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Outline

• Perturbative calculations of amplitudes:  
why a toy model	



• Why a special model, ‘N=4 SYM’, is solvable: 
Laplace-Runge-Lenz symmetry
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• Quantum Field Theory is a successful and powerful 
tool used in many fields	



• Typically calculations are performed in a 
perturbative expansion	



• ‘Scattering amplitudes’ -> probabilities.  
Needed for precision studies at LHC	



• Calculations notoriously difficult.  Why?
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• Ex.: magnetic moment of the electron

(↵ ⇡ 1/137)

• Huge gap between difficulty of calculation, and 
simplicity of final results	



• Gap widens for more complicated processes

+ + + ...

ge = 2 +
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⇡
+ . . . = 2.00232 . . .
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• More detailed example: at (α/π)2, one gets a few 
transcendental numbers: ζ(3), π2/6, log(2),1/6.	



• Analytic result is a list of integers:  
the coefficients of each transcendental number
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• More detailed example: at (α/π)2, one gets a few 
transcendental numbers: ζ(3), π2/6, π2/6log(2),1/36.	



• Analytic computation producesa list of integers:  
the coefficients of each of these number	



!

!

• For multi-scale problems, numbers get promoted 
to special functions 
(logarithms, polylogarithms, etc.)
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Is there an efficient way to get these integers?
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• Coefficients often identified as residues of 
the integrand, or on-shell diagrams:
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• Predictions constructed out of physically meaningful 
building blocks	



• To generalize and understand how this works: toy model

... ...

......

ex: one-loop  
‘box’ coefficients

on-shell  
tree amplitudes
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The Kepler problem, 1.
• Classical two-body problem with 1/r potential:  
 

• We can go to a center-of-mass frame; 
four conserved quantities are apparent:  
angular momentum    and energy	



• Just from these, one deduces that motion takes 
place in a plane, Kepler’s area law, etc.
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The Kepler problem, 2.
• Something special happens when the force 

is 1/r2: the orbits do not precess
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• For V∝-1/r the system possess an additional, 

non-obvious conserved vector:  
 
 
 

• It points in the direction of the eccentricity, 
preventing it from precessing
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The Kepler problem, 3.

(« Laplace-Runge-Lenz » vector)
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• Quantum mechanically, the Laplace-Runge-Lenz 
vector is still conserved	



• It explains the well-known degeneracy [SO(4) 
symmetry] of the hydrogen atom spectrum 
(this was quickly pointed out by Pauli in the early days 
of the subject)  
 
 
 

• In the real world, its conservation is broken by 
relativistic effects (spin-orbit, …)
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Does there exist a relativistic quantum field theory 
in which the Runge-Lenz vector is conserved?
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• In the early days of relativistic QFT,  
Wick and Cutkowski considered the following 
model:	



!

!

!

!

• This is the ladder approximation to ep → ep,  
 ignoring the spin of the photon.	



• In the nonrelativistic limit this reduces to the 
hydrogen atom Hamiltonian
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• They found that this model possesses an exact 
SO(4) symmetry, even away from the NR limit	



• Consider just one rung 

!

!

• The symmetry is non-obvious in this form, but 
there is a conformal symmetry in momentum 
space
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• Can be revealed easily using Dirac’s embedding 
formalism	



• Rewrite each vector as a 6-vector, with L2=0:  
 
 
 
and similarly for the external momenta:  
 
 

• Propagators become simple 6D vector products: 
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• The L’s and Y’s ‘live’ in regions of the planar graph 
 
 
 
 
 
 

!

!

• Ladder has SO(6) rotation symmetry!
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• SO(4,2)=Conformal symmetry in momentum space	



• Seems to big!	



• The masses are not invariant; the external vectors Y1, 
Y3 break the symmetry of bound states:	



!

• This is precisely Pauli’s SO(4): generated by SO(3) 
rotations, plus the Laplace-Runge-Lenz vector
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• The broken part of the SO(4,2) is also useful	



• It implies that the physics depends on only the ‘angle’ 
between Y1 and Y3:  
 
 
 
 

• In the non-relativistic regime, this is the familiar 
statement that only the ‘reduced mass’ matters	



• Here generalized relativistically!
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• Unfortunately, the ladder approximation is not 
consistent quantum-mechanically	



• For this reason, this symmetry appears to have 
been mostly forgotten, like a curiosity	



• Wick and Cutkowski’s investigations 
left us the ``Wick rotation’’
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• The simplest way to imagine a consistent QFT with 
this symmetry is to take a planar limit:  
 
 
 
 
 
 
 

• The Feynman rules would then ‘just’ need to respect 
the SO(6) symmetry, which acts in momentum space	



• Can such a thing exist?
26
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Fast forward to the 2000’s

• Bern-Dixon-Smirnov-(Kosower-Anastasiou), and 
Drummond-Henn-Smirnov-Sokatchev observed:  
 
All integrals are SO(6)-invariant! 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A more complete discussion of the µ terms, especially for theories with less supersymmetries, will

be presented in the future.

