
2. Chiral Perturbation Theory

• Goldstone Theorem

• Chiral Symmetry

• Effective Goldstone Theory

• Chiral Symmetry Breaking

• Phenomenology
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Sigma Model ΦT ≡ (σ, ~π)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0
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Sigma Model ΦT ≡ (σ, ~π)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0

SSB: O(4) → O(3) [ 4×3
2

− 3×2
2

= 3 broken generators]

Lσ = 1
2

{
∂µσ̂ ∂

µσ̂ + ∂µ~π ∂
µ~π −M2σ̂2

}
− M2

2v σ̂
(
σ̂2 + ~π2

)
− M2

8v2

(
σ̂2 + ~π2

)2

σ̂ ≡ σ − v ; M2 = 2λ v2

3 Massless Goldstone Bosons
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

EFT A. Pich – 2015 25



1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R
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4
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O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R

2) Σ(x) ≡ [v + S(x)] U(x) ; U ≡ exp
{

i
v
~τ ~φ
}

→ g
R
U g †

L

Lσ = v2

4

(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂

µS −M2S2
)
− M2

2v S3 − M2

8v2 S
4
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Derivative Golstone Couplings
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(
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)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂

µS −M2S2
)
− M2

2v S3 − M2

8v2 S
4

Derivative Golstone Couplings

3) E ≪ M ∼ v : Lσ ≈ v2

4
〈∂µU† ∂µU〉
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0
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Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation

Nambu–Goldstone

Qa | 0 〉 6= 0

• Spontaneously Broken Symmetry

• Massless Goldstone Bosons

• Non-Linear Representation
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s) q =

(

1 − γ5

2

)

q +

(

1 + γ5

2

)

q ≡ q
L

+ q
R
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G
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; q̄

R
→ g

R
q̄
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; (g

L
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R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+

EFT A. Pich – 2015 27



Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G
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M0− < M0+ ; M1− < M1+

• The 0− octet is nearly massless: mπ ≈ 0
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G

µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+

• The 0− octet is nearly massless: mπ ≈ 0

• The vacuum is not invariant (SSB): 〈0| (q̄
L
q

R
+ q̄

R
q

L
) |0〉 6= 0

8 Massless 0− Goldstone Bosons
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ
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• Low-Energy Goldstone Theory: E ≪ Mρ
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij
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• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η






U −→ g
R

U g †
L

; g
L,R

∈ SU(3)L,R
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Energy Scale Fields Effective Theory

MW

W ,Z , γ, g

τ, µ, e, νi
t, b, c, s, d , u

Standard Model

<∼ mc

γ, g ; µ, e, νi
s, d , u L(nf =3)

QCD , L∆S=1,2
eff

MK

γ ; µ, e, νi
π,K , η χPT

?

?
OPE

NC → ∞
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Effective Lagrangian: L(U) =
∑

n

L2n
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2

• SU(3)L ⊗ SU(3)R invariant

U g
R
U g †

L
; g

L,R
∈ SU(3)L,R
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2

• SU(3)L ⊗ SU(3)R invariant

U g
R
U g †

L
; g

L,R
∈ SU(3)L,R

L2 =
f 2

4
〈∂µU† ∂µU〉

Derivative

Coupling

Goldstones become free at zero momenta
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg
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4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg

Non-Linear Lagrangian: 2π → 2π, 4π, · · · related
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Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R
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Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R

lµ ≡ vµ − aµ = eQAµ + · · ·
rµ ≡ vµ + aµ = eQAµ + · · ·

Q ≡ 1
3 diag(2,−1,−1)

s = M + · · · ; M ≡ diag(mu ,md ,ms)

EFT A. Pich – 2015 32



Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R

lµ ≡ vµ − aµ = eQAµ + · · ·
rµ ≡ vµ + aµ = eQAµ + · · ·

Q ≡ 1
3 diag(2,−1,−1)

s = M + · · · ; M ≡ diag(mu ,md ,ms)

Local SU(3)L ⊗ SU(3)R Symmetry:

q
L
→ g

L
q

L

q
R
→ g

R
q

R

lµ → g
L
lµ g

†
L
+ i g

L
∂µg

†
L

rµ → g
R
rµ g

†
R
+ i g

R
∂µg

†
R

(s+ i p) → g
R
(s+ i p) g †

L
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Lowest-Order Effective Lagrangian:

