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Neutrino
absolute masses



Present 3v knowledge in one slide (with 1-digit accuracy)
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sin20,, ~ 0.3 octant(6,;) (anomalies,
sin%0,; ~ 0.5 absolute mass scale new states or
sin%0,; ~ 0.02 Dirac/Majorana nature interactions)




Oscillations constrain neutrino mixings and mass splittings
but not the absolute mass scale.
E.g., can take the lightest neutrino mass as free parameter:
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However, the lightest neutrino mass is not really an “observable”

We know three realistic observables to probe v masses =



Absolute mass observables: (mﬁ, Mg, 2)

1) P decay: m? = 0 can affect spectrum endpoint. Sensitive to
the “effective electron neutrino mass’ :

1
r2 2 92 . 92 9 9 2 9273
mpg = [0130127”1 + C138712M5 + 5137”3]

2) 0vpp decay: Can occur if m? = 0 and v=v (Majorana, not Dirac)
Sensitive to the “effective Majorana mass’ (and phases):

12 9 9 2 ibo 2 i3
mﬁﬁ—|013C12ml+013512”’77/28 + S13Mmae |

3) Cosmology: m? = 0 can affect large scale structures in (standard)
cosmology constrained by CMB + other data. Sensitive to:

E:m1+m2+m3




Beta decay: Classic kinematic search for neutrino mass.
Look at high-E endpoint Q of spectrum (depends on mzv).

Tritium: low-Q, fast decays
tritium B-decay and the neutrino rest mass

half life : t,,,=12.32 a

H 5 3He + e + v, |
8 end point energy : E;= 18.57 keV
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Need good energy resolution :



What is the “squared neutrino mass” in this context?
For just one (electron) neutrino family: m?(v,) (obsolete terminology!)

For three neutrino families v, and individual masses experimentally
unresolved in beta decay: sensitivity to the sum of m?(v.), weighted

by squared mixings [U_;| 2 with the electron neutrino. Observable:

1
r2 2 2. 92 92 9 2 9213
mpg = [0130127”1 T C13S812My T 313"’”3]

(so-called “effective electron neutrino mass’)

Note: mass state with largest electron flavor component is v;:
|U_,| %=~ cos?0,,~ 0.7
... and we can’t exclude that v, is “massless in normal hierarchy.
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Tritium experiment in construction: KATRIN

A —— -
L HV electrodes

S.C. solen0|d s.c. solenoid

B2 —

B Bmax Bmln

/ //%_.,_,,*,W/f//

adiabatic transformation E; = E,

SOU rce

Very good energy measurement and resolution via

Magnetic Adiabatic Collimation with an Electrostatic Filter
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B decay: need new ideas to go beyond KATRIN
(calorimetry?). Very far future ... a possible
observation of the relic neutrino bkgd ?

ei

Beta decay ® — @\ .
(A, Z) A zZt1) e

Neutrino Capture on a @ = P——

Beta Decaying Nucleus )
(NCp) Ve  (AZ) (A, Z+1)
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around Q
NC3

dn/dE_ m,=0
B

(PTOLEMY)



Neutrinoless double beta decay - Basics

Weak interactions are chiral ( = not mirror-symmetric):

Neutrinos are created in m

a left-handed (LH) state V Cdl

Anti-nus are created in — mw
a right-handed (RH) state 'v M




For massless neutrinos: handedness is a constant of motion

_ )\
V. w>

2 independent d.o.f.: massless (“Weyl”) 2-spinor




But: massive v can develop the “wrong” handedness at O(m/E)
(the Dirac equation mixes RH and LH states for m, #0):

7a\ A\

V: LEFT ® O(m/E) £ >

A\ 7ay

V- HT N > @ O(m/E) LEFT

AN

If these 4 d.o.f. are independent: massive (“Dirac”) 4-spinor
[— Distinction between neutrinos and antineutrinos, as for

electrically charged fermions. Can define a “lepton number”]




But, for neutral fermions, 2 components might be identical !

V. LEFT @ O(m/E) mM >
V: M ) ® O(m/E) @

Massive (“Majorana”) 4-spinor with 2 independent d.o.f.
[No distinction between nu / antinu, up to a CPV “Majorana phase”:
A *very* neutral particle: no electric charge, no leptonic number...]



Exercse : The V=V paradox for Majorana weutrines.

o We com olefine Ve as the parhide ewilted in I@eret‘,ag C(A,2)>(A,Z-Det v
® We com deb'v)e Ve as the parkicle ewitted inf” a(ﬂm3 P (A2) = (A, z+1)e Y

e The {—ou/ow{wﬂ reachons have beem wpewmwm{/{ﬁ observed :

Yetn - pre” Vetp->n+e’
o The fob(/owrwﬁ reachous have wol been oy perimenti iy oloserved :
Vetn - pre” Yet+ p > e*j

® Tus makes seuse L ¥'s are Divac , sinee % # Ve . One cam alach
o “(kaow‘c nuwmber ' o the doublels (%, e”) owd (7%,e*), which
i¢ cousevved {n the observed reackoas (AL=0) omadl wemlol be uiolatbed
v the oter two (AL=12) .

® Try b Mmake funse 0@ Hu's \C"‘d_ ]COY‘ MO&J’OMM V's (V =V )
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Soluheu~  For Mejorama view brivos (v =V) e umobserved reacheuns

Com OLCIMGUAA Take P(A(L’ But -Hneg are Suppms;w( )og Wiamy orolers olﬁ
WagqwiFude S (m/E).

Tiwleed | ,-Qoy\ Majorama v, we are Just namwing :
“Yel' = LH component of ¥V shfe
"Y' = RH companeur of v shite .

The iwbal v shife Frod/ucwl inm /3* o(!tcw}j is LH (weak mrer.) amd isHws “ve
While propagaking , ' remains dowinamtly kH, buf-cam olevelop o
swall RH commpoveutt- (“%e") ak O(m/€). Theu, also the reachion
Vet N 2 Pre” cam ocur in prindple ; but it is so suppressed to be
procheally wnobsevvable.  Tu oHur words, leplou uwmber wiolahioun
(AL= 2) 15 allowed tw Fr{ naiple bl suppresced of @(m/e)in PF&LCHQ_
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Summary of options for neutrino spinor field:

m=0, Y = YR massless field
Weyl: or ¥ =g, with 2 d.o.f.
m=0, V=19 +9r =19Y° massive field
Majorana: or =1+ =9Y° with 2 d.o.f.
m=0, W =g +bp # e massive field
Dirac: with 4 d.o.f.
Conjugation operator: ¢ = C (1)) = i)™ , Yantiparticle = C(Yparticle)

[Later: Majorana masses and “see-saw’ mechanism to explain their smallness]

“Unique” experimental handle to Majorana neutrinos =2
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Neutrinoless double beta decay: (A,Z) 2 (A,Z+2)+2e

