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Organization and Outline

@ On-Shell Diagrams: Amalgamations of Scattering Amplitudes
@ Beyond (Mere) Scattering Amplitudes: On-Shell Functions
@ Systematics of Computation and the Auxiliary Grassmannian
@ Building-Up Diagrams with ‘BCFW’ Bridges
@ On-Shell, All-Order Recursion Relations for Scattering Amplitudes

@ Deriving Diagrammatic Recursion Relations for Amplitudes
@ Exempli Gratia: On-Shell Representations of Tree Amplitudes

e Combinatorics, Classification, and Canonical Computation
@ A Combinatorial Classification of On-Shell Functions
@ Building-Up (Representative) Diagrams and Functions with Bridges
@ Asymptotic Symmetries of the S-Matrix: the Yangian

@ Paths Forward: Beyond the Leading Order of Perturbation Theory
@ On-Shell Representations of Loop-Amplitude Integrands
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Grassmannian Representations of Three-Point Amplitudes

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W e G(1, 3) for each vertex:
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Grassmannian Representations of On-Shell Functions

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex—
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Grassmannian Representations of On-Shell Functions

In order to linearize momentum conservation at each three-particle vertex,
(and to specify which of the solutions to three-particle kinematics to use)
we introduce auxiliary B€ G(2,3) and W € G(1, 3) for each vertex—
allowing us to represent all on-shell functions in the form:
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Very complex on-shell diagrams can be constructed by successively
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Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:
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Building-Up On-Shell Diagrams with “BCFW” Bridges

Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a

Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:

Xada = Aada = Aada — A and - ApAp = Aphs = Ay + A1,
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Building-Up On-Shell Diagrams with “BCFW” Bridges

Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a

Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:

Xada = Aada = Aada—aA A and ApAp = Aphs = MpApHad A,
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Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a
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flowing into the diagram fj according to:

Xada = Aada = Aada—aAady  and  ApAp = Aphs = ApApHad Ay,
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Building-Up On-Shell Diagrams with “BCFW” Bridges

Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a

Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:

Xda = Aada = Aa(Aa—aXy) and  MpAp = Aphs = My Ay,
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Building-Up On-Shell Diagrams with “BCFW” Bridges

Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a

Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:

Xada = Aada = Aa(Aa—aXp) and ApAp = Mg = (A +ada) A,
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Building-Up On-Shell Diagrams with “BCFW” Bridges

Very complex on-shell diagrams can be constructed by successively
adding “BCFW” bridges to diagrams (an extremely useful tool!):
a b a b a

Adding the bridge has the effect of shifting the momenta p, and p,,
flowing into the diagram fj according to:

Xada = Aada = Aa(Aa—aXp) and ApAp = Mg = (A +ada) A,
introducing a new parameter «, in terms of which we may write:
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flowing into the diagram fj according to:
Xada = Aada = Aa(Aa—aXp) and ApAp = Mg = (A +ada) A,
introducing a new parameter «, in terms of which we may write:
do o~
f(...,ab,...) = —fo(...,a,b,...)’

(0
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Exempli Gratia: On-Shell Representations of Tree Amplitudes

The Analytic Boot-Strap: All-Loop Recursion Relations

Consider adding a BCFW bridge to the full n-particle scattering amplitude
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A, = Ay(c—0) oc?{cf? An(0)

a=0
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The Analytic Boot-Strap: All-Loop Recursion Relations

Consider adding a BCFW bridge to the full n-particle scattering amplitude
the undeformed amplitude A, is recovered as the residue about ov=0:

A, = A\ (0—0) oc?{da An(0)
[0
a=0

We can use Cauchy’s theorem to trade the residue about av=0 for (minus)
the sum of residues away from the origin:
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Observations regarding recursed representations of scattering amplitudes:

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

4 4 5 4 5

3 3 6 6
A = - -

2 1 2 1 2 1

Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. AS):

