V.P. NAIR

THERMOFIELD DYNAMICS AND GRAVITY

V. P. NAIR

CI1TY COLLEGE OF THE CUNY

Current Themes in High Energy Physics & Cosmology
NIELS BOHR INTERNATIONAL ACADEMY
COPENHAGEN

AUGUST 20, 2015

TFD-Gravity

August 20, 2015



@ Thermofield dynamics gives a way of discussing mixed states (which carry entropy) in
terms of a pure state description. Can they be useful in gravity? (ISRAEL; MALDACENA;

JACOBSON; + others)

@ Fuzzy spaces provide approximations to a differential manifold in terms of

finite-dimensional matrices.

Can we combine these two to produce some version of gravity?

@ WhatIhopetodois

e Describe a (slight) generalization of thermofield dynamics

e Apply this to gravity in 2+1 dimensions

V.P. NAIR TFD-Gravity August 20, 2015



Thermofield dynamics can be expressed by a coherent state path integral with action on

two copies of CPY~! with opposite orientation.

It can also be expressed as a functional integral over spinor fields, with a particular limit

taken at the end
For a fuzzy space, introduce gauge fields as a way of defining the large N limit.

Double the Hilbert space modeling a fuzzy space to H ® #x, with left chirality
gravitational fields (SO(3) in 2+1) on one component and right chirality fields (SO(3) r)

on the tilde component

This leads to

s—_ L1 [Tr(AdA+§A3) fTr(AdAJrgAs)
L

_ } = Einstein — Hilbert action
%

R
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For a system with Hilbert space #, the expectation value of observable O is
1
_ _ —BH _ —BH
(0) =Tr(pO) = =Tr (e O) , Z="Tr (e )

We double the Hilbert space to # ® A and introduce the pure state (called thermofield
vacuum)
1 _13E -
= — e 27" n,n
7z 2 I
Then we get

©1010) = 3" ¢ 2 AEEEn) (miojn) gl = r(p 0)

’

1
Z
The Hamiltonian is taken as

H=H-H=H®1-1QH, = HI|Q)=0

This formalism is very useful for considering time-dependent (nonequilibrium) effects at

finite temperature.
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For a quantum system, the density matrix evolves by the Liouville equation

i =Hp—pH

op
ot

We can write an “action” for this,

S:/dtTr [p() (UT iaa—[tj - UTHU)}

where U’s are to be varied, and p = U py U'.
Our first step is to construct a similar action for thermofield dynamics.

For this we start by using coherent states ¢,(z), x»(w) such that

/ du(z, 2) & $m = Snm, / Ap(w, w) x5 xm = dnm
M M

There are many choices for the space of z, z (and w, w); the simplest is to use CPNV 1!,
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@ The states can be taken for this case as

1 Zi
N|z) = ———, ilz) = ——, i=1,2,---,(N—-1
(N|z) - (ilz) - ( )

@ These can be made orthonormal with the integration measure corresponding to the
standard Fubini-Study metric,

(N — 1)! Hidz,- dz,-

du =
e N

@ Then the thermofield state |©2) can then be represented as
1) =X (Vo)wm dm, O =x"/p 06
@ We get, as expected,

@0 = / 65(VPab X Xs (VP)ea(OB)a = Tr(p O)
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THERMOFIELD DYNAMICS (cont'd.)

@ Introduce a slight change of notation,
Qz, ) =Y n(@) (VP)nm dm(2), x(w) = (1)
nm
@ Time evolution is given by a path integral
on(z0) = [1D2] 15302 4,2 0)

Oz 1, 1) = /[DzDu] ol Szt |2 Z) i Stwit 1) o7/ i 0)

V.P. NAIR TFD-Gravity August 20, 2015



@ The vacuum-to-vacuum amplitude is given by

F /[DZDM] Q*(Z, u) eiS(z,Z,t 12',2") eig(u,ﬁ,l 178878 Q(Z/, l_tl)