Virtual transition

d(n) u(p) sl W 44
@) =
———— - ,.(.3') —

c © 31‘)

Ve A [(1")

X o

& e ah

+

W\Q{B
Om

) u(p) "Ge fas | Tse

Can occur only for Majorana neutrinos. Intuitive picture:

1) A RH antineutrino is emitted at point “A” together with an electron

2) If it is massive, at O(m/E) it develops a LH component (not possible if Weyl)

3) If neutrino=antineutrino, this component is a LH neutrino (not possible if Dirac)
4) The LH (Majorana) neutrino is absorbed at “B” where a 2nd electron is emitted

[EW part is “simple”. Nuclear physics part is rather complicated and uncertain.]
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Exerause : PPObabl'b\Iti of OvRR deca,g omd ‘™R (effechve Mayorama ma;s)

Avah‘fwole of OVAR decay :

® Depends on % wixings Uei wilh v

® Ts proporhioual b % masses mi (being & m/E eflect)

® Depeuds ou gamernlized Majorama cowdibous (amd phases) : Y=V, e“”"

Probalbili Og. decay

e -P F e 2_
3 e ‘.L' 3 e B
> ouEeth | [Zuimet | 2w <l
=i ' - l Mmass in OVEp
n 4% o(fzmg
Sinee there i¢ an absolule value, euly 2 out of 3 Majorama Phaots

are. plwsical (“relahve phases”) ; typical arofakioun:
(Mpp = | ¢t wy + cls 5% Wy ol ¥ 4 Stz W3 e'®: |

Nofe thal 6{%’3 may be alco QJCLM( to =4 aumd , ﬂeMeml) oy
iwdace  comaMaoms  Tm (MBS .
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Exercise: Majorana /Dirac "confusion" In ¥ oscillaNous

Fon Majorama ~v's He inximﬁ motrix U s %wem'l/f;eo[ A

CU> U U, where Uiy =diag (4, e, &) coutains

two \‘vno[Lp@wdw}— Ma)’ora/wa Plfwses.

Tn the havui oniam Of vV oosalaHous (eibur in Vacumn or n
Wadter) | the wixing wiataix always appears in Hu form :

UMt C wik L= oiag (2, m2,m3% ).
(=

“The T@PMCMMQM!‘ L= DU vs “hen ive «-{-CC\NVQ

Thuts 5 oscillabious do ot dishuguish Diva.c/ Majorama iewtuwos
(“Wf(us:w ' O_F P two Po%lfonln HQS)
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Experimentally: Look at sum energy of both electrons
Need to see the OV[3p line emerge above bkgd, at
endpoint spectrum of “conventional” 2vBp decay.
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What sets the uncertainty of Mg ?

In case of positive signal, a major concern is the
accuracy of the nuclear matrix element |M|, rather
than the expt. uncertainty on the decay half life:

Tz'_l =G, |M]|? m%ﬁ
T T

Half-life Phase space  Matrix element

|
il
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Luckily, independent

nuclear physics models

are slowly converging,

better than it could be

hoped only a few years ago ...

.. especially when using the
same theo. inputs for comparison
(e.g, same description of short
range nucleon repulsion) and
exploiting additional data to
constrain models.

BUT: errors remain large
for each candidate nucleus.



Many runners in the race to discover 0v3f3 decay...

TABLE VII. In this table, the main features and performances of some past, present and future Ov383 experiments are listed.

Experiment Isotope Techinique Total mass Exposure FWHM @ Qg5 Background S% (a0% c.v.)
[kg] kgyr]  [keV] (counts/keV /kg/yr] [10%° yr]

Past

Cuoricino, [179] “ITe  bolometers 40.7 (TeO,) 19.75 5821 0.153 = 0.006 0.24

CUORE-0, [180] “Te  bolometers 39 (TeO,) 9.8 5.1+0.3 0.058 = 0.006 0.29

Heidelberg-Moscow, [181]  "Ge  Ge diodes 11 (**Ge) 35.5 4.23 4 0.14 0.06 = 0.01 1.9

IGEX, [182, 183] Ge Gediodes 8.1 (*"*Ge) 8.9 ~ 4 < 0.06 1.57

GERDA-1, [167, 184] “Ge  Gediodes 17.7 (*""Ge) 21.64 32402 ~ 0.01 2.1

NEMO-3, [185)] *“Mo tracker + 6.9 ('*"Mo) 34.7 350 0.013 0.11
calorimeter

Present

EXO0-200, [186] WiXe LXe TPC 175 (*"rXe) 100 894 3 (1.74£02)-100% 1.1

KamLAND-Zen, [187, 185] **Xe loaded liguid 348 (“**Xe) 89.5 244 + 11 ~ 0.01 1.9
scintillator

Future

CUORE, [189] “Te  bolometers 741 (TeO,) 1030 5 0.01 9.5

GERDA-II, [174] %Ge  Ge diodes 37.8 (“™Ge) 100 3 0.001 15

LUCIFER, [190] *Se  bolometers 17 (Zn**Se) 18 10 0.001 1.8

MAJORANA D.,[191] Ge  Ge diodes 44.8 (“"/"3'Ge) 100* 4 0.003 12

NEXT, 192, 193] “Xe Xe TPC 100 ("**Xe) 300 123172  5-107¢ 5

AMoRE, [194] ‘Mo bolometers 200 (Ca®"MoO,) 295 9 1-10°¢ 5

nEXO, [195] Xe LXe TPC 4780 (“*Xe) 12150" 58 1.7-10°%" 66

PandaX-I11, [196] “Xe Xe TPC 1000 (“**Xe) 3000° 1276 0.001 11°¢

SNO+-, [197] “0Te  loaded liquid 2340 (***Te) 3980 270 2.107% 9
scintillator

SuperNEMO, [198, 199]  ®Se  tracker + 100 (5%Se) 500 120 0.01 10
calorimeter

a . . vas .8 . 2
our assumption (corresponding sensitivity from Fig. 14 of Ref. [191]).
‘we assume 3 tons fiducial volume.

“our assumption by rescaling NEXT.

from 1601.07512



Examples of half-life limits and their impact on Mgg
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Cosmology: a “modern” probe

Standard big bang cosmology predicts a relic neutrino
background with total number density 336/cm?® and
temper. T,~ 2 K~ 1.7 x 10* eV << Vvém?, VAm? .

— At least two relic neutrino species are nonrelativistic
today (we can’t exclude the lightest to be “massless)

—Their total mass contributes to the normalized
energy density as Q =Z/50 eV, where

> =mq1 + Mo + Mms

—2So, if we just impose that neutrinos do not saturate
the total matter density, Q <Q_=0.25, we get

M. <4eV - not bad!
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Much better bounds can be derived from neutrino effects on
structure formation.