5 6 3 4 1 2

3 2 1 6 5 4

Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes
Combinatorics, Classification, and Canonical Computation

Deriving Diagrammatic Recursion Relations for Amplitudes
Exempli Gratia: On-Shell Representations of Tree Amplitudes

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with k=2, .A,(,Z) !
And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6
Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Is there any way to invariantly characterize the on-shell functions
associated with on-shell diagrams?
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Combinatorial Characterization of On-Shell Diagrams

On-shell diagrams can be altered without changing their associated functions
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On-shell diagrams can be altered without changing their associated functions

@ chains of equivalent three-particle vertices can be arbitrarily connected
@ any four-particle ‘square’ can be drawn in its two equivalent ways
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn:

<~ <~

30« (Y
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn:

@ left at each white vertex;
@ right at each blue vertex.
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2

@ left at each white vertex;
@ right at each blue vertex.
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:

Starting from any leg «, turn: 2
@ left at each white vertex;
@ right at each blue vertex. 1 !

Let o(a) denote where path terminates. Y /

<~ <~

=
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’
Starting from any leg «, turn: 2
@ left at each white vertex;
@ right at each blue vertex.

Let o(a) denote where path terminates.

1 1

<~ <~
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

. 4 3 4
5
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Recall that different contributions to AS) were related by rotation:

6 3 4
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These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

0 3 4
5

3 ) 1 6

left-right permutation o
1 23 456
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These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

0 3 4
5

3 ) 1 6

left-right permutation o
1 23 456
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These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

0 3 4
5

3 ) 1 6

left-right permutation o

1 2 3 45 6
a3l & L
3 5
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

6 3

left-right permutation o

1 2 3 4 5 6
o:| 4 {
3 5 6
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These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

1 2 3 45 6

ol 4 44
3561
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These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

1 2 3 45 6

oy L 444
3561 2
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356124
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Recall that different contributions to AS) were related by rotation:

3 4
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Recall that different contributions to AS) were related by rotation:
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356 7 810
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant.
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’
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Notice that the merge and square moves leave the number of ‘faces’ of an
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation

AlY

Tuesday, 6 January NBIA Nordic Winter School 2015

Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an

on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation

Such factors of dav/ v arising from bubble deletion encode loop integrands!

oos =

AlY
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of ¢!
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of ¢!
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way,
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way,
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way, we can ‘peel-off” bridges and thereby decompose
a permutation into transpositions according to o = (ab) o o’

4
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions

‘Bridge’ Decomposition
123

o4+ 4414
35678
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions

‘Bridge’ Decomposition
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 4 56
+4 41
56 7 810}

)

W
W

Jo {
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 4 56
+d LT
56 7 810}

)

1 2 345 6

W
oW

Jod

Jo

- >,
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 4 56
4L ddT
567 810}

)

1 2 345 6

W
oW

Jod

Jo

- >,
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

do
fo="—

/1 — —
o] ‘Bridge’ Decomposition

D
1 2 3456 123456
e N
fof3 567810},
fi{53 67810}

Ji

- )
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

do
fo="—

/1 — —
o] ‘Bridge’ Decomposition

1 2 3456 123456
e N
fof3 567810},

fi{53 67810}

Ji

- >,

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fo=—"—f S -
ap Qo ‘Bridge’ Decomposition

1 2 3456 123456
e N
fof3 567810},
fi{5 367810},

£{56 7810}

b

\ /
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fo=—"—f S -
ap Qo ‘Bridge’ Decomposition

1 2 3456 123456
e N
fof3 567810},
fi{5 367810}k,
£45 6 3 7 810}k

b

\ /
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fy = dndardas,
74l @ a3’ ‘Bridge’ Decomposition
1 23456 123456
Lot L bd 7
fo3 567810},
fi{5 3678100,
3 £l 657810}
£1{65 37 810}