> (V)i (kl e Mt |a) (1 et |b) (\/D)ab

eiS(z,Z,t |2/,2") _ <Z‘ efint Izl>
@ We choose H, = —HT, to be consistent with the algebra, so that
F=Tr (\/;)"’ e—th \/ﬁeth)

@ This may be viewed as a contour integral as
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@ Correlation functions (which are the observables of interest) are of the form

(A1) B(12)) =Tr (V U(t,6) AU(n, 12) BU(1,0) /p U' (£,0))
@ This is not the Schwinger-Keldysh type contour-ordered correlator. If we define

Qi =Y ¥n() Kum ¢m(2)
nm
we have

Fo /[DzDu] (2, u) iS22t 12 ) i S(u it |u W) Q7. )

@ The Schwinger-Keldysh type contour-ordered correlator is

F,= /[DzDu] Qi (2, u) eiS(z,Z,t\z',Z/) eiS(u,ﬁ,tlu/,ﬁ’) Qp(zl7 u/)

V.P. NAIR TFD-Gravity August 20, 2015



Turning to the action for the coherent states
S= /dt [(iZka — z Hyzy) + (i gty + Uy H,gulﬂ

with the constraints

Zr z =1, U up =1

The symplectic form (for z, z) is w = i dzy A dz; and lead to wave functions of the form
U = e A#%/2f(Z)

with z; acting as /9% on the the f’s.

The constraint shows that the f can have one power of z, which implies that f(z) ~

ol
T

There are exactly N states, giving the rank 1 representation of U(N).
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@ The Hamiltonian operator is
17}
H =7z Hy—
k Hil oz,
Matrix elements of this Hamiltonian = Hy;.
@ Story for u, uis similar,

_ _ _ o
\Il:exp(—u-u/Z)f(u), H:_uka]iaiulv (k‘H‘D:_HIS

The operation H — —HT represents conjugation in the Lie algebra of U(N).

@ Itis useful to define
zx = &k1s U = Wy = &k, P=

which gives the action

S= /dt > Pup (igkﬁéka — &k Hk1§1a> = /dtTr [P (iETé—ﬁTHS)]

o,=1,2
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@ The variables z;, u; with the constraint define (two copies of) CPV—!. Define
Eka = Ulg(()!) = (k|U()|0), for two unitary matrices U(<)

@ The action now takes the form
S = /dt [(z Ot — gty U(1)>00 _ (i U@tg@ _ y@tyg U(Z))OO]
@ The state Q is
Q =2k /o Wi = &1 oy €2 = OIUDT /o UP)0)
@ We can include the factors of ,/p as well by defining

A=—i|Hdt+ " logpds
27
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@ The amplitude of interest is then

F]=/[DU} exp VC (fUT U+ UTAU)OOJr?{A]wLB]'}

@ With/ =] =0,
Fj—o(C) = TrPefc A

@ The contourisonR x S! of the form

(0,0
@ The Renyi entropy can related to multiple holonomy around the S! direction

S(t) = - (M)

n—1

V.P. NAIR TFD-Gravity August 20, 2015 13 /28



@ Now we rewrite this as a field theory functional integral.

(kle=™|1) = (Olax e~ a]|0) = (0|T ax(1) af (0)[0)
Y / ldada*] & ay(t) al (0)
S = /dt la;(ido)ay — af Hya)], N7'= /[da da*] e’

@ Introduce a (z, z)-dependent field (on M)
w(Z,Z t) = Zakzkv wT(Z,Z’ t) = Zu]tzk
k k

@ The diagonal coherent state representation of operators also allows us to introduce

Ao(z,z) = H(z,z) such that

Hy = /M du(z,2) 2 H(z,2) 2 = /M du(z,2) 2 Ao(2,2) 2

@ The action now becomes

s= [ drdutz.z) [ (1006 - o a0(z.2)v]
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@ We can go beyond fields which are “holomorphic” to general ones by considering the
holomorphic ones as the lowest Landau level of a mock quantum Hall system. Use the

action

S:/dtd,u(z,z) {w* (i@o— Ao(z,2) + D2+EO) 1/1]