Massive neutrinos are difficult to cluster because of their
relatively high velocities: they suppress matter fluctuations on
scales smaller than their mass-dependent free-streaming scale.

- Get mass-dependent suppression of small-scale structures

(E..g., Ma 1996)




Constraints from CMB also help removing degeneracies.

Observations: Spectra:
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L(1+1) Cy/2m [k

AC,/C,

Spectral effect of massive neutrinos (e.g., from v.v.y. wong)
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Significant progress after WMAP, PLANCK and recent galaxy surveys

In general, typical upper limits from current data can reach

2<0.2-03¢eV,

or worse if model and/or uncertainties are questioned.

1
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Combining constraints from:

oscillations
1
2 2 2. 92 9 9 9 9%
mg = [0130127”1 + C13S12My + 313m3]

192 9 9 9 ibo 9 i3
mgp = |613012m1+613512m26 T S13Mmse |

> =mq1 + mo + ms
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Interplay: Oscillations fix the mass? splittings, and
thus induce positive correlations between any pair
of the three observables (mﬁ, Mg, >), e.g.:

"Bp

2

i.e., if one observable increases, the other one
(typically) must increase to match mass splitting
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Oscillation data constrain the (mﬁ, Mg, 2) parameters within two bands:

LI T L 1

~
Q.
S
3
Q
>
(=)
-
Q
-
E normal hierarchy
Q
g inverted hierarchy
(o))
Q
fa)
.
Q
>
= 3 Spread due
nown
= i jorana phase:
£ - ]
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O
Z
L1l | | | ]
10° 10°° 167" 1
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Footnote - Previous plots project away the
“unobservable” lightest neutrino mass from graphs like:

Sensitivity of KATRIN

99% CL (1 dof)

10° 0.01 0.1 1
lightest neutrino mass in eV

0.03

10 10°* 10% 10! 1
lightest neutrino mass in eV

Taken from Strumia and Vissani, 2006
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Upper limits on mB, mBB, 2 (up to some syst.) + osc. constraints

1 prrrrr ————— 7% B :Mainz+Troitsk
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Major improvements expected in the next decade




Upper limits on mﬁ, mﬁﬁ’ 2 in~10years ?

T | 7 B :KATRIN
’E Sz /3 % 0ovpp: Upgraded/New expt. (+ NME)
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Large phase space for discoveries about v mass and nature.



Upper limits on mﬁ, ml3|3’ 2 in~10years ?

T — 7% B :KATRIN
’E Sz /3 % 0ovpp: Upgraded/New expt. (+ NME)
— 107¢ E
> : -
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Cosmology first? Be prepared to =Z>0 (or IH rejection) claims!



Upper limits on mB, mBB, 2 in~10years ?
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[Even now, at face value: Nu2016 osc. data + cosmology - NH favored]



With “dreamlike” and converging data one could, e.g.

Determine the
mass scale... %

=
Check 3v
consistency ...

|dentify the
hierarchy ...

3
Probe the -
Majorana E
phase(s) ...

102k
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107

10'3 11 18]

1EIIIIH

107"

107
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107

102

.10-3 L1 L1
10° 102 10
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But alternative situations might also occur....

1 b
? 1 .
. why the mismatch ?
__107F =
3 something wrong ?
£ jo2k . new physics ?
10-3 | |
10 1
1 1g
—~ 10k = 1077 =
% E = E 3
E 102 3 10%g E
10-3 ' ] Lol ] 10-3 Lo
10 1 10 1072 10 1
> (eV) m; (eV)
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Physics beyond “3 light v’ should always be kept in mind:

e e u u e e u u e e u
| \ \ \ | \
ML AW WL W Wi=[W
v N V(n)
Standard Heavy vV Kaluza-Klein
u e e u u u e P e e p
b | b \ \ \
VLR 9
RHCAm SUSY g SUSY I

A=RH had, n=LH had

41



New neulrino interachons

New physics bego,wd the SM mmight also be respw.&l’ble, {or

new interackions of neutrivs, e.9., FCNC:

Y .- VB ¥ d
—ﬁr——"’ \——}—— ; (&
r 2 = om .Q/yo\mp)e: 5(/5\{/(/ : \\'{
‘\ ’ { L
/;;;/?),,'/;7;;// /\\
4 Ve

—> Mag ge/l‘ velevom V\A»oo(/f]t,‘oqh'ws 0+ e evolubion hariltowian :

H = Heacr Fwar + Hjewpuysics

L

S lamdard WQWL

Howewer, waw couplimg are Hpically expeckd ho be ©(eGr)
wilte €4 = effeds difliculr o disenramgle Wf»ro,wn slaudaind
osclabons -
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Neutrino mass issue in the larger context of HEP:

% 15— t
gw".—
Testing Higgs sector
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coupling to Higgs =2

Where are neutrino masses on this plot? Options:

%) | ,

: : 5 ! ;

Dirac option T | S

"g"IO'1 3

neutrinos “talk” very weakly 5,2 : |

. . o c 1

with the Standard Higgs i

10° E

(Yukawa’s y < 1012) P %
“00 1 10 0P

mass [GeV

~"Vuolsi cosi cola dove si puote
cio che si vuole, e pit non dimandare
(Dante Alighieri).

, It is so willed where
P will and power are one;
' and ask no further questions.

particle mass 2



Another option: window to physics beyond the standard Higgs mechanism?

Y R T ™
g : : & ' 1
" Majorana option T | S
OD -09101, .
a0 YV >
I ® . 3 b 1
00 neutrinos “talk” normally 3
c . . 10° ¢ 9
= with the Standard Higgs . |
3 [y ~ O(1)] but also with a 10t 1 100 102 !
o

: GeV]
higher scale M >> M, mass [5eV]

(suppression M,/M)

New physics, non CKM-like!
- neutrinoless double beta decay
- CPV with Majorana phases
- leptogenesis
—> connection with GUT? SUSY?

particle mass 2



Large “neutrino phase space” where new physics scale(s) may show up...

N LS et L1 ey L2 ey U2 e Bt e Tttt

>
- [0
| NZ 1606
N -
0
(9]
@
i |l oE
Qo
N
B S 1 -
i o
L Ll [T 1T -
A p o @ ,,
m o o N
BBIH o1 Buiidnoos

Majorana with ’
low-scale see-saw..,”"
. Dirac

& S381H 01 8uljdnoo

particle mass 2



More on these options...

