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© Planar /' = 4 SYM and the spectral problem
© Harmonic oscillator
© Quantum Spectral Curve for planar N = 4 SYM

@ Weak coupling
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Planar N = 4

@ N copies of N' = 4 supermultiplets (3 scalars, 4 fermions, 1 gauge boson)
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Planar N = 4

N copies of N' = 4 supermultiplets (3 scalars, 4 fermions, 1 gauge boson)

@ Quantum conformal

String theory dual

@ Planar limit: N — oo with g = %W fixed

N
Y

Integrable: map to discrete spin chain model!

et I
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What to calculate in a SCFT?

Dilatation

x—=cx = O0(x)—=c®0(cx)
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What to calculate in a SCFT?

Dilatation

x—cx = 0O(x)—=c0(cx), A=A04g2A0 L gA? ...

"CFT data”

@ 2-point functions

Oi
(0ix)0j0e)) = =
@ 3-point functions

Cijk
LV NI Va2 YR

<OI(X1)OJ(X2)OI<(X3)> = |X1 ~ % X — x| BB~ Bk
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What to calculate in a SCFT?

Dilatation

x—cx = 0O(x)—=c0(cx), A=A04g2A0 L gA? ...

"CFT data”

@ 2-point functions

Oi
(0i(x1) Oj(x2)) ~ [Py
@ 3-point functions
C//k
[x1 — x| MTRRTRIxg — xg| AT RI xp — X3

(0i(x1) Oj(x2) Ok (x3)) =

N D —D

Which operators?
@ Single traces of fundamental fields
Tr(XYViZMA...)
@ Forms subsectors, e.g. sl(2)

T(ZViZ 4.0
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Integrability

o A(l) <~ Energy of XXX spin chain [Minahan, Zarembo '02]
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Integrability

o A(l) <~ Energy of XXX spin chain [Minahan, Zarembo '02]

o A”—lOOp integra blllty [Beisert, Kristjansen, Staudacher '03]

# of loops

10 S

LTT Q

05 07 09 11 13 15
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22)

Spectral curve for 1-d harmonic oscillator (V = 2muw?x
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22)

Spectral curve for 1-d harmonic oscillator (V = 2muw?x

h2 d2 y 7ﬁ’(/)/
(f%@JrV)I[J:Ew —  p?—ihp' =2m(E - V), p(X):7E
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Spectral curve for 1-d harmonic oscillator (V = mw?x?)
(JizdiJrv)qp—Ew —  p?>—ihp' =2m(E - V) ():Elﬂ
2m dx2 - pr— b= am » PI=T
Classical spectral curve:
E>h — px~y2m(E-V) — P
b=-p -p
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Spectral curve for 1-d harmonic oscillator (V = mw?x?)
(JizdiJrv)qp—Ew —  p?>—ihp' =2m(E - V) ():Elﬂ
2m dx2 - pr— b= am » PI=T

Classical spectral curve:

E>h — px~y2m(E-V) — P

b=-p -p

Quantum spectral curve:

p has N simple poles at zeros of v with residues '—/‘ X P

p(x — 00) ~ imwx + O (%)
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Spectral curve for harmonic oscillator (V = Zmw?x

2

)

o _hy
(f%@JrV)I[J:Ew —  p?—ihp' =2m(E - V), MX)Z?E
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Quantum Spectral Curve for planar N' = 4 SYM

[Gromov, Kazakov, Leurent, Volin, '13+'14]
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Quantum Spectral Curve for planar N' = 4 SYM

[Gromov, Kazakov, Leurent, Volin, '13+'14]
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Quantum Spectral Curve for N = 4 SYM

Pi(u) and pj(u) (i=1,2,3,4) with |/~ branch points at £2g and +2g + iZ

- pi—fiy = PiP;—PP;
/ . .
age—rterg ¥ Pi = (ux)/P;
R ) .
— Fale) = mylu+i)
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Quantum Spectral Curve for N = 4 SYM

Pi(u) and p;(u) (i=1,2,3,4) with |/~ branch points at £2g and +2g + iZ

pij — fi = PiP;j—PjP,
f - ]
2tz % Pi = (ux)/P,
et
—Y o .
figle) = pyu+ )
Asymptotics at u — co:
_Lg2 _L L=2 L
P~ Aju 2 s P> ~ Ayu 2, P3 ~ Asu 2 s Py ~ Aju?2
where
[(L+5 —2)2 = A2(L = 5)* = 22 [(L=5+2)° = 22)[(L +5)* = &7
A1Aq = - s AoAs = -
16iL(L —1) 16iL(L 4+ 1)
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Quantum Spectral Curve at weak coupling

@ Tr(zViz) (L=2,5=2)
P, =7 Pp=? =7 A=447

P,=? Py=?  p=?