L =
f 2

4
〈DµUDµU†+χU†+Uχ†〉

DµU = ∂µU−i rµ U+i U lµ

χ ≡ 2B0 (s+ i p)
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Lowest-Order Effective Lagrangian:

L =
f 2

4
〈DµUDµU†+χU†+Uχ†〉

DµU = ∂µU−i rµ U+i U lµ

χ ≡ 2B0 (s+ i p)

Currents:

Jµ
L

=
∂

∂ lµ
L2 =

i

2
f 2 DµU† U =

f√
2
DµΦ + · · ·
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2 f pµ f = fπ ≈ 92.4 MeV

(π+ → µ+νµ)

q̄j
L
qi

R
= − ∂ L2

∂(s− i p)ji
= − f 2

2
B0 U

ij 〈0|q̄jqi |0〉 = −f 2 B0 δij
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Quark Masses: f 2

4
〈χU† +Uχ†〉 → Lm = −B0 〈MΦ2〉
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Quark Masses: f 2

4
〈χU† +Uχ†〉 → Lm = −B0 〈MΦ2〉

Lm = −B0

{

(mu +md)

[

π+π− +
1

2
π0π0

]

+ (mu +ms)K
+K−

+ (md +ms)K
0K̄ 0 +

1

6
(mu +md + 4ms) η

2 +
1√
3
(mu −md )π

0η

}
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Isospin limit: mu = md = m̂
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=
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=
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2 m̂ + 4ms
= B0
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0K̄ 0 +

1

6
(mu +md + 4ms) η

2 +
1√
3
(mu −md )π

0η

}

Isospin limit: mu = md = m̂

M2
π

2 m̂
=

M2
K

m̂ +ms
=

3M2
η

2 m̂ + 4ms
= B0

• Gell-Mann–Okubo: 4M2
K = M2

π + 3M2
η

• Gell-Mann–Oakes–Renner: f 2 M2
π = −m̂ 〈0|ū u + d̄ d |0〉
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Quark Mass Ratios:

Dashen

Theorem

(
M2

K 0 −M2
K±
)

em
=
(
M2

π0 −M2
π±
)

em
+ O(e2p2)

EFT A. Pich – 2015 35



Quark Mass Ratios:

Dashen

Theorem

(
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K 0 −M2
K±
)
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=
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M2

π0 −M2
π±
)
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+ O(e2p2)

Proof: e
2〈QRUQLU

†〉 = −
2e2

f 2

(

π
+
π
−

+ K
+
K

−)

+ O(φ
4
) ; QX → gX QX g

†
X

�
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Proof: e
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+
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−
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+
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+ O(φ
4
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†
X

�

md −mu

md +mu
=

(
M2

K 0 −M2
K±
)
−
(
M2

π0 −M2
π±
)

M2
π0

≈ 0.29

ms −mu

mu +md

=
M2

K 0 −M2
π0

M2
π0

≈ 12.6

mu : md : ms = 0.55 : 1 : 20.3 Weinberg
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f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·

EFT A. Pich – 2015 36



f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·

π π

π π

T
(
π+π0 → π+π0

)
=

t −M2
π

f 2π

t ≡ (p′+ − p+)2

Weinberg
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f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·

π π

π π

T
(
π+π0 → π+π0

)
=

t −M2
π

f 2π

t ≡ (p′+ − p+)2

Weinberg

L2 Current Algebra 60’s
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Chiral Power Counting

U O(p0)

DµU , lµ , rµ O(p1)

χ , Fµν
L,R O(p2)

Fµν
L ≡ ∂µlν − ∂ν lµ − i [lµ, lν ]

Fµν
R ≡ ∂µrν − ∂νrµ − i [rµ, rν ]
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Chiral Power Counting

U O(p0)

DµU , lµ , rµ O(p1)

χ , Fµν
L,R O(p2)

Fµν
L ≡ ∂µlν − ∂ν lµ − i [lµ, lν ]

Fµν
R ≡ ∂µrν − ∂νrµ − i [rµ, rν ]

General connected diagram with Nd vertices of O(pd ) and L loops:

D = 2 L + 2 +
∑

d

Nd (d − 2) Weinberg

• D = 2 : L = 0 , d = 2

• D = 4 : L = 0 , d = 4 , N4 = 1

L = 1 , d = 2
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O(p4) χPT

i) L4 at tree level (Gasser–Leutwyler)

L4 = L1 〈DµU
†DµU〉2 + L2 〈DµU

†DνU〉 〈DµU†DνU〉
+ L3 〈DµU

†DµUDνU
†DνU〉 + L4 〈DµU

†DµU〉 〈U†χ+ χ † U〉
+ L5 〈DµU

†DµU
(
U†χ+ χ†U

)
〉 + L6 〈U†χ+ χ†U〉2

+ L7 〈U†χ− χ†U〉2 + L8 〈χ†Uχ†U + U†χU†χ〉
− i L9 〈Fµν

R DµUDνU
† + F

µν
L DµU

†DνU〉 + L10 〈U†Fµν
R UFLµν〉
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µν
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R UFLµν〉

ii) L2 at one loop (unitarity): T4 ∼ p4
{
a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted

EFT A. Pich – 2015 38



O(p4) χPT

i) L4 at tree level (Gasser–Leutwyler)

L4 = L1 〈DµU
†DµU〉2 + L2 〈DµU

†DνU〉 〈DµU†DνU〉
+ L3 〈DµU

†DµUDνU
†DνU〉 + L4 〈DµU

†DµU〉 〈U†χ+ χ † U〉
+ L5 〈DµU

†DµU
(
U†χ+ χ†U

)
〉 + L6 〈U†χ+ χ†U〉2

+ L7 〈U†χ− χ†U〉2 + L8 〈χ†Uχ†U + U†χU†χ〉
− i L9 〈Fµν

R DµUDνU
† + F

µν
L DµU

†DνU〉 + L10 〈U†Fµν
R UFLµν〉
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a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted

• Li ’s fixed by QCD dynamics. 1-loop divergences Lri (µ)

EFT A. Pich – 2015 38



O(p4) χPT

i) L4 at tree level (Gasser–Leutwyler)

L4 = L1 〈DµU
†DµU〉2 + L2 〈DµU

†DνU〉 〈DµU†DνU〉
+ L3 〈DµU

†DµUDνU
†DνU〉 + L4 〈DµU
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+ L5 〈DµU

†DµU
(
U†χ+ χ†U
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〉 + L6 〈U†χ+ χ†U〉2

+ L7 〈U†χ− χ†U〉2 + L8 〈χ†Uχ†U + U†χU†χ〉
− i L9 〈Fµν

R DµUDνU
† + F

µν
L DµU

†DνU〉 + L10 〈U†Fµν
R UFLµν〉

ii) L2 at one loop (unitarity): T4 ∼ p4
{
a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted

• Li ’s fixed by QCD dynamics. 1-loop divergences Lri (µ)

iii) Wess–Zumino–Witten term (chiral anomaly): π0, η → γγ
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Meson Decay Constants:

A
(2,4)
µ A

(2)
µ A

(2)
µ L2

µP ≡ M2
P

32π2f 2
log

(

M2
P

µ2

)

fπ = f

{

1− 2µπ − µK +
4M2

π

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fK = f

{

1− 3

4
µπ − 3

2
µK − 3

4
µη8 +

4M2
K

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fη8 = f

{

1− 3µK +
4M2

η8

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fK

fπ
= 1.22± 0.01 Lr5(Mρ) = (1.4± 0.5) · 10−3 fη8

fπ
= 1.3± 0.05
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Vector Form Factor: 〈π+π−|Jµem|0〉 = (p+−p−)µ FV
π (s)

FV
π (s) = 1 +

2Lr9(µ)

f 2
s − s

96π2f 2

[

A
(
m2

π
s
, m

2
π

µ2

)

+ 1
2 A
(
m2

K

s
,
m2

K

µ2

)]

= 1 +
1

6
〈r2〉Vπ s + · · ·

A
(

m2
P

s
,
m2

P

µ2

)

= log
(

m2
P

µ2

)

+
8m2

P

s
− 5

3 + σ3
P log

(
σP+1
σP−1

)

