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Introduction

Overview

@ Motivation
@ Re-capitulate the Euler equations
@ Write down ideal MHD equations by analogy

@ Euler equations as basis for “deriving” multi-fluid equations
@ The Generalised Ohm’s Law

@ Weakly ionised approximation
@ Arbirarily ionised plasma
@ Fully ionised approximation
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Introduction Motivation

Motivation

Credit: NASA/LMSA

@ Astrophysicists are used to thinking of ideal MHD
@ Single fluid approximation
@ Flux freezing (i.e. infinite conductivity)
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Introduction Motivation

Motivation

Credit: NASA/LMSA

Seems to make intuitive sense for fully ionized plasmas
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Introduction Motivation

Motivation

Credit: NASA, ESA, STScl, J. Hester and P. Scowen (Arizona State University)

@ Arguably makes sense for weakly ionized plasmas (sometimes)
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Introduction Motivation

Motivation

The main assumptions of MHD are
@ The plasma is locally electrically neutral
@ The plasma acts as a single fluid (mean free path is “short”)

® Ohm’s law can be used (for ideal MHD assume infinite
conductivity)

@ The displacement current can be neglected (for non-relativistic
MHD)
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Introduction Motivation

Awkward systems

Credit: NASA, ESA, STScl, J. Hester and P. Scowen (Arizona State University)

@ Molecular clouds:
@ Low ionization fraction
@ Multiple species present in system
@ Turbulent
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Awkward systems

Credit: J. Bally (University of Colorado) and H. Throop (SWRI)
@ Proto-planetary (accretion) disks:
@ “Small”

@ Weakly ionized
e Turbulent

Multi-fluid MHD
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Introduction Motivation

Pulsars

Credit: X-ray Image: NASA/CXC/ASU/J. Hester et al. Optical Image: NASA/HST/ASU/J. Hester et al.

@ Pulsars:
@ “Small’
@ Significant differences in velocities of charged species
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Introduction Re-cap of equations

The Euler equations

For inviscid fluids our conservation laws can be written:

ap B
EJFV'(PU)—O,
a'LU+V-(puu+Pi):0,
ot
0
SV [(e+ Pl =0.
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Introduction Re-cap of equations

The MHD equations

For “ideal” MHD we assume E = —u x B:

%—G—V-(pu):O, (4)
%Jrv.(pourP*i—BB):O, (5)
%+v-[(e+P)U—(U-B)Bl=0- (6)

where
2 P 2
e =0.5pu +—7_1 + 0.587,

P* = P+ 0.5B2.
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Introduction Re-cap of equations

Flux freezing

The magnetic flux crossing a contour, S, is

:/SB.ds, )

the rate of change of which can be calculated by taking account of the
change in B and in C with time:

ov

_ _/S(VxE)-dSJr/s(uxB)-dL

_ _/vx{E+uxB}.ds. (8)
S
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Multi-fluids

Multiple species

Now consider:
@ Multiple species, labelled by a, / and possibly E
@ Each species can be considered a fluid
@ Species can be coupled via collisions

@ Can write our conservation laws for each of these species
individually
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Multi-fluids

Multiple species

Each species obeys:

0
Ll 4V - (pattar) = Sar, (9)
Jpau -
pglt al +V- (Palualual + pal) = I:al + I:{ala (1 0)
oe N E.
8:l + V- [(€ar + Pa)Ual] = Faua + —Sal + M. (11)
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Multi-fluids

Multiple species

The term F includes all terms which change the momentum of the
species. We’'ll only consider the electromagnetic forces:

Fai = paiaa (E + Uy x B) (12)
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Multi-fluids

Multiple species

Before digging deeper let’s simplify our notation:

Note

By a species we mean a grouping of particles which can be described
as a fluid and, in particular, in which all particles have the same
charge-to-mass ratio and collision coefficients
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Multi-fluids

Multiple species

0pj
—8ptl + V- (piu;) = S,
dpju;j .
gt -+ V- (puju; + Bi) = Fi + R;,

oe;
ot
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Multi-fluids

Multiple species

And so
Fi = picj (E+u; x B), (16)
and we have also defined
p; = pi (cic)), (17)

is the tensor pressure. Note the definition of the tensor pressure
indicates the reference frame is different for each component.
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Multi-fluids

Collisions

The impact of collisions between species is contained in R;. In the
case of elastic collisions

RY' = pipjy(u; — uy), (18)
J

where we require v = v and in general vj; = vji(u; — u;).
For inelastic collisions (chemical reactions, radiative collisions ...)