Dirac and Majorana mass terms + Seesaw (4 fomily)

® Dirac mass ferms are of ¥he form  mPY (4 dof ¢)
@ Majorqwo\ “ ¥ W % B " é—mqﬂ{z (Q obo{: +>
Three possibilihies :
Dirac : L{/ = 4’1_* 4’9 =2 Z\;‘}’ = “?L“}’R + ?R ‘fi
Majorana (L) = 4 = ¢+¢° = ¢ = Fiyls G }%Mf%"
Mo\J'omna (R) © ¥= de+ds > Fy- Ye¥r + Je dn Charged formious
Most gwe/ml mass Term %w e uitrine jtwvwnl/fj :

My (G + PP )+ JZ‘W‘L (q’lq/f”f FCd) + Sme (e P+ Frdr)
= Jz— LT ) Yo+ g ] [m" mo] [+L* t ] (matzix form)

Mp MR ] Ldp+yr
I the above ¢q. in matrix form , the basis fields ¢+ ¢S amd Gor e
ove. MQJOTCAAAA. Therelore ; in gemeral, oh‘aﬂmla‘mh‘w will  produce
mass eigemvechrs whwch are also Majorama, olespite the presence of
oo Dirac mass ferm (umless spruial camee Uahous occur).




\':‘)(P‘/{a'f o[/\'mgw/ol/\'}a Rom o{. M= [m" W'D’]

Mp Mg
Traaw  T=TeM= MLrMg
Deferm. D =dekrM = wipmg —W3
EISQAA\/(LLULQS - WMyt =1 (T £V T2_4D>

D\agcwmhw\wcw\ o le . Sin20 < My 00120 - L=y

(ot o m:xnng qmgu |) /T ad 4T ap

D\agw\/\zmﬁ volahon : [WH- 0 Co So [WIL WPD] [Ce —Sa]
-$¢ Co Mp g So Ce

o S 5] e T8 o 41 5T
: z e Lo ¢

Mp Me | [v; o wW-

Tf oue vmass eigenvalue <O, thew reouﬁme, -jlfe,ﬂo( - ¢ > g, so that me-m

0 m

SPQQ{a\ coase. + M= [fm /\] wite,. w<« A . Theu:

Eigenveckors (v fields) - Eigemvalmes  (masses)

%@Wg ~ (VR+YRC'>+ Y7\’1 (V4 vE) /\ < See-saw
Wedramisma !

¢ [ -y m?
ylaghl- L - (Nt )+ V—% (Yot V) ¢ )7\' <«wm




ThQ QI)(\‘S\'QMCQ 05‘ A 9“/“5\2," neutinvo VR ML ML UL VL

Is predicied w wamy exfeusious of di duod e
Yhe EW Shouwdowd Mooel. €~3~, W U UR Ug Vg
the 46 represenbuhon of $O(10) dr dr dr eg

- Com ge\‘ o MaJorM\A mass Term ~ N (VRCVR ¥ VRV& ),
in adoihon fo the “stamdard” Dimc wmass term  ~wm (7,1 + VeVL),
wheve wt 1S m‘mmuﬁ associofed to Hw 6W swle, wlule A is
vatinroly associakd 4o the scale of vew pluysics (Agyr ¢ ) which
avaclerizes the SM exltensiou.

= Dl‘agwml/\'?iwg [:ﬂ ‘:\”] as i the brewous page , ome gef's N
(./\S\M' M&Jorumo\ nembrive  wi ffa (YVlaSSrvg/)e-? ) oud a V‘Wj hew

Mjorwm memtrive Wil mass ~ A . The h‘ﬁlxw one (W the
preyumce o% more tHiam e 3QMJLme&) emters m neuntnine

otalakhams. Com e \/\Mms ove be “useful " as well 2 Yes |

—



- There (s the Possu‘bfl/;l-g to have lepbgznesis-

® CP wolahou at \/\A‘S\A emergy scales A VW\'SW- be réspw:ible_
.{or ol feremt- decony vates of heany YR inko charged leplous
in the early wuiverse :

Fr(va=> '+ )3 M(Va>8+.)

® This would Frow‘oie am unbalamee of lplous /amkleptous,
?ossibtﬂ ot the origin of the water- amh matter a;gmmeﬁy

0} B uuiverse .

—> Discovery ol quorm netrivos + CP qolabouw 1w the v gechor
would ke the see-sam t lephgemesis mmechounisms mozw
Dlausible (although it weuld be very ol fficult, if wot- fwpossi ble,
1o prove thewn ) .



Dirac amd Majorava mass Terms (more families)

e Most gMern| cane :
* 3 LH gauge doublets V), (d=emz) “AcTive" in BW inTerachous

e Ns RH gomge sins\e"s Ysr (s=1,--,Ns) “STERILE# ™ EW interachous

whore Ng tom be amy nwmber, at amy mass Scale (%ghi‘ or haaﬂjj).

® Most geueral mass mafrix ML | Mg
Vs o block {—OY“WI; M = 'l'-
My =3x3 , Mp= 3xNg, Mg =NgxNs Mp © MR

® Afkr diagonalizahon, gemeric eigemvechrs (Y]C{e,ldg) will be M(y‘omma/

- axpeck OYpp decoy allowed
—> expeu Ma(;frm phases besides Qfé phrase.

® Alter diagomolizakion, achive amd sferile neufrives will be viixed
—> xpRck $ee-30M Suppression o{— such iny\'vvg , bk ... Whe kuows
~ Uppns wob precisely mmy M generad
> achve/sterile ¥ osalabouns



Jargon for light (eV) sterile neutrinos...

Beyond Three-Neutrino Mixing: Sterile Neutrinos

m

1/5 | — 1/52

V4 I/sl

Amég, > 1eV?

V3
Ami,, < ~25x1073eV?

Vl [ B

Ve Vy Vr

Terminology: a eV-scale sterile neutrino
means: a eV-scale massive neutrino which is mainly sterile

C. Giunti — Oscillations Beyond Three-Neutrino Mixing — Neutrino 2016 — 5 July 2016 — 7/37




Exerase : Ove -dowivamb-wass-scale osci hatious —for a 4t stert e neutirine

. Lot us cousider +he spectium:

e Vg (sterile)

AM 7’~<9(wz>

tor szfsex‘\‘mwl‘s Somet Mve Wain

3
Then, the PMNS 2x3 WaTwix is wol wwifary,
b&'wg] part of a larger 4x4 iXing mateix:
Ueq
U= [ UPNNSJ Oua ) wiH%L
Wta !U;q,’! 1 - epsibon
Us, Usp, Wsz Usga i

in order wot to alter too ynuch the eshiloliched
3y 1'>1/1et/(/m/vuz/vwlzogg~ _— ]L_)M)Z

o(ze,/a,z

b AM'~ @ () | aue cam take Hu Umidks

owmr=> 0 amd Am*=> 0, amd apply tie sawme legic as for one donuvamb mass

Scale. W 3VE (v e (4v) = 4y = (3v) e (Mv).