, σP ≡
√

1− 4m2
P

s
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Vector Form Factor: 〈π+π−|Jµem|0〉 = (p+−p−)µ FV
π (s)

FV
π (s) = 1 +

2Lr9(µ)

f 2
s − s

96π2f 2

[

A
(
m2

π
s
, m

2
π

µ2

)

+ 1
2 A
(
m2

K

s
,
m2

K

µ2

)]

= 1 +
1

6
〈r2〉Vπ s + · · ·

A
(

m2
P

s
,
m2

P

µ2

)

= log
(

m2
P

µ2

)

+
8m2

P

s
− 5

3 + σ3
P log

(
σP+1
σP−1

)

, σP ≡
√

1− 4m2
P

s

〈r2〉Vπ =
12 Lr9(µ)

f 2
− 1

32π2f 2

{

2 log

(
M2

π

µ2

)

+ log

(
M2

K

µ2

)

+ 3

}

〈r2〉Vπ = (0.439 ± 0.008) fm2 Lr9(Mρ) = (6.9± 0.7) · 10−3
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O(p4) χPT COUPLINGS

i Lri (Mρ)× 103 Source Γi
1 0.4± 0.3 Ke4, ππ → ππ 3/32
2 1.4± 0.3 Ke4, ππ → ππ 3/16
3 −3.5± 1.1 Ke4, ππ → ππ 0
4 −0.3± 0.5 Zweig rule 1/8
5 1.4± 0.5 FK/Fπ 3/8
6 −0.2± 0.3 Zweig rule 11/144
7 −0.4± 0.2 GMO, L5,8 0
8 0.9± 0.3 MK 0 −MK+ , L5, (ms − m̂)/(md −mu) 5/48
9 6.9± 0.7 〈r2〉πV 1/4
10 −5.5± 0.7 π → eνγ −1/4

• Li = Lri (µ) + Γi
µD−4

32π2

{
2

D − 4
+ γE − log (4π)− 1

}
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O(p4) χPT COUPLINGS
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9 6.9± 0.7 〈r2〉πV 1/4
10 −5.5± 0.7 π → eνγ −1/4

• Li = Lri (µ) + Γi
µD−4

32π2

{
2

D − 4
+ γE − log (4π)− 1

}

• Λχ ∼ 1GeV Li ∼
f 2π /4

Λ2
χ

∼ 2× 10−3

• χPT Loops ∼ 1/(4πfπ)
2
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O(p6) χPT

i) L6 =
∑

i

Ci O
p6

i at tree level Bijnens-Colangelo-Ecker, Fearing-Scherer

90 + 4 [53 + 4] terms in SU(3) [SU(2)] χPT (even-intrinsic parity only)

ii) L4 at one loop, L2 at two loops Bijnens-Colangelo-Ecker

Double chiral logarithms

Many Calculations: Mφ, fφ, γγ → ππ, ππ → ππ, πK → πK , Kl4,

π → e ν̄eγ, FV (s), FS(s), ΠV ,A(s), · · ·
Amoros-Bijnens-Dhonte-Talavera, Ananthanarayan-Colangelo-Gasser-Leutwyler, Bellucci-Gasser-Sainio, Bürgui, Bijnens et al,

Descotes-Genon et al, Golowich-Kambor, Post-Schilcher. . .

Theoretical Challenge: QCD calculation of the χPT couplings
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K+ → π0ℓ+νℓ , K 0 → π−ℓ+νℓ: C
K+π0 =

1
√

2
, C

K0π− = 1

〈π|s̄γµu|K〉 = CKπ

[

(PK + Pπ)
µ
f Kπ
+ (t) + (PK − Pπ)

µ
f Kπ
− (t)

]

• Lowest order [O(p2)]: f Kπ
+ (t) = 1 , f Kπ

− (t) = 0
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3

4
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= 1.017
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• π0–η mixing: f K
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f K
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+ (0)

f K
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+ (0)
= 1.022

Gasser-Leutwyler ’85
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+ (0) = 1 +
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0π−

+ (0) = 0.977 ,
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+π0

+ (0)
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Gasser-Leutwyler ’85

Needed to determine Vus
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K → π ℓ νℓ

|Vus f+(0)| = 0.2163± 0.0005

Flavianet Kaon WG, arXiv:1005.2323 [hep-ph]

