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Scattering amplitudes in N’ = 4 super Yang-Mills theory

[J Extended spectrum of asymptotic on-shell states

2 gluons with helicity =+ 1, 6 scalars with helicity 0, 8 gaugino with helicity =+ 5

all in the adjoint of the SU(IN.) gauge group

L] On-shell matrix elements of S —matrix:

= Nontrivial functions of Mandelstam variables
si...; and 't Hooft coupling a = g%, ; Nc

= Are independent on gauge choice

= Probe (hidden) symmetries of gauge theory

Three questions in this talk:

U Do tree amplitudes in ' = 4 SYM have hidden symmetries?

[ How powerful are these symmetries to completely determine the scattering amplitudes?

[ What happens to these symmetries at loop level?
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Color-ordered planar MHV, NMHYV,... amplitudes

Ll Color-ordered planar partial amplitudes:

Ap = tr [T0T2 . T ] AlLR20 o0 (py o L py) + [BOse symmetry]

0 Quantum numbers: light-like momenta (p? = 0), helicity (h; = 0, i%, +1), color (a;)

[ Amplitudes suffer from IR divergences — require regularization (dim.reg. with D = 4 — 2¢)

LI The amplitudes are classified according to their total helicity
htot =h1+...+hn={n,n—-—2n—-4,...,—(n—2),—n}
U htot = £n,+(n — 2): — amplitudes vanish to all loops due to supersymmetry
0 htot = n — 4: —  MHV amplitudes A==+, A=+t T
AMBY = ARV (g h) MMV ({45} )
All-loop corrections are described by a single scalar function! [Parke, Taylor]

U htot = n — 4 — 2p: — NPMHV amplitudes A==~ T+, A=—+T—-+

ANPMHV. — mych more complicated structure compared with MHV amplitudes

Use supersymmetry to combine amplitudes into superamplitudes
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[]

[]

From MHV amplitudes to MHV superamplitude in A’ =4 SYM

On-shell helicity states in ' = 4 SYM:
G* (gluons h = 1), T4, I'4 (gluinos h = £1),

Can be combined into a single on-shell superstate

Sap (scalars h = 0)

[Mandelstam],[Brink et el]

1
®(p,n) = G (p) + n*Ta(p) + 5?7AnBSAB(p)

+ %nAanCGABCDFD(p) + %HA??BHCHDGABCDG_(F)
Combine all MHV amplitudes into a single MHV superamplitude [Nair]
AN = () () x A (G G5 6F .. GF)
+ () (n2)?(ns)? x A (Gy 8285...G ) + ...
Spinor helicity formalism: [Xu,Zhang,Chang'87]

p;=0 &  pf=pf(ou)

Superamplitudes are functions of {\;, \;, n; }

An (D1, P2, ..., Pn) = An( A1, A1, 115 .

AFAS = [l

.An,Xn,nn)
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Tree MHV superamplitude

All MHV amplitudes are combined into a single superamplitude (spinor notations (ij) = A& Ajq)

AMHV _ 7;5(4) (2?21 pi) §(®) (2?21 A?”?)
" (12)(23) ... (nl)

On-shell N’ = 4 supersymmetry: [Nai]

_ ~ 15 )
Q£ = ZAi,a"?fa dA & — Z)\i7d&7—A — qé_A%HV — quA%}L/[HV —0
g i

i
(Super)conformal invariance [Witten]

82 MHV
bos =2 raozg 7 HeaATT =0
7 (] (]

Much less trivial to verify for NMHV amplitudes

In fact, (super)conformal symmetry is almost exact (due to holomorphic anomaly)

ANV Ay (mS\iH - ”7i+15\i>5(2)(>\z‘> Xir1) AptyY
i

EAIT\L/IHV IS localized at collinear Configurations Di ||pi_|_1 [Bargheer,Beisert,Galleas,Loebbert,McLoughlin]
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Dual N/ = 4 superconformal symmetry |

