV divergence have been extracted, and
compared with results for .= 1,23

Double-trace and (NV.)" terms drop out after /. =2

Future studies of the IR information is possible ... once
technology is developed for doing non-planar 4-point
integrals%even numerically) in D=4 2: at L =34
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