Disappearomtce (a=g) +  A-Pan = 4|Unal®(1-|Uxal?) Sin? (4_34_;_94) <

APpe,ammce

(“7‘{8): Po(@ ~ 41Uu4ll\UP4lZSl'vxz (Aﬂ:f)

Q\'V\Mlartﬂ,we 32/1‘5 (for 4 p :Q_/uc)

Hsingly ¥ .;MppreSseof
bﬂ |Uxq]t << 4

< “douklW" suppressed
by hoth |Ugale 4
amd IUlgq[«i

4€



One short-baseline accelerator experiment (LSND) claimed
in the 90’s flavor oscillation appearance at the O(eV) scale:

Wy, % Ue [ ~30m 20MeV < E < 200 MeV

2 o102
C % .
8 17.5 ® PBeam Excess N -
g :
£ 15 :_ B2 piv, oY a8 N‘;
§ e - P, eI 410 E
. E other
10F |
7.5k B
5F
- 1
2.5 :“ g o areeieeats 10: |
: R st LS ed . C 90% (Lmax_L << 23)
d: F 1 99% (L -L<4.6)
T A O A O O A O R A el O vl 720 M a2l 2
0.4 0.6 0-8 1’ 1.2 1-4 10 IIIIi;_3 1 1 Illlil(;_2 1 1 Illl]lhl()_1 1 1 | S 8 1
L/E, (meters/MeV) sin” 26
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Unfortunately, after >20 years, this result has not
been either confirmed or ruled out conclusively, even
by dedicated appearance experiments (e.g., MiniBoone).

You may or may not see an oscillation pattern here...

0.020

o5t MiniBoone

5 oo LSND +
= 0005} #4._._.
0.000 +.‘.- . |
3 5

-0.005

P(7,

... especially if you exclude the two rightmost data points
at lowest energy and highest background.
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Moreover, if there is a new v, = Ve @appearance signal,
there must be larger Vi > Vi and v, 2 v, disappearance
signals at the same scale, AM2~0O(eV?):

Disappearonice (4-8): A~ Pax  4]Une|*(1- [uhal?) sin® (A% ) & Ssngly ¥ suppres
o Y 1Uxq) <1
Appe/ammce (o(-%[@) : PO(ﬁ ~ 4 ]UM[I \U54 ]Z sin? {/AMYZ_) - “o{,oulab”suf:)przssao(
| e by hoth |Ugalec L
amd l()/;ql<<i

However, no unambiguous disappearance signal has been

seen, especially in A > Vi mode.

This fact makes it difficult to reconcile positive LSND
results with (mainly) negative results from other epts.,
not only in models with 1 additional sterile neutrino
(3+1) but even with 2 steriles (3+2) =
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Sterile neutrinos: Appearance vs Disappearance... [from Giunti+ 2015]

10 3 1-PGLO | | ] 10 341 - PrGLO
| e 68.27% CL i w— 68.27% CL
w— 90.00% CL w— 90.00% CL
1w 95.45% CL : w— 95.45% CL
| e 92.00% CL ] . 93.00% CL
92.73% CL 98.73% CL
> >
2, 2,
1 - 1
~N g R
E {1 €
< 4 <
341-3a |
— v, DIS
— Vv, DIS
— DIS
— APP
10-1 L i - . 10—1 A
107 107 107 10~ 1 1072 107 1 1
. 2 .
Sin“29,, Sin29,e
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in 2011, a possible hint for v, = v, disappearance due to sterile n has been
claimed (“reactor neutrino anomaly”), by a reanalysis of new fluxes and old
reactor experiments at L<O(100) m. In addition to the known disappearance due
to 3n oscillations at L>O(100 m), there seems to be an extra deficit at small L:

L) i e RS e e S S L B
/| Newreactortix
P arkivil101.2863 T

. : k w-osdiliation 2:::
D f 8y Midngangle

1

B L LT, o MRS S SEEHH
| Terraincognita
. 4% neutrino 272

. Readtor::
:Antineutrino  ©
sin Anomaly:
L arXiv:1101.2756 |

Physics scenarios

3 active v + 1 sterile v (new) : o
05f|= = =8 active v
= Data P Lo

T EEETTTTEe e TETTTEs R R Y . Y i
107" 1c° 10' 1 10° 10 1d” 1c?
Distance to Reactor (m)

Many ongoing experiments to test this anomaly .



New mass states could actually emerge at (different) new scales ...

Y/
| GUT
. @
| TeV
N
v
b0
20
T
2 | .
o | eV
£
o
=
o
°
kgV
eV

<leV particle mass 2



... and contribute to a rich phenomenology, e.g.,

A%
GUT [proton decay]
O
[leptogenesis]
TeV [LHC]

[heavy neutfal leptons]

Gev  [SHiPY”

coupling to Higgs =

/,/[/I/(/)w-scale see-saw]
Y
| [direct mass searches]
eV [oscillations]

<leV particle mass 2



Let us remain open-minded: new physics may emerge at any scale!

coupling to Higgs =

particle mass 2



Finally, we should never forget that there are
still vast lands to be explored in the neutrino world...

=~10%
S i
=107 T
= Cosmological v
510 [ 20XX?
T 1o Solar v XX:
'T'E / Supernova burst (1987A)
S10-F /N
I ' Reactor anti-v
>
Z10° | \_— /
1 F - Background from old supernova
2XXX? ol - |
_ Recent!
108 b Terrestrial anti-v
10-2 Atmosphericv
-16 |-
10 i v from AGN
/ E
107 GZKv
Recent! 102l
10°¢ 1073 1 10° 10° 10° 10" 10" 10"

peV - meV eV keV MeV  GeV TeV PeV EeV
Neutrino energy

A synoptic view of neutrino fluxes. (from ASPERA roadmap)



Conclusions and Open Problems

Neutrino mass & mixing: established fact
Determination of (dm2,0,,) and (Am?Z,0,;)

Great Determination of 0,, at reactors (+ accel.)
progress Observation of (half)-period of oscillations
in recent Direct evidence for solar v flavor change

Evidence for matter effects in the Sun
years ... v,, V. appearance at accelerators
Upper bounds on v masses in (sub)eV range

Leptonic CP violation

Absolute m, from B-decay and cosmology
Ovpp decay and Dirac/Majorana v

Matter effects in the Earth, Supernovae... . and great
Normal vs inverted hierarchy challenges
Octant of 0, for the
Sterile neutrinos in oscillations and cosmology future!
New neutrino interactions

Deeper theoretical understanding

See-saw and leptogenesis scenarios
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-EPILOGUE-

An old Latin saying:

Nomen [est] Omen

“Name [is] Destiny 7

Neutrino — What is the root of this name?
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Language

Word tree

...Some branches

Meaning

Physics (Fermi 1934)
Italian

Latin

Latin

Greek

Old High German
Phonetic change/loss
Ionic Greek
Sanskrit

Latin

Sanskrit

Sanskrit

Sanskrit

Indo-European root

NEUTR-INO
NEUTRO
NE-UTER
UTER
T OUDETEROS
/ HWEDAR
[KJ[UOTER[US]
KOTEROS
KATARAS
A QUANTUS
KATAMAS
KATHA
/7 KAS

KA or KWA

Little neutral one
Neutral

Not either; neutral
Either

Neutral

Which of two; whether
Which of the two?
Which of the two?
Which of the two?
How much?