[ The N = 4 superamplitudes possess a much bigger, dual superconformal symmetry

[Drummond, Henn, GK, Sokatchev]

0 Chiral dual superspace (zq4 , 02, A\a):

LI The MHV superamplitude in the dual superspace

289 (@1 —2ng1) 8B (01 — 0n11)

ANV = i(2m) (12)(23) ... (nl)

0 N = 4 supersymmetry in the dual superspace:

n 8 B n N 8 n 8
QAa:ZBQAaa QQA:;Q? Hpaa Pad:z Ol

i=1 1 =1

[ Dual supersymmetry
QAQAIT\L/IHV _ @OLAA%/IHV _ PMA%AHV —0
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Dual N = 4 superconformal symmetry Il

1] Super-Poincaré + inversion = conformal supersymmetry:

[ Inversions in the dual superspace
I = (2, )Y Ng,  I[094] = (@, H)P05
LI Neighbouring contractions are dual conformal covariant
I[(ii+1)] = (23) "M ii +1)
[ Impose cyclicity, x,+1 = x1, 0n,+1 = 61, through delta functions. Then, only in N/ = 4,

I[6W (21 — wny1)] = 27 6 (21 — zny1)

I[6® (61 — 0p11)] = 2, ° 6 (01 — Ony1)

LI The tree-level MHV superamplitude is covariant under dual conformal inversions

n

I [ATI\L/[HV] = (233 ...22) x APV

[ Dual superconformal covariance is a property of all tree-level superamplitudes
(M HV, NMHYV, NZMHV,...) in N =4 SYM theory [Drummond,Henn,GK,Sokatchev],[Brandhuber,Heslop, Travaglini]
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Symmetries at tree amplitudes

U The relationship between conventional and dual superconformal su(2,2|4) symmetries:

[Drummond,Henn,GK,Sokatchev]

p K

o
W)
|
D)

k P

0 The same symmetries appear at strong coupling from invariance of AdSs xS® sigma model
under bosonic [Kallosh,Tseytlin] + fermionic T—duality [Berkovits,Maldacena],[Beisert,Ricci, Tseytlin, Wolf]

[ (Infinite-dimensional) closure of two symmetries has Yangian structure [Drummond,Henn, Plefka]

[ All tree-level amplitudes are known [prummond,Henn] from the supersymmetric generalization of the
BCFW recursion relations [Brandhuber,Heslop, Travaglini],[Bianchi,Elvang,Freeman],[Arkani-Hamed,Cachazo,Kaplan]

Are tree level amplitudes completely determined by the symmetries?
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Invariants of both symmetries

L The ‘ratio’ of two tree superamplitudes
Ap, = AMBV R AMHV [R%HV + RNMHV ]

U The ratio R,,—functions are invariants of both conventional (g) and dual (G) symmetries:

g- RNPMHV _ g pNPMHV _

)

RNVMHV. — polynomial in 6's of degree 4p

General solution is unknown, classification of NPMHYV superinvariants remains to be done

0 MHV superinvariants (p = 0) are trivial: RMHV — const
L NMHV superinvariants (p = 1) are nontrivial: [Drummond,Henn,GK, Sokatchev]
s—1 s
r+1 t—1
Rywt(2,A,0) = — (s — 1) (t — 1)6™) ((r|zrszst|0er) + (r|TriTes|Osr))
i (r|TrsTst|t — 1) (r|xrsTst|t) (r|xrizes|s — 1) (r|Trizes|s) t
r r—1

Supersymmetric extenstion of three-mass box coefficients [Bern,Dixon,Kosower]
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How powerful are the symmetries?
General expression for the NMHYV ratio function dictated by the symmetries

g- RNMHV _ ¢ pNMHV _ — RNMHV Z crstRrst  (With ¢,-s¢ arbitrary!)