RI™ = " p;Pu; — piPu;, (19)
J

where each term in the sum denotes momentum which moved from
species j to species i as a result of the collision.
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The Induction Equation

The induction equation

The induction equation is derived from

B
5 = V*E (20)

and the next issue is to find E. For ideal MHD we assume
E=-uxB, (21)

so if we're in the instantaneous rest frame of the fluid (i.e. u = 0), there
is no electric field.
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The Induction Equation

The induction equation

Once we make this assumption we immediately find

%—FV-[UB—BU]:O. (22)

More realistically, the right hand side should be E’, the electric field in
the frame of the fluid.
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The Induction Equation

Some questions

Questions
@ What, exactly, is “the fluid”?
@ How do we find E’?

Answers
@ There is no such thing in multi-fluid MHD, but we can define a u.

@ First define u and then see the next slides ...
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The Generalised Ohm’s Law

The Generalised Ohm’s Law

In ideal MHD we have a single fluid system with the magnetic field
frozen in:

OB

— +V-[uB-Bu]=0
and clearly if we have a multi-fluid system, with necessarily some
averaged u, then we must have extra terms to account for the

possibility that the field can no longer be transported by the vector field
u.
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The Generalised Ohm’s Law

Calculating E’

Let us start by re-writing our equations of motion as

Du; _
Dt
where we have now assumed an inviscid flow with an isotropic
pressure for all fluids. We can use these equations to determine E'.

aipi(E' +u; x B) = Vp; + p; R;. (23)

Notes
@ We have not assumed much about the various fluids in the systemJ
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasma

System
@ N fluids in our system labelled i = 1,..., n, i = 1 is the neutral fluid
@ Centre of mass velocity is the velocity of the neutrals (defines u)
@ Inertia of the charged species is negligible
@ Collisions between different charged species are negligible

T.P. Downes (DCU) Multi-fluid MHD 28th Aug, 2017 25/39



The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

Our equations of motion

Du;
aipi(E' +uj x B) = Vpi + pj — Ry, (24)
reduce to
aipi(E' +u; x B)+R; =0, (25)
where, now,
Ri = {pip1vii(U; — uq)} + {p1 P1us — p;Pu;}. (26)
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

A useful quantity is the Hall parameter:

aiB
9
Uip1

(27)

and is a measure of how well tied to the field a species is. Moving to
the rest frame of the neutrals, our equations of motion become

0 = «ajpi(E +UujxB)+ pipvjs(—u’)

B
= pi(E'+u;x B) — E(aipiu;')- (28)
1

This condition simplifies our search for E' = E'(J).
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

To proceed, define a coordinate system such that the z axis is parallel
to B, the y axis is defined such that B lies entirely in the yz-plane, and

the x axis is perpendicular to both y and z. Then our equations of
motion become:

B
0 = wjpiB(u;)y — Eaipi(ull')xv (29)

1

! / B /

0 = aipi(E} — B(Uj)x — Eaipi(ui)yv (30)

1

B
0= ajpiE| - EQIPI(U/{)L (31)

]
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

or
1 piB?
aipi(Uj)x = B ’ilﬂ'g)Ei> (32)
]
1 aipib;
o)y = gy P EL (33)
]

1
aipi(Uj)z = gaipiBiEj-
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

Summing over i:

o
JX—Za,p, u)x = BZ ’i’éz E' =o4E', (35)
Jy = Z ain(U)y = 5 Z O‘f'/f; — 0 E), (36)
=1
Jz = a/ﬂ/( Za/P/B/EH = UHEHy (37)
and so

o, og O
Ja = O'aﬁEé = —0OH O 0 E/. (38)

