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Planar N = 4 SYM

N copies of N = 4 supermultiplets (3 scalars, 4 fermions, 1 gauge boson)

Quantum conformal

String theory dual

Planar limit: N →∞ with g = gYM

√
N

4π fixed

Integrable: map to discrete spin chain model!

spaceholder
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What to calculate in a SCFT?

Dilatation

x → c x ⇒ O(x)→ c∆O(c x)

, ∆ = ∆(0) + g 2∆(1) + g 4∆(2) + · · ·

”CFT data”

2-point functions

〈Oi (x1)Oj(x2)〉 ' δij
|x1 − x2|2∆i

3-point functions

〈Oi (x1)Oj(x2)Ok(x3)〉 =
Cijk

|x1 − x2|∆j+∆k−∆i |x1 − x3|∆i+∆k−∆j |x2 − x3|∆i+∆j−∆k

Which operators?

Single traces of fundamental fields

Tr(XY∇+ZλA . . .)

Forms subsectors, e.g. sl(2)

Tr(Z∇S
+Z

L−1 + . . .)
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Integrability

∆(1) ↔ Energy of XXX spin chain [Minahan, Zarembo ’02]

All-loop integrability [Beisert, Kristjansen, Staudacher ’03]

05 07 09 11 13 15
YEAR

# of loops

2

4
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Spectral curve for 1-d harmonic oscillator (V = 1
2mω2x2)

(
−

~2

2m

d2

dx2
+ V

)
ψ = Eψ

→ p2 − i~p′ = 2m(E − V ), p(x) ≡
~
i

ψ′

ψ

Classical spectral curve:

E � ~ → p '
√

2m(E − V )

p̃ = −p

p

-p

.
. .
.

Quantum spectral curve:

p has N simple poles at zeros of ψ with residues ~
i

p(x →∞) ∼ imωx +O
(

1
x

) px

+

p = imωx +
~
i

N∑
i=1

1

x − xi
→ E = ~ω

(
N +

1

2

)
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Quantum Spectral Curve for planar N = 4 SYM

[Gromov, Kazakov, Leurent, Volin, ’13+’14]

u P1
P2
P3

P4

.
. .
.

P1
P2

P3

P4

= -m24 +m23 -m21

.
. .

.
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Quantum Spectral Curve for N = 4 SYM

Pi (u) and µij(u) (i=1,2,3,4) with
√

branch points at ±2g and ±2g + iZ

µij − µ̃ij = P̃iPj − P̃jPi

P̃i = (µχ) j
i Pj

µ̃ij(u) = µij(u + i)

skip
Asymptotics at u →∞:

P1 ' A1u
− L+2

2 , P2 ' A2u
− L

2 , P3 ' A3u
L−2

2 , P4 ' A4u
L
2

where

A1A4 =
[(L + S − 2)2 −∆2][(L− S)2 −∆2]

16iL(L− 1)
, A2A3 =

[(L− S + 2)2 −∆2][(L + S)2 −∆2]

16iL(L + 1)
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Quantum Spectral Curve at weak coupling

Tr(Z∇2
+Z) (L = 2, S = 2)

P1 =? P̃1 =? µ1 =? ∆ = 4+?

P2 =? P̃2 =? µ2 =?
P3 =? µ3 =?
P4 =? µ4 =?

µ5 =?
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P1 =? P̃1 =? µ1 =? ∆ = 4+?

P2 =? P̃2 =? µ2 =?
P3 =? µ3 =?
P4 =? µ4 =?

µ5 =?

STEP 1:

∆ = L + S +O(g 2)

⇒ A1A4 = O(g 2) A2A3 = −i S L + S − 1

L− 1
+O(g 2)

choose A1 = g 2 , A2 = 1
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Quantum Spectral Curve at weak coupling
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P1 = 0 P̃1 =? µ1 =? ∆ = 4+?

P2 = 1
u

P̃2 =? µ2 =?
P3 =? µ3 =?
P4 =? µ4 =?

µ5 =?