T,8,t

L The combined action of conventional and dual superconformal symmetries is not sufficient to fix
all the freedom in the tree-level amplitudes

LI Additional information needed comes from the analytic properties of tree amplitudes: [ck, sokatchev]
[ ‘Physical’ poles in multi-particle invariant masses (ps + ...+ pi—1)? = z2, =0
LI Free from spurious singularities
L Correct collinear factorization p;||pi+1

Analytical properties of R, s¢—invariants:

—1
Ryst ~ ( z2 X (r|zrsase|t — 1) (r|zrstst|t) (r|Triaes|s — 1><r|xrta:ts\s>>
N~ - ~~ o
physical pole spurious poles

Kinematical configuration corresponding to spurious pole at (r|x,szst|t) = O:

2 2 2 2 2 2 2 2 2 2 2 2
_xrtxr—i—l,sxt—i—l,s + xr—l—l,txrsxt—i—l,s T xr—i—l,t—i—lxrsxts + xr,t—l—lxr—l—l,sxts =0

Spurious poles should cancel inside RYMHV]
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Cancellation of spurious poles

[J Each invariant R, s¢ has four sets of spurious poles
(rlxrsest|t — 1) = (rlxrszst|t) = (r|erixes|s — 1) = (r|zrixzes|s) =0

[l *Master identity’: all spurious poles of R,s¢ cancel in the linear combination of invariants:
Rrst + (Rstr + Rtrs - Rs—l tr — Rt—l rs)

LI'n = 8 NMHV: general expression consistent with all symmetries

RyMMY30 = aR147 + BRi1as + YR1s7 + 0R1ss + cR16s + cyclic

Cancellation of spurious poles leads to
a—pFB=a+yvy—0=2aa—vy=0—€c=04+7v—06=0+7—e=0
This system is overdetermined but it has a unique solution
68 =a, v = 2a, 0 =€ =3
[J The same relations (with o = %) ensure the correct behavior in the collinear limit p; ||p;+1

Ro(ooviyit 1, ) W R 0,

Tree amplitudes are uniquely fixed by symmetries + analytici ty condition [GK,Sokatchev]
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Do symmetries survive loop corrections?

LI Loop corrections to the amplitudes necessarily induce infrared divergences
I The scattering amplitudes are well-defined in D = 4 — 2¢;r dimensions only

[ All-loop planar (super)amplitudes can be split into a IR divergent and a finite part

ARII0P) _ Biv(1 /err) [Fin + O(em)]

L'IR divergences (poles in €;r) exponentiate (in any gauge theory!) [Mueller],[Sen] [Collins],[Sterman]....

Div(1 1, (1, G\ & e
IV( /GIR) — exp _5 ;a’ (ZGIR)2 + lem ;(_Sz,z-l-l)

L' IR divergences are in the one-to-one correspondence with UV divergences of Wilson loops
[Ilvanov,GK,Radyushkin]

l . . .
Peusp(a) =D all“gu)sp = cusp anomalous dimension of Wilson loops

l : . .
G(a) =), angu)sp = collinear anomalous dimension

IR divergences preserve Poincaré supersymmetry but break conformal + dual conformal
symmetry

IR divergences come from small momenta (=large distances) and, therefore, the
conformal anomaly is not ‘localized’ (= difficult to control)
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Anomalous symmetries at loop level

0 Some symmetries (p, q, g, P, Q, S, ...) survive loop corrections while other (s, 5, k, K, S, Q, ...)
are broken

p K

e
vy
|
&
O

k P

[ But the anomalies are not independent: [K,Q] =S, [s,8] = k

[ Three independent anomalies are

_ 0” ad _ af Ba 0 Ba aB 0
SOLA_Z:W’ an a)\a7 K _Z[ i i P BB+ () 91 696B+ }

LI Dual conformal K —anomaly is universal for all superamplitudes (MHV, NMHV,...)