Which out of many?
How?

Who?

Interrogative base

A
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The root of the name [neutrinol ...is a [kwalstion

Language Word tree ...Some branches ~ Meaning

Physics (Fermi 1934) NEUTR-INO Little neutral one A
Italian NEUTRO Neutral

Latin NE-UTER Not either; neutral
Latin UTER Either

Greek T OUDETEROS Neutral

Old High German / HWEDAR Which of two; whether
Phonetic change/loss [KJUOTER|US] Which of the two?
Ionic Greek KOTEROS Which of the two?
Sanskrit KATARAS Which of the two?
Latin 4 QUANTUS How much?

Sanskrit KATAMAS Which out of many?
Sanskrit KATHA How?

Sanskrit / KAS Who?

Indo-European root

KA or KWA

Interrogative base
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If “name is destiny,” then ...

Neutrino’s destiny
is to raise questions!

Thank you for your attention
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Additional slides



APPENDIX

Elements ol statiskics
ond data avalysis

Purpose : become »S:awih‘a\r with the
Teatment of correlated mmmnﬁe_s}
which are offeom o key img redient
of (mamfrino) dah. amalyces.




Error distribukion -?or 4 vorioble

Here we cousider only gamssiam errors. Also Foisson {wcmr;om; (xVN)
are asswwed fo be y)wrl% amssiam [ Some commenle on small-N
coses amd ow aétawwwef‘n'c errors will be Freg(mfeol at the wd]

Distribubion ,gor ) 6|'Mﬁle vouriable : 2 A
1 75_:79)2
Plz, %)= A o Z\s
VT - bx
correspouding To ﬂwof‘e, 2= %+ 6% L -
3 =3 =] O 4 2 3

A &)
6

Area withun : +£46" = 68.27 %
X266 = 95,459,
+ 36 = 99.73%




Ecror distribution for 2 varidbles (wncorrelated )

Let us cousider 2 qwaMHh‘es Ay
with errors which have wo relaHon
with each other (e.g. shhisheal
errors of two bins ) :

P(x,y; %:Yo) = B (x20) £ (Y1Yo)

46" error ellipse. :

J
] |
| |
- N
|
|
o — = — o} — _—"‘—_“-
l |
| |
| |
b @ 4 e
%o 65 Z

some.
W\'stog. '%

N

Elipse Qﬂwchm :
AY = 4

where  AX% @\Ee)ﬂ (5—&)2

]:AXQ:O at (219)= (0, Yo)]




Note :  The probability of fimding (x1y) within e 467 error elipse
is wof 68.27% : itis 39.35% !

68% = probobilty of findimg x i Hotbk , mdebemdenty ony
68% = I w Y in Yoy, , oz
39% = Jjelut probability 0{- -fvwdAMﬂ (x,4) wikvn +he 46 elipse

I{ you realiy womb aw ervor elb(,ose, comhziwwﬂ 68 % J‘on‘vd‘ onloado.
(68% c.L. for 2 d.of. ), then you should use A>(7‘= 2.3. Tts projechons
defive. 87% C.L. {or each vaziable (4 dof).

This is wol usually colled a "46"" ellipse .

(ki

29% C.L. {or 2 dot

X o
b\ = » @

' : » "“"‘-\/"68% CL. Comfmsiou moy arse.
lk - fpedng if a CL.Ts quom( wi frout
; the c,orresFoqug # d.o.f.

oy

! :
—t

\__—.v___l
68% , 4 dof
g_——f—y-‘\____/
Q7%, A dof

Lo g

~
7

(e

09




Ervor dighribubion for 2 voriakles (fuliy correlatea)

Comsider fvo mariables =« owwl}j with errors I one-o -one cor‘re.s)bwd@mcc/
e-q., Two bins affected by a comwon wormalizakion error :

Then e errors go both ”MF” or "olown' .
=21t 6% theu Y=Yo+ 6y -
I Z2=%-65 theu Y=Yo- 6y Jo* 0y

The error QWPQQ \S deﬂweymh —
q—ml% correlated errors)

)4

Analogousty .Sor M " auHeorrelo Hou " g
E.g., two bins whose sww is coustout

them , =2+ 6x mphes Y=Yo-by, \
ound the degomerate ellipse has a

negahive SLO.FQ/

® v




Recap: Egs. -{-‘or A6 acror elipses  (Umit cases )

' = -%o0, Y- 6‘2 O i Z - Xo ’ ] )
e No correlabon A= (2% 5")(: 65)(3%0)

det# 0O

-1
Y A= (e-%, -30)(0\:: 6 0y X - Xo
o Full correlabion g F e /
der = O
o Full awnkcorr A = (x-%,Y-Yo) [Cx ~Bxby | [x-% \\
06y 6y | \J-do
S
det =0

L g e Y e 5—50)(‘3,“32“*)"(""“’)
moatrx d~de




More %@n@m\ 46~ error QWPses

Lot us cousider fwo variables (%:4) amd two sources o]L wncerhinhes :
e stabichical (%x,%y) wilh no corvelabon
e systwmahc (e, cy) with —fuM correlakion,

wamely , % X = o % Sx(shk)E Cx (SHsh)
Y=Yo = sy (Sh»l-)icﬂ (syst)

The errors cum wp m qu,aolmh,we ab atix lovel

2 2
gl [P BT, 1S BETIR [0 S99 uared
o Sy Gy C‘% 56 I~ o ror
SPxy o matadx

where 6% = s+ Cx

64 = sy+ Yy
Q . ©xy / ,g:o Ca or Cg s 0 (vw Cor‘r‘Q.LQHow)

Tu goneral the correlakion @ obeys:  O<lgl<d




QualikHve s\wpe_ o% A6~ error QJMpse, :

> o/ -
(5%)59) (Cx,8y) (6%, 6y)

g;o €:+| O<€<i

Awologously , adding o W amhbcorrelated error source :

DN R

(Sx,8y) (e cy) (6%, 6%)
=0 = ~lzgco




Projeckions of AE error ellipse
coincide wikh £46 ramges
,gor the 2 aud y variables:

Eth‘w o{ A& ewpse,-.

4 = AX*

t

obuby Oy

I

jt)\“o\gab\'\/\\& o shibuhom p

(x-, 5—5@(6‘; € 6% 6y

Jo 6\3

>"<::;‘:)

- A

<

sl )

Ax?