5

\ /
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fy = dndardas,
74l @ a3’ ‘Bridge’ Decomposition
1 23456 123456
Lot L bd 7
fo3 567810},
fi{5 3678100,
3 £ 657810}
fi{6 s 37 810},

5

\ /
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
_daydog daz day

fo= SHEREL T,

ap an a3 oy ‘Bridge’ Decomposition
S 6 123456

1Ll 7

fo{3 567 810}(12)

fi{5367 810}(23)

L{56 278 10}<12)

f3{6 5 7 8 10}(24)
fa{6 7 2 5 810}

.
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
_daydog daz day

fo= SHEREL T,

‘Bridge’ Decomposition

6 123456
e N
fof3 567810},
fi{5 367810}k,
£45 6 3 7 810}
fi{6 537 810},
fafe 735 810}k
J
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan dos doy dos

fo=—"—F"F——— fs

Qap ap a3 a4 Qs ‘Bridge’ Decomposition

1 23456 123456
T T
fo{3 567 810}(12)
fis5367 810}(23)
HL{56 7810}<12)
Q {6537 810},
o= fa{6 7 5810}(12)
Q@ 4 fs{ 6 5810}()
55
. /
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan dos doy dos

fo=—"—F"F——— fs

Qap ap a3 a4 Qs ‘Bridge’ Decomposition

1 23456 123456
A
f3 567810},
fi{5 3678100,
fi{s 607 810}
Q fi{6 5 37 810},
8— 67 5810}212)
1L fs{ 6 5810}(45)
s
. J
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan dos doy dos dogg

fo=——7F"———— f6

ap o a3 a4 Qa5 Qg ‘Bridge’ Decomposition

123456 1234506
1444 7
f3 567810},
fi{5 3678100,
P ?%26 7810{“2)
{65 3 7 810
g— 67 5810}82
6 %5 810
: é?o 5‘2} 6 8 10%(45)
(%
. J
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan dos doy dos dogg

fo=——7F"———— f6

ap o a3 a4 Qa5 Qg ‘Bridge’ Decomposition

123456 1234506
A A A A A
f3 567810},
fi{5 3678100,
P ?%26 7810{“2)
{6527 810
g— }‘4%67 5810‘{8;;
{76 35810
b é?o fe{7 6 3 8 10}%‘2‘2
[ %
Q v,
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan das doy dos dog doc

fo=——7-——— 17

ap o 3 4 a5 Qg Q7 ‘Bridge’ Decomposition
1 2 3456 123456

A

fo{3567 810}(12)

fi{s5367 810}(23)

{56378 10}<12)

Q fi{6 53578 10}<24)

o= fif6 755 810},

? 6 fs{7 6 358 10}( )

A O f{1638 10}%‘2‘2
= | REt S
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy dan das doy dos dog doc

fo=——7-——— 17

Qap ap a3 a4 Qs Qg QF ‘Bridge’ Decomposition
1 2 3 456 123456
I L 7
fo{3 567 810}(12)
fi{s367 810}(23)
{56378 10}(12)
Q {6537 810},
o= 5067358 10}2123
? 6 fs{7 6 35810}
A © £{763 8 10}%‘2‘2
&J;@L ) U0 g
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

fo=——F———— 18

ap o 3 a4 a5 Qg Q7 O ‘Bridge’ Decomposition
1 23456 123456
+dd T
fo{3 567 810}(12)
fi{5367 810}(23)
HL{56 7 810}(12)
@ f3{6 5 7 810} 24
o= 5067358 10}2123
? 60 fs{7 6 35 810}(45)
& fo{ ©6 8 10}(24)
f7{ 6 10}(46)
. J fs{ }
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

fo=——F———— 18

ap o 3 a4 a5 Qg Q7 O ‘Bridge’ Decomposition
123456 123456
+dd T
fo{3 567 810}(12)
fi{5367 810}(23)
HL{56 7 810}(12)
@ f3{6 5 7 810} 24
o= 5067358 10}2123
? 60 fs{7 6 35 810}(45)
& fo{ ©6 8 10}(24)
f7{ 6 10}(46)
. J fs{ }
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 65378102
(24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
(e71]0% 1 Qg Qg 6 10 (24)
(61): c1— C1+opce (46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 fo3 567810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