[l K—anomaly can be determined to all loops from Wilson loop/MHV amplitude duality, whereas
the s— and Q—anomalies are hard to control
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MHV scattering amplitudes/Wilson loop duality

p3 b2

p1 —

Pn—1 DPn

MHYV amplitudes are dual to light-like Wilson loops

In AV~ InW(C,) + O(1/N?),  C, = light-like n—(poly)gon

L] At strong coupling, agrees with the BDS ansatz [Alday,Maldacena]

LI At weak coupling, the duality was verified against BDS ansatz to two loops for n > 4

[Drummond,Henn,GK,Sokatchev], [Anastasiou,Brandhuber,Heslop,Khoze,Spence, Travaglini]

Wilson loops match the BDS ansatz for n = 4,5 but not for n > 6

[ Scattering amplitude/Wilson loop duality also holds in QCD but in the Regge limit only [GK]
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Dual conformal K—anomaly

Dual conformal symmetry of the amplitudes <«  Conformal symmetry of Wilson loops

Dual conformal anomaly <« Conformal anomaly of Wilson loops

) How could Wilson loops have conformal anomaly in N’ = 4 SYM?

LI Were the Wilson loop well-defined (=finite) in D = 4 dimensions it would be conformal
invariant

W (Cn)=W(C7)
U ... but W(C4,) has cusp UV singularities — dim.reg. breaks conformal invariance
W(Cy,) = W(C)) x [cusp anomaly]

[ All-loop anomalous conformal Ward identities for the finite part of the Wilson loop

InW(Cy,) = (WL) + [UV divergencies] 4 O(e)

Under special conformal transformations (boosts), to all orders, [Drummond,Henn,GK, Sokatchev]

n

72
1
KH F,, = Z [2335(33@ . 835%) —96,%351] F, = 2 CuSp a)ZQZZ 1+1 ln( - _— )

=1 z—l ;141
The same relations also hold at strong coupling [Alday,Maldacena] [Komargodski]
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Dual conformal anomaly at work

Consequences of the conformal Ward identity for the finite part of the Wilson loop W, :

0 n = 4,5 are special: there are no conformal invariants (too few distances due to z?2 Tir1=0)

—> the Ward identity has a unique all-loop solution (up to an additive constant)

2

1
4 24

2
T4 )
——Fcusp a)Zl ( ”+2) (;H—“L?’) + const

Li,i+3 Lit2 i+4a

Fs

Exactly the BDS ansatz for the 4- and 5-point MHV amplitudes!

2 2
X
Starting from n = 6 there are conformal invariants in the form of cross-ratios w; 5, = Zit%ik

xzkxgl

General solution to the Ward identity contains an arbitrary function of the conformal cross-ratios.

Crucial test - go to six points at two loops where the answer is not determined by conformal
Symmetry [Drummond,Henn,GK,Sokatchev] [Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]

F6(WL) _ F6(MHV) ”: FG(BDS)

The Wilson loop/MHV amplitude duality holds at n = 6 to two loops!
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Dual conformal symmetry beyond MHV

One-loop NMHYV superamplitudes

LI n—gluon one-loop NMHV amplitudes are known [Bern, Dixon,Kosower]

LI New result for one-loop NMHV superamplitude: [Henn,Drummond,GK, Sokatchev]
ARMEVIT — AV [RYMIY (2,0, 67) + O(0)]

IR divergences break symmetries of NMHV and MHV but they cancel inside the ‘ratio function’

One-loop NMHYV ‘ratio function’ = sum of tree-level dual superconformal invariants:
NMHV __
RyMY =% Rpgr(A, A, 0) Vpgr (23;)
p,q,7"

[ Helicity structure is invariant under both (conventional and dual) superconformal symmetries

Ll Loop corrections are described by scalar functions

Vogr =14+ a VW {upgr}) + 0(a?),  upgr = dual conformal cross-ratios

they are dual conformal invariants made of IR finite combinations of 1-loop scalar box
integrals [Henn,Drummond,GK,Sokatchev],[Brandhuber,Heslop, Travaglini],[Elvang, Freedman,Kiermaier]

0 RNMHV s free from spurious singularities and has correct collinear limit

The ratio function is dual conformal invariant but it is not superconformal invariant, why ?
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Dual supersymmetry Q—anomaly