P3 =7 M3 =7
P4 Z? Ha :7
ps =7
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Quantum Spectral Curve at weak coupling

@ Tr(Zv2Zz) (L=2,5=2)

P, =7 P, =? p =7 A =447
P2 I? |52 :? 2 :7

P3 =7 M3 =7
P4 =7 Ha =7
ps =7
@ STEP 1:
A=L+5+0(%)
.-L+S5-1
= AAs = O(2?) AAs = —i S JZT +0(g%)

choose A =g%, A =1
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Quantum Spectral Curve at weak coupling

@ Tr(ZV2Z) (L=2,5=2)

P =0 P, =? p1 =? A =447
Pg = % |52 =7 2 =7
P3 =7 M3 =7
P, =7 Ha =?
ps =7
@ STEP 1
A=L+5+0(%)
.L+S—1
= AAs = O(2?) AAs = —i S JZT +0(g%)

choose A =g%, A =1
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Quantum Spectral Curve at weak coupling

@ Tr(ZViz) (L=2,5=2)

Pr=0 Pi=? =7 A=447
Poel By=? =7

P3 =7 U3 =7
P4 =7 M4 =7
ps =7
@ STEP 2:
m? = (1=PyP3) s+ P3 Fl(u) = Flu+ g)
/12[2] = —P% i+ (14 P2P3) o
1 Ps P[32] 1 1 2] 1 [4]
= e, gt T | e oM =
PP AR ey (et
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Quantum Spectral Curve at weak coupling

@ Tr(Zv2z) (L=2,5=2)

P, =0 IE'I*U2 //17*é+%A% A =447
P, = % Py =7 po = —u — 3iv? + 2u°
Pj = —6/ 3 :7
P4 =7 Ha =7
s =7
@ STEP 2:
R in
/L1[2] = (1-P; P3)/L1+P§/’2 f[](”)Ef(“"' E)
112! —P3 p1 + (14 P2 P3) 0

P, P 1 1 2 1 "
= Sm—|lg-——Gtogst——|m ——m' =0
PP AR (el (et
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Quantum Spectral Curve at weak coupling

@ Tr(Zv2Zz) (L=2,5=2)
P1 =0 |51 = LI2
P,=1 P, =7
P; = —6i
P, =?
@ STEP 3:
P,
P,
P2
= "
P2

Christian Marboe (TCD)

m=—gt+s+4y
/12:7u73iu2+2u3

A =447

pz =7
pa =7
Hs =7
—u3P2 + p1Py

TP, 2,

AN
P, = P[22] P,
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Quantum Spectral Curve at weak coupling

@ Tr(Zv2Z) (L=2,5=2)

P1=0 Pr = =i s A=4+12g°
P, = % P, = u+3d4° Y2 = —u—3iu®+24°
P3 = —6i w3 = —3u® — 6iv’ + 3u*
P, = —12ju s =7
ps =7
@ STEP 3:
P, = —u3P2 + p1Pa
S R

N p,X B E _ P, Py
P[22] P, | — M1 ‘P[Qz] P,

Christian Marboe (TCD) pQFT from Integrability Nordic Winter School 9/12



Quantum Spectral Curve at weak coupling

@ Tr(ZVv2Z) (L=2,5=2)

P1=0 Pr =12 p=—Lf+ 4+ A=4+128°
PQ:% P, = u+34° /12:7u73iu2+2u3
P; = —6i uz = —3u® — 6iv® + 3u*
P, = —12ju o =7

ps =7

@ STEP 4:
2
1 P, PZ 1 1 2l 1 "

F%M4_ FTZ_PT;] Pfg‘f‘@ Ha "Fw,UA

o |52 P4 |3[22]P£2] PE] P4 [2]
-~ pz 21\ 2 O S
© ()

p P
() =S s w(f— )=+
n=0

Construct solution using
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Quantum Spectral Curve at weak coupling

@ Tr(Zv2Z) (L=2,5=2)

D 2 i u i o 2
P;=0 E)l:u /11:76{»54»7 A=4+12g
sz% P, =u+3d° /12:*U73IU2+2U3
P; = —6/ uz = —3u® — 6iv® + 3u*
Py, = —12iu pa = —2u — 3iu® — 8u® — 15iu* + 60°

s = 12iu® — 18u® + 6iu* — 18u° — 6/u°
@ STEP 4:

1 Ps P[32] 1 1 2 1 4]
- J— —_— 2 - J’_ - 1 + -
P2 Ha P, P[22] P2 (P[221)2 Ha (P[22])2M4

_ PP, PIIPY <P52] P4> 2
- p2 o\ 2
)

Construct solution using

()= M st w(f— ) =f
n=0
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Quantum Spectral Curve at weak coupling

@ Tr(ZViZz) (L=2,5=2)

P1=0 Py =1’ p=—itei A =4+12g°
sz% |52:u+3u3 /12:7U73I‘U2+2U3

P; = —6i uz = —3u® — 6iv® + 3u*

P, = —12iu ps = —2u — 3i* — 8u° — 15iu* + 6u°

us = 12iv* — 18u® + 6iu* — 18u° — 6iu®
@ HIGHER LOOPS:
V(1 +2u+6u°)=u+ 3+ i)’ +2i°

<> iqum:a

n=0

V(ns) = —ina + (1 + iu)ns

1 , . 1
775:E_’C5+5Q6U+15/Q7U2+--- @aEZ—
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Quantum Spectral Curve at weak coupling

A =44 12g°
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Quantum Spectral Curve at weak coupling

A =4+12g° — a8g*
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Quantum Spectral Curve at weak coupling

A =4+ 12g% — a8g* + 336¢°
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Quantum Spectral Curve at weak coupling
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Quantum Spectral Curve at weak coupling

A =4+ 12g% — 48g" +336g° + g®( — 2496 + 576 (3 — 1440 C5) + g'° (15168 + 6912 (3 — 5184 (3
—8640 (5 + 30240 C7) + g2 ( — 7680 — 262656 (3 — 20736 (2 + 112320 (5 + 155520 (3 (5 + 75600 (7
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47934976 C3 + 1090656 (3 — 10678464 (5 — 4354560 (3 (5 — 3255552 (3 (5 + 2384640 (2 + 21868704 (7

65929248 684288 _ (3)
—6220440 (3 (7 + 22256640 (5 (7 + 9327744 (g + 23224320 (3 (g + 5 (11 — 106007616 (13 — 5 Z17

+ gls( — 1014549504 + 1140922368 (3 — 51250392 (3 — 20155302 (3 + 575354880 (5 — 14204016 (3 (5

—26044416 (2 (5 + 55296000 C2 + 15750360 (3 (2 — 223122816 (7 + 34020864 (3 (7 + 22063104 ¢2 (7
186204096

—92539584 (5 (7 — 113690304 (2 — 247003632 (g + 110470464 (3 (g — 245099520 (5 g — —
B _ 15676416 (o) ® 3
278505216 (3 (11 — 253865664 (13 + 1517836320 (15 + —— Z{7 — 1306368 Z}3 -+ 1306368 213

Christian Marboe (TCD) pQFT from Integrability Nordic Winter School 10 / 12



Quantum Spectral Curve at weak coupling

A=...
+g20 (16445313024 — 13069615104 (3 — 1509027840 \g + 578949120 \g — 14929920 \‘3‘ — 11247547392 (5

) 3 » , 6966252288
+1213581312 (3 (5 + 1234206720 (3 (5 — 70170624 C3 (5 — 1390279680 (2 — 654842880 (3 (2 + ———

5
175
4377212032 (7 — 1610841600 (3 (7 + 154680102 (2 (7 + 222341760 (5 C7 + 133788672 (3 (5 (7 + 868662144 (2
) 9793211904
+4915257984 (g — 332646912 (3 (g — 91072512 (3 (g + 1099699200 (5 Cg + 2275620480 (7 Cg + — C11
787483944 4308536566944
—2334572928 (3 (11 + 2713772160 C5 (11 — T (13 + 3372969600 (3 (13 — T €15
21661960320 N 752219136 Z(z) 5070791808 2(2) 7159104 2(3) n 2716063488 2(2) 17895168 Z(S)
~17 5 11 175 13 7 13 175 15 25 15
+11943936 (3 Zﬁ)) +0(g?)
where e.g.
oo
Z(3) _ , . y ) _ 1
13 = —(3,73+ 3037+ 1205035+ 6(5Cs Cabe= s
1<m<nm<n3 1772773

[Broadhurst, Kreimer '95]
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Future directions
@ Other sectors, twists
4 Ad54/CFT3 and Ad53/CFT2

@ Direct derivation of Quantum Spectral Curve
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