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In dark matter science, hope for the best…
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• Let’s hope we can find dark matter in the lab…



…but prepare for the worst!

8/2/17Francis-Yan Cyr-Racine, Harvard 3

• Gravitational signatures might be all we can observe!  

Gravitational Lensing

Merging Clusters

Stellar StreamsDwarf galaxies

Lyman-alpha forest
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The many faces of interacting dark matter…
4 M. Vogelsberger et al.

Figure 1. Properties of the effective DM models relevant for structure formation. Left: Linear initial matter power spectra (�linear(k)2 = k3Plinear(k)/2⇡2)
for the different models (CDM and ETHOS models ETHOS-1 to ETHOS-4) as a function of comoving wavenumber k. The ETHOS models differ in the
strength of the damping and the dark acoustic oscillations at small scales. As a reference, we also include thermal-relic-WDM models, which are close to each
model in ETHOS. Right: Velocity dependence of the transfer cross-section per units mass (�T /m) for the different ETHOS models. Models ETHOS-1 to
ETHOS-3 have �T /m / v�4

rel for large relative velocities. For low velocities the cross sections can be as high as 100 cm2 g�1.

the outstanding small-scale problems of the MW satellites. Finally,
we present our summary and conclusions in Section 5.

2 EFFECTIVE MODELS

The different DM models that we investigate in this paper are sum-
marised in Table 1. For all simulations we use the following cos-
mological parameters: ⌦m = 0.302, ⌦⇤ = 0.698, ⌦b = 0.046,
h = 0.69, �8 = 0.839 and ns = 0.967, which are consistent
with recent Planck data (Planck Collaboration et al. 2014; Spergel
et al. 2015). We study mainly five different DM models, which we
label CDM and ETHOS-1 to ETHOS-4. In the parameter space of
ETHOS, these models are represented by a specific transfer func-
tion (see left panel of Fig. 1 for the resulting linear dimensionless
power spectra), and a specific velocity-dependent transfer cross-
section for DM (see right panel of Fig. 1). Our discussion will
mostly focus on ETHOS-1 to ETHOS-3, which demonstrate the ba-
sic features of our ETHOS models. ETHOS-4 is a tuned model that
was specifically set up to address the small-scale issues of CDM
(the MS problem and the TBTF problem). We discuss this model
towards the end of the paper.

These models arise within the effective framework of ETHOS,
described in detail in ?, which we summarise in the following.
ETHOS provides a mapping between the intrinsic parameters (cou-
plings, masses, etc.) defining a given DM particle physics model,
and (i) the effective parameters controlling the shape of the linear
matter power spectrum, and (ii) the effective DM transfer cross sec-
tion (h�T i/m�); both at the relevant scales for structure formation.

Schematically:
n
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where the parameters on the left are the intrinsic parameters of the
dark matter model: m� is the mass of the dark matter particle, {gi}
represents the set of coupling constants, {hi} is a set of other inter-
nal parameters such as mediator mass {mi} and number of degrees
of freedom, and ⇠ = (TDR/TCMB)|z=0 is the present day DR to
CMB temperature ratio.

The effective parameters of the framework are on the right of
Eq. 1, which in all generality include the doublet {bn,�l} char-
acterising the evolution of dark radiation perturbations, while the
triplet {dn,m�, ⇠} determines the adiabatic sound speed of dark
matter. The latter is very small for non-relativistic dark matter,
thus, it has no impact on the evolution of dark matter perturba-
tions (except on very small scales, irrelevant for galaxy forma-
tion/evolution). On the other hand, since in this work we are only
interested on the evolution of dark matter perturbations, the param-
eters {bn,�l} can be neglected since they have very little impact
on the actual structure of the linear matter power spectrum. More
precisely, when the DR-DR interactions decouple later than the
DR-DM interactions, these terms should be taken into account but
they only affect scales at and smaller than that of the second DAO
peak in the linear power spectrum. This would introduce only mi-
nor corrections that can be neglected for the purpose of following
the non-linear evolution of structures. We are therefore left only
with the doublet {an,↵l}, which fully characterises the evolution
of the dark matter perturbations, with the set of l�dependent coeffi-
cients ↵l encompassing information about the angular dependence
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1) Interactions affecting the DM 
transfer function (initial conditions)

2) Interaction affecting the dynamics of 
structure formation (self-interaction)



Outline
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• Interacting dark matter and acoustics relics: CMB 
and large-scale structure.

• Dissipative dynamics and interacting dark matter.

• Self-interacting dark matter and the substructure 
power spectrum.
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• DM interactions will in general be mediated by a “new” 
force carrier. 

• Two interesting cases for acoustic relics:
1) The mediator is light enough to be relativistic until 
late cosmological times. 
2) The mediator is massive but also couples to a 
relativistic species (such as neutrinos) until late 
cosmological times.

• As long as the “dark radiation to dark matter” ratio is 
larger than unity => large sound speed (c2~1/3).