0 Main idea: Instead of Q.A,, let us compute its discontinuity Discs (QAn) = Q(Discs.Ay)
DiSC3123A16\S/IHv;1 — AMHv;O(_‘ela 17 27 37 _EQ) * AMHv;O(‘€27 47 57 67 61) ’
Two tree amplitudes are integrated over the phase space of on-shell states ¢; and /-

oDiscs gy Ag Y = 6o AMIVIO (01 1,23, —£y) % AMHIVIO(45,4,5,6, 1)
+ AMIVIO(_py 12,3, —05) % 65 AMTVi0(£9,4,5,6, 1)

0 If tree supeamplitudes were exactly invariant, 5. AMHV:0 = 0, then 5@Disc8123A24HV31 = 0.
But they are not due to holomorphic anomaly! [Cachazo,Svrcek,Witten],[Bena,Bern,Kosower,Roiban]

0 @Q—anomaly of one-loop NMHV ratio function

Q4 (Disc,2 RGMHYV) ~ (1 [23] + m2[31] + m3[12])* Ris

<5\1d[6|x63|3) A3 [4]a1]1)
37%4 61][12] x%zl 23][34]

>+(z'_>z'+3);é0

Holomorphic anomaly is responsible for the breakdown of Q = 5 symmetry of the ratio function
(but not of the dual conformal symmetry!) [GK,Sokatchev]
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Analyticity constraints at loop level

All-loop superamplitude A,, should be free from spurious poles + have correct collinear behaviour:

LI Spurious pole cancellation operates ‘horizontally’, i.e. it establishes a property of the n—particle
amplitude, without reference to other amplitudes

[J Collinear factorization operates ‘vertically’, i.e. it recursively relates the n—particle amplitude to
the amplitudes with fewer particles

[J Example: One loop correction to NMHV,,—~ ratio function:

. 1 :
RGNMHV’l = §R146V146 (u1,u2,us) + (cyclic)

3 2
1 ) T
Visae = —Inwui Inug + — Z Inug Inugyq + Lio(1 —ug)] — —,
2 6
k=1
with «; dual conformal cross-ratios, e.g. u1 = z%:x3,/(x3,255)
L Spurious pole: u; = 1, ug, uz = arbitrary
Vige (1, u2,u3) — Vige(uz, 1,u2) =0
O Collinear limit: w1 — 0, ug — 1 — us9

V146(0,U,2, 1— UQ) + V146(0, 1 — u2,u2) =0

The two approaches are equivalent at tree level but lead to different constraints at loop level!

Hidden Structures in Field Theory Amplitudes, 13 August 2009 - p. 19/25




Symmetry of all-loop superamplitudes

DHKS proposal for all-loop superamplitude in N/ = 4 SYM:

A (5, A, 01) = AMHV L gNMHEV | yNEMHV 4 g MEAV

[l At tree level, A,, is fixed by conventional and dual symmetries + analyticity conditions

LI At loop level, both symmetries become anomalous due to IR divergences + holomorphic
anomaly

0 The dual superconformal symmetry is restored in the ratio of superamplitudes A,, and AMHV

An (2, \i, 0) = AMHV o [Rn(a:i,Ai,H,f‘) n 0(6)]

7

The ratio function
Rp =14+ RNMHV | pN°MHV |

is IR finite and, most importantly, it is dual conformal invariant [Drummond,Henn,GK, Sokatchev]
KadRq(laH loops) —0

The conjecture was recently proven to one loop [Brandhuber, Heslop, Travaglini]

... but all-loop proof is still missing
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Superamplitudes in twistor space

Twistor (half-Fourier) transform (X, X, n) — (X, u, ¢) in split signature (+ + ——) [Witten'03]

2
TIAL ({1, 9}) = /H (C; A)2 ni et Xil+vaani) 4 (I X n}),

I The twistor transform of the MHV superamplitude

AMHV _ ¢ 27r)45(4)( i) 5(8)( \in;)
17 i+ 1) Z1: 21:

o [17 6@ (i + AiX) 6@ (; + (1))
T AV =i /d4Xd8@ T2 (= T nl)