) ‘Bridge’ Decomposition
123456
4 {d Ll T
1 fo3 567810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 1117111 -

1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
0o I as o3 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR N
1 fof3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g I g ag 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 AR
1 /3 567810}
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 %i 6 8 10 (45)
L ag oy 6 510124
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 AR
1 /3 567810}
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 %i 6 8 10 (45)
I as as 6 510124
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 PI111d 7
1 fo3 567 810},
536 7 810 (23)

5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

) ‘Bridge’ Decomposition
123456
4 IR N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 IR N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 IR N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
- L1141 ] T
1 ff3 567810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3. 4 56 675810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 PI111d 7
1 fo3 567 810},
536 7 810 (23)

5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 (12)
6527 810 24
1 2 3 4 5 6 6 7 35 810( )
I (+asy) m+as) agas 6 > 5 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I o as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 L1111 L T
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 N
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 A
1 fof3567 810}(12)
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 A
1 fof3567 810}(12)
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 fo{3567 810}(12)
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 fo3 567 810},
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

B 56T w0y
1 0

4 5367 810 85;
s 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

A
1 0

4 5367810 8?;

5 56 37810
6 (12)
6537 810,,
1 2 3 4 5 6 67 35 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 fof3567 810}(12)
4 5367 810 (23)
5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 fof3567 810}(12)
4 5367 810 (23)
5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
R A A A A
1 fo{3567 810}(12)
5367810(23)

5 56 37810
6 (12)
6537 810,,
1 2 3 4 5 6 6 7 5810( )
L as 6 58102
CE 1 a7 670 % 6 8 10(45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810 (23
5 56 37810 (2)
6 6537 810},

1 2 3 4 5 6 6 7 5 810
1 as 625 81012
C= 1 a7 Q0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 ff3 567810},
% 536 7 810 (23)
2 56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 6358102
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
R A A A A
1 fof3 567 810}(12)
z 5367810(23)
56 7810(12)
6 6577810,
L2 3 4 56 6 7 5810(12)
L as 6 58102
CE 1 (6% (670 % (45)
6 38 510
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

A
1 0

54 53678108?3
56 7810(12)
0 6577810,
1 2 3 4 5 6 675810 2%
L as 6 58102
CE 1 a7 670 % 6 8 10(45)
I a6 as 6 510)2%
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

hE5ET i,
1 0

54 536 7 810 8?;
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 6358102
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

4 A 56T Riny
1 0

5 5367810 8?;
56 37810 (12)
6537810 24)

1 2 3 4 5 6 6 7 5 810
1 as 625 81012
C= 1 a7 Q0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 54 fo{3567 810}(12)
5367810(23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 as 63581012
C= 1 (0% [0738%] 6 8 10(45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

4 L LT

1 3 fo{3 567 810}(12)

5367810(23)

56 7810(12)

6537810 24

1 2 3 4 5 6 6 7 5810( )

1 (12)
6 5810

C= 1 a7 Qe (45)
6 7 8 510

I a6 as 6 510)2%

(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 N
1 s ff3 567810},
5367810(23)
56 7810(12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5810( )
1 6358102
C= 1 a7 0 6 8 10(45)
L ag oy 6 51024
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 /3 567810}
5367810(23)
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 81012
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 fof3 567 810}
5367810(23)
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 81012
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 fo{3 567 810}(12)
5367810(23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 81012
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 ff3 567810},
5367810(23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 6358102
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 ff3 567810},
5367810(23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 6358102
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

1Ll 7

1 /3567 810},

5367 810 (23)