0 0 o
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The Generalised Ohm’s Law Weakly ionised plasmas

Weakly ionised plasmas

Inverting this relation gives our generalised Ohm’s law for weakly

ionised plasmas:

(J-B)B JxB (JxB)xB
E=n B2 +n B r> B2 , (39)
where
1
n=—, (40)
9]
oy
1 2 4ol (41)
ol
rHh=——-——. 42
2 ai + Uﬁ ( )
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The Generalised Ohm’s Law Weakly ionised plasmas

The induction equation ...

So our induction equation for a weakly ionised plasma is

(J-B)B JxB (JxB)xB
B +n B - B2 .

%+V~[UB—BU]:—VX {ro

(43)
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The Generalised Ohm’s Law Arbitrarily ionised plasma

Arbitrarily ionised plasma

Proceeding as before yields
(J-B)B BxJ B x (J x B)
+

B = n—p —np B?
(Vp-B)B B x Vp B x (Vp xB)
+15 T ry 5+ r e
(7 -B)B Bxr! Bx(rfxB)
_ 44
e B T B (44)
where
1 oA ol
h=— H=—m——"n: h=—s— o (45)
I (0% +03) (02 +02)
r U|/| o r U/\Uj_ _UJ-U;\ ro oo’
= — = Tooy; =% 5 —hoL — o
° o I (02 4+ 0?) "
rh = —JJ'Ul +ONTh _ rio + o’ (46)
2 (ai + 0%) 1o T iee L
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The Generalised Ohm’s Law Arbitrarily ionised plasma

Arbitrarily ionized Ohm’s law

And
o= ()i + (R)yd + (1)zk i
where ( ro)xyz_roz ( >
7y7z
o= () (g + (] )Zk 4o
R WAC SO WAC
] X,y,Z XY,z
o= ()it (1)yd + (1)K 49
oo (2)cy = o () < Xor ()
j X.y,z X,y,z
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The Generalised Ohm’s Law Arbitrarily ionised plasma

Fully ionized Ohm’s Law

If we assume full ionization, and two fluids, then we find

(J-B)B JxB Bx(JxB)
B "Tp TR g
(Vp-B)B Vp x B B x (Vp x B)
B2 — 51 B + S B
fh-B)B t xB Bx(kxB)

B2 B | B

1
E = ——vxB+n
c

+Sp

L
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The Generalised Ohm’s Law Arbitrarily ionised plasma

Fully ionized Ohm’s Law

where
rozl,n:izal" 5 ,andrgzizaL 5 (51)
[ o] + oy o7 T oy
and
So =@, S$1 = na, —ray,and s, = nay + ray (52)
and

fo=ro(by)z , (t1)x = r(b1)x — r2(br)x , (t1)y = ri(b1)y — r2(br)y

()x = ri(br)x + r2(by)x » (22)y = r1(br)y + ra(b1)y (53)

where a’s are similar to the ¢’s and the b’s involve accelerations of
charged species (neglected if plasma made up of ions and electrons).
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Conclusions

Overview

Multi-fluid MHD
@ Require each species to be a fluid
@ Require a (useful) generalised Ohm’s law
@ Ohm’s law derived from equations of motion of charged fluids
@ Usually need some approximations to make progress
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Conclusions

Overview

Single fluid MHD
@ Can (arbitrarily) include terms in induction equation
@ No need for generalised Ohm’s law
@ Limited applicability if equilibrium conditions not present
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Conclusions

Suggested further reading

@ Pelletier (2007) - nice derivation of MHD
@ Cowling (1957) - Generalised Ohm’s Law

@ Jones (2011, PhD thesis) - derivation of arbitrarily & fully ionised
Ohm’s Law

@ Ballester et al (2017) - review of partially ionised plasmas in astro

There are many more works, but this represents a good start!
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