\/




Posikively correloted vorialles ame +heir rakio

Lot us cousider two vamaloles X = % + 6%
wila 9«‘vaé correlated errors : )L = Yo = 6} ? i
P Y= Jorly

If the correlakion 15 sivable , we
efxpad' o ﬂgw{qu\l' "camebobon® P =

Z . ebs  wik "small 63"
0,8, exrrors im the ralo 5|

The error 0]L K rako com be
orelnalked an :

= 22) 5% (%3) W B¢ ax)(95>6\x6\3

- -Gj‘ = '6:5;_ i 65 2? : the " ~Z ... " Yerm 1s reSFousa)ofe
B %o 95 7o 5° §°” ayror comcelahom -
Noi'e, thak, for o=+ (fwil correlabou) : ®r = ‘_5_\5 5\0)
\)C 6\" =% (e. 9. +0r A COWMMNON vwrwm/(/«zmhw MM@PWV\B)
H/uz. CQMC,QM/O\HOM ls complte (6r=0) a5 expeched.




In gememl, i+ i Fm{mue fo use correlakd vwiables (x,y)
whenower possible , rather Huam their vako r=x/y.

The wain reason is thal, L y is distibuted asa Camssiam,
Hhon 4/Yy 15 disfibuted as o Lorentziam C“Bf‘e{}-—Wf\cjwer“),

with O\—EOI‘WWLM@ \'Vt-fim‘dé Variomee . Sm FMCHCQ, Hiis may be
problevnakic a‘j(_ 6y is loge amd/or ove is probimg e
drstinibukon hils.

Therefore , it we measwe =% :6; dud Y=Yorby , amd i
We Know thal =1 26: , iF is convenient o keep (x,y)
n M]Gh fogether wilh the correlakion

$- (58 %)/(%%)
Gmsm Og_uswﬁ P ola'uc,Hﬂ)

Historically , several “rakios" have beam brogressive
aboowconed im weutiluo dalo -F#s. Pred (Aj




Eskmales 0{» correlabous omd covariamees

6z By ]

| ‘ &= [
The squared  error moduix 0\;:5 o3

is aleo called " covanrfame amahbux ! -

: A
6‘}5= g@x% = covavamee of (x1Y) 4
oy = Vimamce ojﬁx
G\S = VO aM L 0755
il rQFeod'@d (YY\%WIFP/VHW"'J (or sim%st} 5,
ol the vouakles = Mﬂ are mmileble  — 2
+theam "
M P) N ‘ - 2 47
oz LTz, k=g F ()
1 s A ST > Get: |x=2%t6
50 n ‘\%%‘ / mé W=l T= éjl “jo) 5:50&.6‘3
M
Oy = - = (u-m)Yi-Yo) j  ©= Oxy/6xEy g




Howewr, Haw ideal sihwahon & o ioluAH{-«j amd brok down atl
Fosc,ibie orror souree) fo the, fwo maun oa%'e,ﬂom‘es og “umcorrelofed”

errors § amd " fullly correlafed ! errors <

2 2 2
2 0. 6 s¢ O €y Tyt
i (Gl 6\15>= ( Al * "t
i
9 Y 25 Sy =y
I —

e s
wn correlated —PAMAé correloded

[ ambicorrelated errors become correlated by chomal
fw%&/\ ofY ome Mab)e]. M 4SS

In Hus case,ome is r u;mmw& I ﬂwﬂdmhm ol ?OSG{HQ,
volepomdomt (kvown) grror Sources.




QQY\QY‘QUZQHOV‘ o N variables {x"ha‘sr\)

o M=1 error ollipseid im N~ dimensioual Shace s dy,f{mn] loj:
A= Ax' (G'zféx
X1-><4o
where,  Ax is & column vechr, VAL X2~ X°
XN-:XI\?
amd (62) 15 the inverse of Hhe comsiame makix (symmeliical)

6\’1 €}. Q«z Ql{)\l ?15 6{6\2_, =~
- 6 €368 - -.

1
&y --
\ N

o Probabiliby olistlleution (‘o Uivaiake  Gamssiam )

p. A e‘%A)CQ
@_ﬂ'}% dergt




e ?roncHw o} the AX’LI ellipsoid oufo one
axis Xy gives the 45 (68% CL ) rasmge o
e 2 vomable (xi=x{x67). Tws holds
-gora/m‘s N. Variables Xj# X are saud)

o be. “margiml/i}ed " oop ¥ FroJecM ow\la:j“

o Howener, ‘H'\LJOA:N‘ Pwloox\éﬂz{"lé 0{-
(1%, - %) bomg mside the
Q,L{A'hosdd decwases with N :

N=]| 68 %

fif=2 33% < 68%)"
N=2 20% < (68%)3
N= 4

3% < (G8%)

® Note : w-6 -QWP'SO»{OlS O(Q}{ne,d 105

|

AXZ-: Y)2




Fithwg dah wikh o moolel

In Hus case  we cowpare  +heorehrcal Fu,o(&owwg yheo e N

{
w%ui/w\w‘m\ daln x:*P.  Predickous will d:LP@wd on Np (¢<N)

paramefers F T ¢ il x,”'“("?). Racipe :
® Buuld Xz‘—‘ Ax' (61)-.|AX } AxX = column yector 0{- (X?Lheo- X?KP)
6= 6\{:the,o * SZJXP

o Fimd X% = iy X'() ot some =7,

® Check Hualk qu;n ~ N"‘NP -8 \/Z(N-NP) < se¢, 29., PDG
Mol
dot for test
ol \'\Aayoi-k.csfs

® Check not 0k = mnodel wrong (X?m;y\*‘w WSL\) or “feo 3@001”
(sziv\ too low ). VQ"""% wodel , wwdereshmaked errors.. ..

® Chuck Ok —>

K




Porameter eskmabon

The  Np - dipmemsiounal wva,w»-fol,ol
O\Q{—\Meﬂl bs:

A= X'G) = Xy = 4

reymwi‘s Hwe “46 allowed reﬂfw"
off Famwmm. Projeckw onfo one
ox1S P{ provides +46- romges :

) +
i + 67

Pafa 5 ( gnerally asymmetitc)

'PmJ'eLHoM onto pi (.=. marg{mbichw\ over PJ,-Ap,’) M chhce,
meams seting AY?=4 , where Hhe “reduced' AXL W5

R = i : DR 2:'n
AXE = (X )~ Xoin)

Anologously, n-6 ramges are oufmol by A)(zi =n*




e T rrocwlwe, cam be J’\AéH{—i@o{ i 48 -frxr‘ s

the allowed region 13 sn’xvnialﬁ conneched. e
The basic idea s szd‘/ Hmwuﬂh W“"‘PP"“ﬁ;
Huis volume com be, ‘l”wms{or“vwe/ol Into

wdy -
am ellipsoid (= gamssiam  wnachingzy --.) P-space q(P)-sPace,

o Howentr, if +hre aze sewern|
'\7( (d/(swvmed“eol ) aMowed r'es;‘w,

e shahshcal \'M‘u}mhh’w

's problevnakic.  No “comsemsug ”

approadh i Hms case .