4 56 7 810 (12)

6 5 7 810 24

1 2 3 4 5 6 6 7 5 810( )

1 (12)
6 5 810

C= 1 (45)
6 8 510

(46): Ce— Ce+ Qgcy (46)
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always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

hESeT 80
1 0

4 5367 810 gg;
Py 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
R
1 4 fo{3 567 810}(12)
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
R
1 4 fo{3 567 810}(12)
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 R
1 fo{3 567 810}(12)
5367 810 (23)
2 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 AN AN AN AN AR
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN N
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 A
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 R
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510124
(12): c)— Ccy+ ey (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 162 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 65378102
(24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)

A\

Tuesday, 6 January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 65378102
(24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

) ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 162 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510124
(12): c)— Ccy+ ey (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510124
(12): c)— Ccy+ ey (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510124
(12): c)— Ccy+ ey (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR N
1 fof3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g I g ag 6 510 (24)
(61): c1— ¢c1+apce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 1117111 -

1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
0o I as o3 6 510 (24)
(61): c1— ¢c1+apce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 IR N
1 fo3 567810},
5367 810 (23)
6 5 5637 81045
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

) ‘Bridge’ Decomposition
123456
4 {d Ll T
1 fo3 567810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 fo3 567810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 e N
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 65378102
(24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
(e71]0% 1 Qg Qg 6 10 (24)
(61): c1— C1+opce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 /3 567810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 /3 567810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 N
| S35 678100,
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
Qs I as as 6 510 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 N
| S35 678100,
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
Qs I as as 6 510 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

2 ‘Bridge’ Decomposition
123456
4 N
| S35 678100,
5367 810 (23)
5 5637 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 1e% (Ca+g) gy 6 8 510 (45)
Qs I as as 6 510 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

_ dOé() dOég

Loz =—
Qo ag
3 . ”r

2 ‘Bridge’ Decomposition

123456
4 N
| S35 678100,
5367 810 (23)

5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 1e% (Ca+g) gy 6 8 510 (45)
Qs I as as 6 510 25)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

_ dOé() dOég

Loz =—
Qo ag
3 . ”r

2 ‘Bridge’ Decomposition

123456
4 N
| S35 678100,
5367 810 (23)

5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 1e% (Ca+g) gy 6 8 510 (45)
Qs I as as 6 510 25)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

; _dOé() dOég d3><6C 1
3= 0y ag  vol(GL(3)) (123)(234)(345)(456)(561)(612)

3

2 ‘Bridge’ Decomposition

123456
4 VI101) T

1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 [e%) (O[4+(X7) (6730 %] 6 8 10 (45)
g L as og 6 510 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

£, = fo deoy_ dC !
Tl ey vOl(GL(K)) (1o k) (2 k1) - (n- - k—1)
2 ‘Bridge’ Decomposition
123456
4 N
1 /3567 810}
536 7 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 a7 (Ca+ag) gy 6 8 510 (45)
Qo 1 Qg Qg 6 10 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
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Canonical Coordinates for Computing On-Shell Functions

£, = fo deoy_ dC !
Tl ey vOl(GL(K)) (1o k) (2 k1) - (n- - k—1)
2 ‘Bridge’ Decomposition
123456
4 N
1 /3567 810}
536 7 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 a7 (Ca+ag) gy 6 8 510 (45)
Qo 1 Qg Qg 6 10 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

£, = fo deoy_ dC !
Tl ey vOl(GL(K)) (1o k) (2 k1) - (n- - k—1)
2 ‘Bridge’ Decomposition
123456
4 N
1 /3567 810}
536 7 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 a7 (Ca+ag) gy 6 8 510 (45)
Qo 1 Qg Qg 6 10 (24)
(46)

A\
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates for Computing On-Shell Functions