2m

@ Collecting results,

F = N / [dydy* dpdd*] e Q*(£) Q(0)

w7 = [ dutzBdutw @) v (@) 6" () @y )
s = [aduez) [w* (iao ~ Az7) + Dzzan") g ¢]
_ /dt/M du(z, 2) v* (iao ~ Ao(z7) + DZZLEO)
+far ] auez o (1o s+ 2R o
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@ Take the states to be of the form |k) = |a I) € H; ® H, and define a set of fermion fields

¢I - Zoz Ao Zeoe =

D? + F
S = /dt/ du(z, 2) 'L/)}k (i8051] — (A()(Z, 2)[]+ + 051]) Yy
M 2m
D* + E

2m

+/dt /~ du(z,z) o1 (50051] — (Ao(z,2))y + 511) @5
M

Labels I,] ~ some internal symmetry or degrees of freedom.

@ If M x R admits spinors, we can replace the action by the Dirac type action

S = /dl’/ du(Z,Z) ‘i/[(iquu)[]‘l/]+/dt/~ du(Z,Z) ‘i)[(i’y”'Du)]]q)/
M M

¥ and ® are spinors, v# = the standard Dirac matrices and ¥ = U1~%, & = 140, The
Hamiltonian for ¥'/® now has the form H’ + Ay with H' = —iy%+/D;.
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Fuzzy spaces can be defined by the triple (Hy, Maty, An)
® 7y = N-dimensional Hilbert space
® Maty = matrix algebra of N x N matrices which act as linear transformations on
HN
e Ay = matrix analog of the Laplacian.
In the large N approximation
® Hpy —> Phase space M
® Maty — Algebra of functions on M
e Ay — needed to define metrical and geometrical properties.
Mp = (Hn, Maty, Ay) defines a noncommutative and finite mode approximation to
M.

Quantum Hall Effect on a compact space M, lowest Landau level ~ H

@ Observables restricted to the lowest Landau level € Maty

Thermofield dynamics as a field theory functional integral is a realization of this
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@ Consider the (n+ 1) x (n+ 1) angular momentum matrices J%, n = 2j

@ Define
a_ _J°
ViG+1)

@ These obey
XX% =1

@ Functions of these matrices are functions of 1, X4, X(axb) — %5“17, ---; there are (n+ 1)

independent functions for a basis.

@ This agrees with

n

F(®) =3 fim¥m(0,0), D (21+1) = (n+1)
0

0

@ Further, when n — oo,
XC
XX =i — 0

ViG+1)
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We can generalize to fuzzy versions of CP¥, for arbitrary k. by considering QHE on CP*

(U(1) and SU (k) background fields)

CPF is given as

_ SU(k+1) SU(k+1)

k
cF Uk)  UQ) x SU(k)

This allows the introduction of constant background fields which are valued in

U(k) ~ U(1) & SU(k)

Useful comparison:

Minkowski = Poincaré/Lorentz

Changing the gauge fields of U(1) x SU(k) (and more generally SU(k + 1)) is the same

gauging the isometry group. = suggest interpreting as gravity
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@ The Hilbert space H ~ H; ® H, ® Hs with states of the form |, a, I), where H3 refers to
matter system of interest.

@ For gravity, as a first approximation, we will not need to consider excitations of the
matter system, which means that we can restrict the matter fields to the ground state. In

this case, the

@ States ~ |a, a,0) corresponding to a representation R; ® R, of G with the transformation
(2
‘O{, a, 0>/ = ((!ﬁ) ga(b) ‘187 ba 0)

R, defines #,, we take dim#; — oc. R) is a highest weight representation —can define
symbols and *-products.
R, = Fixed representation, defines

Both are unitary representations
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@ Since CP! ~ §? = SU(2)/U(1), start with choosing g = exp(ic - §/2) € SU(2) as

coordinates for the space (and a gauge direction).

@ Wave functions are given by the Wigner D-functions

Diis(8) = (. ml exp(i] -0)1]. )

subject to a condition on s.
@ Define right translations as R, § = g ta.