STEP 2:

µ1
[2] = (1− P2 P3)µ1 + P2

2 µ2 f [n](u) ≡ f (u +
in

2
)

µ2
[2] = −P2

3 µ1 + (1 + P2 P3)µ2

⇒ 1

P2
2

µ1 −

P3

P2
− P[2]

3

P[2]
2

+
1

P2
2

+
1(

P[2]
2

)2

µ1
[2] +

1(
P[2]

2

)2 µ1
[4] = 0
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Quantum Spectral Curve at weak coupling
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+ u
2

+ iu2

2
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2

− P4

P2

)

Christian Marboe (TCD) pQFT from Integrability Nordic Winter School 9 / 12



Quantum Spectral Curve at weak coupling
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Quantum Spectral Curve at weak coupling
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1

P2
2

µ4 −

P3

P2
− P[2]

3

P[2]
2

+
1

P2
2

+
1(

P[2]
2

)2

µ4
[2] +

1(
P[2]

2

)2 µ4
[4]

=
P̃2P4

P2
2

− P̃[2]
2 P[2]

4(
P[2]

2

)2 +

(
P[2]

4

P[2]
2

− P4

P2

)
µ

[2]
3

Construct solution using

Ψ(f ) ≡
∞∑
n=0

f [2n] , s.t. Ψ(f − f [2]) = f
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Quantum Spectral Curve at weak coupling
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HIGHER LOOPS:

Ψ(1 + 2u + 6u2) = u + (3 + i)u2 + 2iu3

Ψ

(
1

ua

)
=
∞∑
n=0

1

(u + in)a
≡ ηa

Ψ(η5) = −iη4 + (1 + iu)η5

η5 =
1

u5
− iζ5 + 5ζ6u + 15iζ7u

2 + . . . ζa ≡
∞∑
n=1

1

na
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Quantum Spectral Curve at weak coupling

∆ = 4 + 12g2

− 48g4 + 336g6 + g8(− 2496 + 576 ζ3 − 1440 ζ5
)

+ g10(15168 + 6912 ζ3 − 5184 ζ2
3

−8640 ζ5 + 30240 ζ7
)

+ g12(− 7680− 262656 ζ3 − 20736 ζ2
3 + 112320 ζ5 + 155520 ζ3 ζ5 + 75600 ζ7

−489888 ζ9
)

+ g14(− 2135040 + 5230080 ζ3 − 421632 ζ2
3 + 124416 ζ3

3 − 229248 ζ5 + 411264 ζ3 ζ5

−993600 ζ2
5 − 1254960 ζ7 − 1935360 ζ3 ζ7 − 835488 ζ9 + 7318080 ζ11

)
+ g16

(
54408192− 83496960 ζ3

+7934976 ζ2
3 + 1990656 ζ3

3 − 19678464 ζ5 − 4354560 ζ3 ζ5 − 3255552 ζ2
3 ζ5 + 2384640 ζ2

5 + 21868704 ζ7

−6229440 ζ3 ζ7 + 22256640 ζ5 ζ7 + 9327744 ζ9 + 23224320 ζ3 ζ9 +
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Quantum Spectral Curve at weak coupling

∆ = . . .

+g20
(

16445313024− 13069615104 ζ3 − 1509027840 ζ2
3 + 578949120 ζ3

3 − 14929920 ζ4
3 − 11247547392 ζ5

+1213581312 ζ3 ζ5 + 1234206720 ζ2
3 ζ5 − 70170624 ζ3

3 ζ5 − 1390279680 ζ2
5 − 654842880 ζ3 ζ

2
5 +

6966252288
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ζ

3
5

+377212032 ζ7 − 1610841600 ζ3 ζ7 + 154680192 ζ2
3 ζ7 + 222341760 ζ5 ζ7 + 133788672 ζ3 ζ5 ζ7 + 868662144 ζ2

7

+4915257984 ζ9 − 332646912 ζ3 ζ9 − 91072512 ζ2
3 ζ9 + 1099699200 ζ5 ζ9 + 2275620480 ζ7 ζ9 +

9793211904

5
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−2334572928 ζ3 ζ11 + 2713772160 ζ5 ζ11 −
787483944

175
ζ13 + 3372969600 ζ3 ζ13 −

4308536566944

875
ζ15

−21661960320 ζ17 +
752219136

5
Z

(2)
11 −

5070791808

175
Z

(2)
13 −

7159104

7
Z

(3)
13 +

2716063488

175
Z

(2)
15 −

17895168

25
Z

(3)
15

+11943936 ζ3 Z
(2)
11

)
+ O(g22)

where e.g.

Z
(3)
13 = −ζ3,7,3 + ζ3 ζ3,7 + 12 ζ5 ζ3,5 + 6 ζ5 ζ8 ζa,b,c =

∞∑
1≤n1<n2<n3

1

na
1n

b
2n

c
3

[Broadhurst, Kreimer ’95]
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Outlook

Future directions

Other sectors, twists

AdS4/CFT3 and AdS3/CFT2

Direct derivation of Quantum Spectral Curve
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