Is localized on the line in the twistor space
tic + A5 Xaa =0, Yia+(10a) =
L All superamplitudes are conjectured to be supported on holomorphic curves of higher degree:
connected/disconnected prescriptions [Nair],[Witten],[Roiban,Spradlin,Volovich],[Bern,Del Duca,Dixon,Kosower],...
O Slmple form of BCFW recurrence relations [Mason,Skinner],[Arkani-Hamed et al]

I Simple action of conformal group: the line parameters X and © are transformed as the
coordinates of configuration superspace [GK,Sokatchev]

Hidden Structures in Field Theory Amplitudes, 13 August 2009 - p. 21/25




Twistor transform of NMHV superamplitude |

Half-Fourier transform of the NMHV amplitude

NMHV MHV
An — 5 Anab ’ Anab — An Rnab .
3<a+1<b<n—1

seems to be an impossible task, because of the very non-trivial dependence of R's on \

(a—1a)(b—1b) 6 (3¢ Hnlzupr, i) + 37 (nlznaz,,) [i)m:)

x3b<n\xnbx;a1|a — 1><n|xnbxb_a1 la) (n\xna:v;blw — 1)(n\xna:v;b1 D)

nab —

Y

U First, we define the spinors (pg| + (p| + (c| =0
(pol = (n|, (ol = (nlzwpz,, (o] = (nfonaz,,

L} Second, use the Faddeev-Popov approach to introduce them into R’s via delta function integrals

Ri(nlena,)) = [ &0 B(p) 5@ ({6l = (nloaa;,)

52, [ dpd?p R(p) exp (=i (plovalf + (nlzslf])} -

0 Incomplete cancellation |22, | /22, = sgn(z2,) leads to breakdown of conformal symmetry of
tree NMHV amplitude [Mason,Skinner],[Arkani-Hamed et al.]
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Twistor transform of NMHV superamplitude Il

Twistor transform of the partial NMHV amplitude A,, . [GK,Sokatchev]

T [Apap] = i/d4X/d2p d?p ?—”“b x [Fermionic counterpart]

nab

LI Integrand = product of three MHV-like lines in twistor space

(Mnas _ T80 + (1X0) | TT5716) G+ G1X2)  TT 8 (s + (1)
Anab (12) ... {(a — 1 p) (pa)...(b—10) (o b)...(nl)

1 Line moduli: X1 =X —pop, Xo=X+o0p, X3 =X
[ Three vectors X2, Xo3 and X3; are lightlike — three lines intersect pairwise

X12 =pp, Xo3 = 0op, X31 = pop, X12 + Xo3 + X31 =0

Transforming a single MHV line into three NMHV lines

g % Xjﬂ
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Geometric interpretation of dual superconformal invariants

NMHYV superinvariant = Three intersecting lines = (Coplanar) lightlike triangle in moduli space
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Conclusions and open questions

[ Tree amplitudes in N' = 4 SYM respect conventional and dual superconformal symmetries but
their combined action is not sufficient to fix the amplitudes. The additional information needed
comes from analyticity properties of the amplitudes.

LI At loop level, both symmetries are broken by IR divergences + holomorphic anomaly. The dual
conformal anomaly is well understood but how to control the remaining anomalies?

We need the dual model for N' = 4 superamplitude:

Dual model for the MHV amplitude = light-like Wilson loop

Dual model for the MHV+NMHV+ ... + MHV amplitude = ???
(QQ—anomaly indicates that the dual model does not respect Poincaré supersymmetry.

How could it be?

[J Weak/strong coupling paradox:

At weak coupling, the Q—anomaly is present to all loops QR,, = afi + a®f> + ... butitis not
seen at strong coupling !?

ANPMEV.  exp (—v/@Smin) [1+0(1/va)] =  RY'MHV (14 0(1/Va)

What is the meaning of holomorphic anomaly in string theory?
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