@ The covariant derivatives D+ = iR+ /r. Since
[R+,R7] :2R3 —— [D+,D7] = ——

we must choose R; to be —n for the Landau problem.

@ This corresponds to a field a = in Tr(3g~'dg).
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The wave functions are thus
Un(g) ~ DY _,(8)
Choose the Hamiltonian as

1

= o [R+R— + R-Ry]

The left action

Lag=1tag
commutes with H and corresponds to “magnetic translations”.

The lowest Landau level (LLL) has the further condition (holomorphicity condition)
R_Wp(g) =0

LLL states also correspond to co-adjoint orbit quantization of a = in Tr(3g~'dg).
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@ Start with the action
S= /dtTr [ipoUTatU — U A U]

@ The LLL has N available states, K occupied by fermions, 1< K < N

@ Form a QH droplet, specified by the density matrix: pg = Z{(zl [i) (i,

1

PO = 1

@ We will take the fully occupied case, K = N. (K < N can be analyzed, leads to boundary

terms (which are WZW actions).)
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@ The symbol is defined by

(Aix = A = (=5, il KT AR | — 5, k)
| — s) is the highest weight state of the spin-s representation. As a 2 x 2 matrix,

1 1 =z elt/2 0
\/1+2Z _z 1 0 e—iG/Z

@ The symbol for the product of two operators is
AB)x = (—s,ilht ABR| - s,K)

= > (—silh"Ahja,j)(a jlh"Bh| - sk)

a,j
N—-1 R N

= AjBi+ > (=S ikt Ah|—s+r,j)(—s+rjlRiBR|—sk)
r=1

- lk+2[ | R B = as
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@ The action has the gauge invariance

U—gU, Ao —> g Ao+ gg7!

For transformations g close to the identity, g ~ 1 + & and
A()A)A()faoi’f./ig&)+(i>j\0
@ In terms of symbols
Ag — Ay — 9P — Agx D+ P x Ay

This has the full content of the operator transformation. A and ¢ are functions on
CP! x R and are also 2 x 2 matrices.

@ It is convenient to introduce A, dx* and a function A such that

Ag — Ag + BoA + [Aog, A]
Ai —>A,+8LA+ [AI,A]

= Ay + 0P+ A+ P — P x A

where 4, and & are functions of A, and A.
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@ The solution is given by (KarABALI; VPN)

Ay = A + [aaAo Ap — AaBpAg + FaoAp — AaFip] +
pab
d = A+ E(aa/\ Ap — AaOpA) +
ab
pab = % 5’;— +i(wgh)a ]

@ We get
R 1 2 3
/dtTr’Hl(X)HgAO :/dl’/ Try, Ao = —*/TI"H2 (a+A)d(a+A)+ =(a+ A)
M 4 3
:—i/Tr(AdA+§A3), a+A— A
4 3

@ Including the tilde sector

Szfi/[Tr<AdA+gA3) fTr(AdAJrEAS) }
ar 37 ), 37 J»
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@ The basic proposal is that , for the gravitational part of # ® #, SO(3), fields couple to #
while SO(3), fields couple to . i.e., A ~ SO(3)1, Ag ~ SO(3)g.

@ We identify

A= —iPse® — %Sabwab
Y 1
Pa= 2ila7 Sap = E (Yavp — YpYa) a,b=0,1,2.
S = d /Tr AdA+ 2 a3 1/8G — 1
T 327G 75 3 ;

= ! /d3x dete | R — i
167G 2102

@ A; are auxiliary fields introduced for simplicity of representing the transformation. So it
must be eliminated.
@ Itis also not clear what Ay should be for gravity. Eliminating both Ay and A; via the

equations of motion gives the gravitational field equations.
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We obtain dynamical gravity as a large N effect.
The level number is 1 so far, we need multiplicity (//8G) for a large level number.

One can continue to Minkowski space using the field theory representation for the

thermofield path integral.

One can use the SL(2, R) orbits of the Virasoro group to carry out a similar construction.

One has to use large-central-charge limit to simplify the action.
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Thank you

TFD-Gravity