Figure 6: Examples of diagrams with no two-particle cuts. The external lines are gluons, but the internal
lines are summed over all states in the supermultiplet.

7 Structure of higher loop amplitudes

Following the same cut construction procedure used for the two-loop amplitudes, we have found a

pattern for the n-loop N =4 four-gluon leading color partial amplitudes.

The three-loop leading color partial amplitude is given in fig. 7. Note that there are one-loop

pentagon sub-diagrams. This complicates the analysis of the three-particle cuts since one-loop

pentagons can be reduced to sums over box integrals [28]. In some cuts it is the box integrals that

appear and in some it is the pentagon; this must be disentangled in order to identify the form

appearing in fig. 7.

Figure 7: A pictorial representation of the three-loop four-point N = 4 leading color amplitude. Note the
prefactors that involve ℓ (where ℓ is the internal loop momentum indicated by the arrow in each term) are
part of the integrand.

Observing the results for the leading color one-, two- and three-loop N = 4 amplitudes one can

recognize a pattern which can be used to construct the (n + 1)-loop amplitude from the n-loop

result. The pattern is that one takes each n-loop graph in the n-loop amplitude and generates all

the possible (n + 1)-loop graphs by inserting a new leg between each possible pair of internal legs.

Diagrams where triangle or bubble subgraphs are created should not be included. The new loop

momentum including an additional factor of i(ℓ1 + ℓ2)2 in the numerator is integrated over, where

ℓ1 and ℓ2 are the momenta flowing through each of the legs to which the new line is joined. (This

is depicted in fig. 8). Momentum conservation ensures that it does not matter on which side of the

new line the momentum pair ℓ1 and ℓ2 are taken. Note that no four-point vertices are created by

this procedure. Each distinct (n + 1)-loop graph should be counted once, even though they can be

generated in multiple ways. The (n + 1)-loop amplitude is then the sum of all distinct (n + 1)-loop

graphs.
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[Bern,Rozowsky&Yan, `97]



• Dual conformal symmetry in massless case
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Why the N=4 SYM theory?

• The symmetry implies conformal invariance:  
[SO(6) symmetry implies nothing special can happen at 
infinite momentum -> theory UV finite]  
 

!

• The N=4 theory is however much more 
special: conformal in both x- and p-space!	



• Unique known example  

4 6
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• The theory is conformal. How can it have masses?    
--> Higgs mechanism!	



• Scalars can be given the vev’s we want. 	



• For planar 2→2 scattering it is interesting to 
break U(Nc)→U(Nc-4)xU(1)4 :
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(Alday,Henn,Plefka&Schuster)
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A fresh look at Hydrogen



• The four-point color-ordered amplitude from the 
top U(4) looks like this:  

!

!

!

!

!

!

!

• Contains analogs of both QED light-by-light 
scattering and e-p scattering

...

massless

[Alday,Henn,Plefka&Schuster ,	


Dennen& Huang: 6D,  

O’Connell&SCH: 10D]
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W bosons



• The W-bosons attract (through gauge and scalar 
exchange in the unbroken group)	



• At weak coupling, bound states are non-relativistic 
and hydrogen-like	



• O(4) unbroken at all couplings:  
degeneracy is exact	



• The Laplace-Runge-Lenz symmetry can help us 
compute the spectrum, even at finite coupling
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(J.Henn & SCH,  
PRL 113.161601 (2014))



• Tool: semi-classical quantization -> Regge theory	



• Look at the maximum angular momentum for a 
given energy	



• Maximum attained for circular orbit:  
 
 
 
Equating to an integer yields familiar spectrum:
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quantization)



• The trajectory jmax(s) is well-defined in any 
quantum field theory	



• Defined from high-energy behavior of amplitudes:  
 

• [Physically, the spin jmax(s) exists as a smooth 
function because Lorentz boosts are not quantized]	



• Regge theory tells us we get bound states where
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• How to compute jmax(s) in general?	



• Recall Cutkowski’s finding about ‘reduced mass’

m1

m2

m3

|m1�m2|

|m2�m3|

...

Amplitude depends on only two cross-ratios!

v =
4m2m4

�t+ (m2 �m4)2

A4(s, t,m1, . . . ,m4)

= Atree
4 ⇥M(u, v)



• Take m1=m3=m, without loss of generality.	



• Keeping u fixed, two ways to make v small:  
 
1. Regge limit: t→∞:  
2. Small mass limit: m4→0:
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Conclusion:

[Correa,Henn,Maldacena&Sever]

An amazing equality
u =
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• Combining Cutkowski’s formula with Regge 
theory, gives recipe for findind bound states:  
 
1. Compute IR divergence for two particles 
going out at angle   :  
 
 
 
2. Find angles    for which  
 
3. Convert angle to energy:
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Leading Regge trajectory at weak coupling:

• Expansion parameter, after using equality, becomes 
distance from the right (δ<<1), instead of `how far up’ (j>>1).  