Self-interacting DM and Acoustic Relics

III. DARK FORCES AND DARK MATTER SCATTERING

In order to explain astrophysical observations on dwarf galaxy scales, the DM elastic scattering
cross section must be

� ⇠ 1 cm

2
(m

X

/g) ⇡ 2⇥ 10

�24
cm

2
(m

X

/GeV) , (2)

which is much larger than a typical weak-scale cross section � ⇠ 10

�36
cm

2. Therefore, this
suggests the existence of a dark force boson � that is much lighter than the weak scale.

In this work, we consider a phenomenological approach where nonrelativistic DM scattering is
described by a Yukawa potential

V (r) = ±↵

X

r

e

�m�r
, (3)

which can be either repulsive (+) or attractive (�). This interaction arises for � as a vector or
scalar mediator, with interaction

Lint =

⇢
g

X

¯

X�

µ

X�

µ

vector mediator

g

X

¯

XX� scalar mediator

(4)

and dark fine structure constant ↵
X

= g

2
X

/(4⇡). Scalar interactions are purely attractive, while
a vector interaction is both attractive (X ¯

X scattering) and repulsive (XX or ¯

X

¯

X scattering).
Thus, in the vector case, asymmetric DM (X only) will have purely repulsive interactions, while
symmetric DM (equal X,

¯

X) will have both attractive and repulsive interactions, with the total
effective cross section given by the average of the two.

Numerical N-body simulations have investigated the impact of DM self-interactions on struc-
ture formation. The relevant input is the differential cross section d�/d⌦, as a function of the
DM relative velocity v. Since simulations track particle trajectories before and after collisions,
the angular distribution over the scattering angle ✓ is important. However, to compare across
different parameter regions, with different angular dependencies, it is useful to consider an inte-
grated cross section that captures the relevant physics. The usual quantity is the standard cross
section � =

R
d⌦(d�/d⌦). However, for light mediators, � receives a strong enhancement in the

forward-scattering limit (cos ✓ ! 1), and for the purposes of affecting the DM distribution this
enhancement is spurious since the DM particle trajectories are unchanged. In the plasma literature,
two additional cross sections are defined to parametrize transport [79], the transfer cross section
�

T

and the viscosity (or conductivity) cross section �

V

:

�

T

=

Z
d⌦ (1� cos ✓)

d�

d⌦

, �

V

=

Z
d⌦ sin

2
✓

d�

d⌦

. (5)

The transfer cross section is weighted by (1� cos ✓), the fractional longitudinal momentum trans-
fer, while the viscosity cross section is weighted by the energy transfer in the transverse direction,
sin

2
✓. The transfer cross section has been used in the DM literature to regulate the forward-

scattering divergence. On the other hand, the viscosity cross section weighs forward and back-
ward scattering evenly. It takes into account that forward and backward scattering affect the DM
halo equally, since DM particles simply exchange trajectories that they would have had in the ab-
sence of a collision. It also takes into account that we expect that perpendicular scattering is most
efficient for “thermalizing” the DM halo and affecting structure observables.

In addition, the transfer cross section obviously fails if DM scattering occurs between identical
particles. Taking quantum indistinguishability into account, both forward and backward scattering

6
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• We consider a model in which at least a fraction 
of the DM

1. Couples to light, relativistic particles (either 
directly or via a massive messenger).
This leads to a non-vanishing sound speed and 
provides pressure support against gravitational 
collapse.

2. Has a relatively late epoch of kinematic 
decoupling (z << zBBN).
Such that cosmological scales can be affected.

Self-interacting DM and Cosmology: 
General Scenario 



Dark Matter “Sound”
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Radiation 
Pressure

Dark 
Matter

Gravitationally-sourced acoustic waves

Hu et al.

Potential Well
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A Cosmological Limit on Neutrino Self-Interactions

Francis-Yan Cyr-Racine
NASA Jet Propulsion Laboratory, California Institute of Technology, Pasadena, CA 91109, USA and

California Institute of Technology, Pasadena, CA 91125, USA

Kris Sigurdson
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(Dated: August 4, 2013)

In the standard model neutrinos are assumed to have streamed across the Universe since they
last scattered at the weak decoupling epoch when the temperature of the standard-model plasma
was ⇠MeV. However, the presence of nonstandard physics in the neutrino sector could alter this
simple picture and delay neutrino free-streaming until a much later epoch. We use observations of
the Cosmic Microwave Background (CMB) to constrain the strength of neutrino self-interactions G⌫

and put limits on new physics in the neutrino sector from the early universe. The recent improvement
in accuracy of CMB measurements made by the Planck satellite and high-l experiments is critical
in obtaining this constraint. We show that cosmological data allows neutrino free-streaming to
be delayed until the Universe has cooled to a temperature close to 35 eV, almost five orders of
magnitude lower than in the standard cosmological paradigm. Nevertheless, these data constrain
neutrino physics at an e↵ective energy scale ⇤⌫ & 30 MeV well above the typical energy scale
of neutrinos when the decouple. While we discuss a specific scenario in which such a late onset of
neutrino free-streaming could occur our constraint on the neutrino visibility function is very general.