£, = fo deoy_ dC !
Tl ey vOl(GL(K)) (1o k) (2 k1) - (n- - k—1)
2 ‘Bridge’ Decomposition
123456
4 N
1 /3567 810}
536 7 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 a7 (Ca+ag) gy 6 8 510 (45)
Qo 1 Qg Qg 6 10 (24)
(46)
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
Combinatorics, Classification, and Canonical Computation Asymptotic Symmetries of the S-Matrix: the Yangian

Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

/don .40 §4 (C(@)-7) 02 (C(@)-X) 62 =0 (x-c(@)h)

aqd
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
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Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

/don A daa §4 (C(@)-7) 02 (C(@)-X) 62 =0 (x-c(@)h)

aqd

Measure-preserving diffeomorphisms leave the function invariant
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
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Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

/dO&]/\ /\dOéd 5k><4( ( ) )5k><2( ( ))\)52><(n k)()\ C(d») )

aqd

Measure-preserving diffeomorphisms leave the function invariant, but—
via the §-functions—can be recast variations of the kinematical data.
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
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Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

d d

/Oél/\ A2 Qq 5k><4( ( ) )5k><2( ( ))\)52><(n k)()\ C(&) )

aq

Measure-preserving diffeomorphisms leave the function invariant, but—
via the J-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell Diagrams: Amalgamations of Scattering Amplitudes A Combinatorial Classification of On-Shell Functions
On-Shell, All-Order Recursion Relations for Scattering Amplitudes Building-Up (Representative) Diagrams and Functions with Bridges
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Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

d d

/Oél/\ A2 Qq 5k><4( ( ) )5k><2( ( ))\)52><(n k)()\ C(&) )

aq

Measure-preserving diffeomorphisms leave the function invariant, but—
via the J-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Aftz)’,l the only terms come from the ‘forward limit’ of the tree AS)’O:
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Af)’,l the only terms come from the ‘forward limit’ of the tree AS)’O:

2 3

4
1
I I
1 n
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,

2 3

4
1
| I
1 n
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,

¥
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Af)’,l the only terms come from the ‘forward limit’ of the tree AS)’O:

2 3 3
1 4 1 4 1 4
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,

gy (28 )
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,
2 3
1 4
1 n
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,

2 3
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,
2 3
/ d*e
LeR3!
1 4
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,
2 3
[ &
LeR3!
1 4

Tuesday, 6™ January NBIA Nordic Winter School 2015  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell Diagrams: Amalgamations of Scattering Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes On-Shell Representations of Loop-Amplitude Integrands
Combinatorics, Classification, and Canonical Computation

On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Aftz)’,l the only terms come from the ‘forward limit’ of the tree AS)’O

2 3
Nt
4 4
I1) |nl
[ & /Voch {11} ol
LeR3! A[/\[+(1A|)\4)€1R3 !
1 4
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On-Shell Representations of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Aftz)’,l the only terms come from the ‘forward limit’ of the tree A?)’O

2 3
d\d\
4 I 1
(11
[ & /VIGL (1) ol
LeR?! (= (/\[/\[+¢1A|)\4)€R371
1 4
2 2 2 2
2),0 ¢ (L+p1) (£+p1+p2) (£—pa)
logl———— ] dlogl ——% ) dl 1
A /""g((é E*V)d"g((e—e*ﬁ dlog\ " gy )8 (=2
LeR3!
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Aftz)’,l the only terms come from the ‘forward limit’ of the tree A?)’O

2 3
d\d)\
4 1
ll
[ & /VIGL (11) ]
LER! (= (/\[/\[+¢1A|)\4)€R371
1 4
2 2 2 2
(2),0 ¢ P\ oo PP o - ((E=pa)
Ay x/dlog<(€_é*)2>dlog<(€_€*)2 dlog —0)2 dlog =)
LeR3!

- Agz)’ox/d%g : (P1+p2)*(P3+p4)°

e 2(6+p1)?(C+p1+p2)*(€—pa)?
€R?:
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