〈π−|s̄γµu|K0〉 = (pπ + pK )µ f+(t) + (pK − pπ )µ f−(t)
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f+(0) =

{
0.9704 (32) (Nf = 2 + 1 + 1)

0.9661 (32) (Nf = 2 + 1)

|Vus | =
{
0.2229 (9)
0.2239 (9)

f+(0) = 1 + f2 + f4 + · · ·

Large O(p6) χPT correction
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Backup Slides
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1
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∑

n
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v(t) =
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d3x
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}
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∫
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−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0
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d

dt
v(t) = 0
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(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;
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{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉
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∫
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{
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−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0

d

dt
v(t) = 0 = −i (2π)3

∑

n

δ(3)(~pn)En

{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉

+ e
iEnt 〈0|O|n〉〈n|j0(0)|0〉

}
�
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X
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X

= q̄
X
γµ λa

2 q
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; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

EFT A. Pich – 2015 86
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Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉
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〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉

〈0| ū u |0〉 = 〈0| d̄ d |0〉 = 〈0| s̄ s |0〉 6= 0
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Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉

〈0| ū u |0〉 = 〈0| d̄ d |0〉 = 〈0| s̄ s |0〉 6= 0

• 〈0| Jaµ
A

|πb(p)〉 = i δab
√
2 fπ p

µ
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Chiral Anomaly: δZ [v , a, s, p] = − NC

16π2

∫
d4x 〈δβ(x)Ω(x)〉

gL,R ≈ 1 + iδα∓ iδβ

Ω(x) = εµνσρ
[

vµνvσρ + 4
3
∇µaν∇σaρ +

2
3
i {vµν , aσaρ}+ 8

3
i aσvµνaρ + 4

3
aµaνaσaρ

]

vµν = ∂µvν − ∂νvµ − i [vµ, vν ] , ∇µaν = ∂µaν − i [vµ, aν ] , ε0123 = 1
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Chiral Anomaly: δZ [v , a, s, p] = − NC

16π2

∫
d4x 〈δβ(x)Ω(x)〉

gL,R ≈ 1 + iδα∓ iδβ

Ω(x) = εµνσρ
[

vµνvσρ + 4
3
∇µaν∇σaρ +

2
3
i {vµν , aσaρ}+ 8

3
i aσvµνaρ + 4

3
aµaνaσaρ

]

vµν = ∂µvν − ∂νvµ − i [vµ, vν ] , ∇µaν = ∂µaν − i [vµ, aν ] , ε0123 = 1

S [U , ℓ, r ]
WZW

= − iNC

240π2

∫

dσijklm
〈
ΣL

i Σ
L
j Σ

L
kΣ

L
l Σ

L
m

〉

− iNC

48π2

∫

d4x εµναβ
(
W (U , ℓ, r)µναβ −W (1, ℓ, r)µναβ

)

Wess–Zumino–Witten

W (U , ℓ, r)µναβ =
〈
UℓµℓνℓαU

†rβ +
1

4
UℓµU

†rνUℓαU
†rβ + iU∂µℓνℓαU

†rβ

+ i∂µrνUℓαU
†rβ − iΣL

µℓνU
†rαUℓβ +ΣL

µU
†∂νrαUℓβ − ΣL

µΣ
L
νU

†rαUℓβ

+ ΣL
µℓν∂αℓβ +ΣL

µ∂νℓαℓβ − iΣL
µℓνℓαℓβ +

1

2
ΣL

µℓνΣ
L
αℓβ − iΣL

µΣ
L
νΣ

L
αℓβ
〉

− (L ↔ R)

ΣL
µ = U†∂µU , ΣR

µ = U∂µU
†
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π0 → γγ:

+
π0

q γ

γ

A
µ
3 ≡ ūγµγ5u − d̄γµγ5d

Γ(π0 → γγ) =

(
Nc

3

)2
α2M3

π

64 π3f 2π
= 7.73 eV

Exp: (7.7 ± 0.6) eV

There are no QCD corrections

The chiral anomaly contributes to: π0 → γγ , η → γγ

γ 3π , γ π+π−η , KK̄3π , · · ·
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