o In prochice wost people  keep using the AX' = const reage also
%Or mulfiple  solskions, with  some COMHOM% rewnarles.

o There is wo ot way tham waibing Lo nuw e/x%wmws/obam to
Solve e ambigwity (" degenezacy of soluhous ") .




o Somekmes, ome 15 Intferested wol ouly im 0§ Lwifs on
each varalle SeFamT@L‘«j (5 AXZr— ne PWJQCHWS), bult on
the Jo/{vd' }:wbabiW}j of 33’ b@wxﬁ M a volwme d@.f{vxeol bﬁ
A)(la coust

Rolenouk talles OAJ: A)(z lewel cuts C‘f‘wm ?DQ) :

C.L. N=i N=2 N=3
g A.00 2.30 3.53
90 2.4 4.6 6,25
95 3.84 5.99 7.82
%9 6.63 9.21 44.34
99.73 3.00 11-8'5 14.46

E'S' Hra Jm‘m- 459, C.L. rQ/SiOVI -?or‘ Two voriables @[/Pj)

fs d,Q,g'\‘V\QOl IOS AX?" = 5?)9 ) Wh@re, AXZU:; WM‘V\CX%F)"X})M]‘M].

?’L # P"/J

o




AM%?«W& >(2 contributous .

o T Xlisa global ciwauhfg By ifself, iF does wot necessarily
“dekct!  simgle obserimbles which wight be badly fitted
> yned b spli- the tokd X inbo ¥ pieces?

o One possibiliby s o look b the “resiouals ” or “pulls" after

e Lf
g . O o)

N
g

{

o Thou, o large FW“ (seu, 2 36) signals a Foi’e/mh"a\ }owbl@wx
n the date. amd/or in the meodel.

The Stamdard Model {—JF bo LEP dakn Is a]H-W shown
m terms o{- suuch wa{s.




o Wit H fwws de{{w{Hwé, Powever
Xz% Z.(?(AH)Z
Simee 6‘%‘ is ol oia.gomal im gwm[-

o I} s ?osﬁ)ole, To re-write the same )(7' n Qa -form S (pwtd)*
with & somewhat™ difterewt approach , whidt also buugs some
Techwical advamf?bﬂes.

Frerlous anpproach + Weovariamee  metuod
ArU‘e,rmHve " Y ?w(,( m ethod?

29l |




Covariomee wethoo ( recap)
e Cousider N observmbles I Rn ket W
 R¥0 L = Huowhical preclichions
1R} = experimentnd wmeasurements

(Rfnee - R ) = Uy = CA & G e O
~ =
wncorrel. Sel o@ ¥ Sljst?mmak‘cs

eyropy Prod,uuw\ loﬁ ;'vao.Pcwwl. SOM Fees
Wit g(un,um)z @) (always uwneorrelated )
g(cy,k, ) =4 (M corre oted {or e somme ke-ta souzce )
g(an/ Cme') =0 (%#k, um eovre loted &nam o(/iﬁumi’ Wm)

2 k. le
o Theu : Buwild 6”%% = Snm UpUpm * kZ-.:'Cn m
) :
4 "
ud aluafe Yoo, = 2, (RPP-R) (6] (RaP- R 1)

nm=

as dascssed Frwiws&a‘

VAR )




Pull method

o Shuft the Wrehml Prwuchws \/l/mmlts m Hu syshmarics
‘H’\LO!‘__) RW"I" Z %kCn

where. €e = wmvav‘:aié, gamssiom. ramolowt variable (<<§k>=o/ <§?K>;l)

o Miuwizre onven %y_ e -fo%OWiMﬂ Sum o]( ga{war‘eol re ssoluals -

2 ; N Ovp H'xe,o k
= min Z< — (Rn Z%"C"))—%Z ]
X?wu 1%} [ h= U %z
Sa‘umgd e Siolmal g ?e/nat'(‘b Term

_— = B o /"
o AF miwimum (¢ 2HE ) R RIOHZ G GE < vshiffed preolichous

%p_ R theo 2. 8 -3
dind XPuM Z (R ’~R ) + ng
n=i U le=1
. i pull of 2 K ( pull of 2 Wl "
- - (obsermbk)n/ - \ch‘ <yshemalic )k “le jcow"

Y73




¥ 14

e Tt turns out that : )(::,wu = Xiomriwa_ (S—OWIQ algelora yecoled )
so the methods are vume/riwuutj ez.}w‘vutwt

® The pull approach ey be wwore couvemiont .}for‘ lnge N. The
nvtasion of a large Nx N covariame watlx woy be umshable,
e/sr»ec{awj it systewmakics downnale . The pull metrod leads
o K equakious (meon) im +he £p's ) whidh 15 svlved by
o kxlk wetx mwtastom, with k<< N usualy .

® Tu addiloum, r‘eLachl«é lmge &yps wmay signal  syshmakc
“OH%{'SU Y‘?/ﬂWY‘@d o wmateh gl gud -H/wm/g,

o Soversl V doh a/vuxtéjsas are. Wow %er—%u/meol i ferms of )C?ruu'

See hQF—P\/\/Ozaé\éZ —for dehuls




Cowment on low-stakishe bing
o The JiF o a Wiskogram may become ?rolo\e/mah‘c, it ove (or mwre)
bin coufuins o low nwmber of evedts N*P (o2 ewvert none, N&P=0).
T Hus case , the Qamssiww a\FFwodma Mow
2

Nexp

® Tu Hus case , the PDG swgdests  am afernakve —Slgrwx/ whioh,
ombeds wow fw]oulg e Porsson nalire o{l Hro —Elw(hwh‘ws:

X" s Q(N“‘“’—— S E R VI )
N
[OT‘ 9 i if NEXP= O—]
e Addilonal %S\*’/W\MV/CS comn sHIl be embedoled n the puld

opproach o :
H} NM” Nm-b %ngﬁ

o Gamsslam Wit recovered af lawge N.
Hint - WPM wﬁawif"/vw\ at secomd owler im (NW'NWP)/NWP.




Comment on Asamw\e\'m‘c. Qrrors
+ 6

o 1f a vorable 2 s aﬂ,,ct‘ed lo% as«am/mdi{c errors : X = Ko
- &

thew is no " ousemsus recipe” o wike & X coutzibuhon .

e Somekmes +the ramge is couse/wmhva% sywme T ed bo Hro_
gt 00T %= 205 B, G~ WAX(F0)

e A \be,bber recipe hoo bern arqued in —Fl/ugsfcs/ 0403086 -
Wt % » %) so Hab e nw & |6 Zange 2eprotlieces He old one.

-5 I

s e
%o + 6

il # A5 : /
T %-—.6_

o+ 67

In

Ao -6

h

Thow e X' coutibubion is - Ct__—:_@/)z
== )"

X .26