�2

• Success of the semi-classical quantization built-in

�(�) ⇠ �f(�)

�



Increasing the coupling

• Trajectory always linear around t=0	



• The slope increases with coupling constant λ	



• At large coupling the slope is large -> get states 
on a linear trajectory	



• Simple way to see strings appear	



• Agree precisely with string theory in AdS!
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4

correction to eq. (14):

(En�2m) |�3 =
��3m

64⇡4n2


S1(n) + log

�

2⇡n
� 1 � 1

2n

�
, (16)

for n = 1, 2, 3, . . ., and where S1(n) =
Pn

k=1
1
k is the

harmonic number.
Let us discuss this equation. First, we note that the

size of the correction is uniformly bounded as a function
of n, and therefore for small � it is always smaller than
the leading term given in eq. (14). This demonstrates
that the perturbative expansion is under control.

Second, we notice the non-analytic dependence on the
coupling through the log � term. This originates from
the ultrasoft modes alluded to earlier, and is conceptually
similar to the (me↵5 log ↵) contribution to the Lamb shift
in QED. It appears earlier by two powers of the coupling
in the present model because ultrasoft scalar exchanges
are not dipole-suppressed.

Third, the square bracket becomes constant at large n.
Its value is in perfect agreement with replacing the cou-
pling � in eq. (14) with the (flat space) static potential,

� 7! � + �2

2⇡2

�
log �

2⇡ + �E � 1
�
+ O(�3) [12], as it should.

Finally, we wish to mention that we have verified
eq. (16) against a direct next-to-leading order calculation
of the spectrum using conventional methods [14]. This
confirms, in a nontrivial way, that the method based on
eqs. (10)-(11) provides the correct spectrum.

The duality (11) can also be verified at strong cou-
pling. The cusp anomalous dimension was obtained in
semi-analytic form in ref. [15] while the spectrum was
obtained in ref. [16] by solving numerically a di↵eren-
tial equation [22], both using the AdS/CFT correspon-
dence. The two formulations appear very di↵erent and
we were not able to find an analytic match between them.
Nonetheless, when we evaluated numerically the two for-
mulas throughout the range 0 < E < 2m, (corresponding
to 0 < � < ⇡), we found perfect agreement within nu-
merical accuracy.

In Fig. 3 we show the next-to-leading order trajectory
at weak-coupling [23] as well as the strong coupling for-
mula taken from either one of refs. [15, 16]. The spectrum
is obtained from the curves by solving jn(sn) = n�1,
see eq. (10). With increasing coupling the ground state
becomes more tightly bound, as expected. The reader
should not attribute a deep meaning to the agreement
of the two curves at � = 10 and large spin; this is sim-
ply due to the fact that the weak and strong coupling
extrapolations of the flat space static potential turn out
to cross roughly at this value. The di↵erence in shape
between the two curves o↵ers one measure of the current
uncertainties at intermediate coupling. At small s the
slope is exactly known [17].

As a final application, the Laplace-Runge-Lenz sym-
metry allows to extend the conventional SO(3) partial
wave decomposition of the four-particle amplitude so as
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FIG. 3: Regge trajectories of Hydrogen-like states in N = 4
SYM theory for � = 5, 10, 10, 30, 100 (bottom to top). The
solid-blue lines use the weak-coupling formulas while the
dashed-red lines use the large-� formulas (see text). The
bound states (crosses) are obtained by equating j to an inte-
ger. The inset shows the same curves with the total energy
in units of mass on the horizontal axis.

to account for the contribution of full SO(4) multiplets,
reducing the complexity of the expansion. By analyzing
the three-loop results from ref. [18] in this way we found
evidence that the first subleading power correction in the
high-energy limit is controlled by a single Regge pole, or,
equivalently via eq. (11), a single operator of dimension

�1(�) =1 + �/(4⇡2) + O(�2) . (17)

Details of the analysis and the full three-loop trajectory
will be reported elsewhere [14]. This simplicity hints at
further structure in the dynamics of this model, which
does not directly follow from the Laplace-Runge-Lenz
symmetry but which the latter may help uncover.

To conclude we mention that the cusp anomalous di-
mension in N = 4 SYM has been recently reformulated
in terms of a system of integral equations which embody
the integrability of this theory [19]. Combined with the
present results this could lead to an exact determina-
tion of the spectrum at finite coupling in this interacting
quantum field theory.
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The leading trajectory from weak to strong coupling:



Some applications of dual 
conformal symmetry

42

• Massless limit governed by basically 3 numbers:	



!

!

• Using integrability of the theory, a lot is known about 
these numbers, as a function of the coupling	



• Obtained by solving an integral equation 
(in which the coupling appears as a parameter)

ABDS

2!2

= Atree

2!2

⇥ e
� 1

4 f(g) log
�s

c1m2 log

�t
c1m2 +c2

(Beisert, Eden&Staudacher ’07)
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State of art explicit results for infinite volume case. 

Slide taken from D. Volin
43

f [g]

�

4⇡2
⌘ 4g2



Conclusions
• A very special quantum field theory exists in D=4:	



!

!

• Can be analyzed using sophisticated methods from 
integrability, or using general methods 
-> ideal toy model for computing amplitudes,  
 and testing ground for new methods!
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planetary 
orbits

Hydrogen N=4 SYM
(planar)