PACS numbers: 98.80.-k

INTRODUCTION Neutrinos are the most elusive
components of the standard model (SM) of particle
physics. Their tremendously weak interactions with
other SM fields render measurements of their fundamen-
tal properties very challenging. At the same time, the
existence of neutrino mass [? ] constitutes one of the
most compelling evidence for physics beyond the SM, and
makes the neutrino sector a prime candidate for searches
of such new physics. In recent years, cosmology has pro-
vided some of the most stringent constraints on neutrino
properties, most notably the sum of their masses and
their e↵ective number [? ? ? ]. Can cosmological data
can inform us about other aspects of neutrino physics?

GF

(~c)3 =

p
2

8

g2

m2
W

= 1.16637(1)⇥ 10�11 MeV�2 (1)

�W / n⌫G
2
FT

2
⌫ / G2
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5
⌫ (2)

�W ⇠ H (3)

z⌫,dec ⇠ 1010 (4)
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⇢⌫

⇢� + ⇢⌫
' 0.403 (5)

Ne↵ ' 3.046 (6)

H0 ' 70 km/s/Mpc (7)

⌦⇤ ' 0.71 (8)

ns ' 0.935 (9)

⌦bh
2 ' 0.0223 (10)

⌦ch
2 ' 0.118 (11)

⌧ ' 0.09 (12)

ln(1010As) ' 3.03 (13)

Ge↵ ' 0.016 MeV�2 (14)

�̇DM = 3�̇� ✓DM (15)
2

✓̇DM +
ȧ

a
✓DM � c2DMk2�DM � k2 = �DM(✓REL � ✓DM)

One assumption that is rarely challenged is the free-
streaming nature of cosmological neutrinos (for excep-
tions, see [? ? ? ? ? ? ? ]). Within the standard model
this assumption is justified since SM neutrinos are ex-
pected to have decoupled from the primeval plasma in the
very early Universe at a temperature T ' 1 MeV. Yet,
this assumption is not a priori driven by any cosmolog-
ical observations, but is the results of a particle-physics
prior on the choice of cosmological models that we choose
to compare with data. Abandoning this prior allows us
to answer the important question: How does cosmologi-
cal data inform us about possible interactions in the neu-
trino sector? Free-streaming neutrinos create anisotropic
stress which, through gravity, alters the evolution of the
other particle species in the Universe [? ? ]. As cosmo-
logical fluctuations in the photon and baryon fluids are
particularly sensitive to the presence of a free-streaming
component during the radiation-dominated era, we ex-
pect the recent measurements of the CMB to provide a
strong constraint on the onset of neutrino free-streaming.

In this Letter, we compute the first purely cosmological
constraints on the strength of neutrino self-interactions.
In the following, we model the interaction as a four-
fermion vertex whose strength is controlled by a dimen-
sional constant, analogous to the Fermi constant, G⌫ . In
this scenario, the onset of neutrino free-streaming is de-
layed until the rate of these interactions fall below the
expansion rate of the Universe, hence a↵ecting the evo-
lution of cosmological fluctuations that enters the causal
horizon before that epoch. As we discuss below, the cos-
mological observables are compatible with a neutrino vis-
ibility function peaking at a temperature orders of mag-
nitude below that of the standard picture.

In earlier investigations of neutrino properties [? ?
? ? ? ? ], neutrinos were modeled as a fluid-like [?
] and constraints were placed on the phenomenological
parameters ce↵ and cvis, the rest-frame sound speed and
the viscosity parameter of the neutrino fluid respectively.
These analysis found consistency with the free-streaming
limit. However, by modeling these parameters as con-
stant throughout the history of the Universe they could
not capture the realistic physics of neutrino decoupling.
We incorporate here the physics necessary to follow in
detail the dynamics of the transition of neutrinos from
a tightly-coupled fluid to particles free-streaming across
the Universe.

NEUTRINO INTERACTIONS In addition to
their regular SM interactions, we assume that all of
the neutrinos have non-negligible self-interactions due to
their interaction with a new heavy mediator X. We take
X to be a singlet under all SM interactions and assume
that it only interacts with neutrinos through a coupling
constant gX . When the temperature of the neutrinos
falls significantly below the mediator mass, one can inte-

grate out the heavy mediator and model the interaction
as a four-fermion vertex controlled by a dimensionfull
coupling constant G⌫ / g2⌫/M

2
X . In this scenario, the

possible emission of X particle by neutrinos in the fi-
nal state of kaon and W decay leads to upper bounds
on the value of g⌫ . For a vector boson, we must have
g⌫ < 8 ⇥ 10�5(MX/MeV) [? ], while for a scalar X
we have g⌫ < 0.014 (90%-C.L.) [? ]. In comparison,
SN1987A places a much weaker constraint on neutrino
self-interaction, leading to G⌫ . 144MeV�2 [? ]. In the
following, we focus on the case where X is a scalar.
The key quantity characterizing the interactions in

the neutrino sector is the thermally-averaged neutrino
self-interaction cross section h�⌫iT⌫ ⌘ G2

e↵T
2
⌫ , where all

the order unity numerical factors have been absorbed in
Ge↵ / G⌫ , and T⌫ is the temperature of the neutrino
bath. The X-mediated self-interactions render the neu-
trino medium opaque with an opacity ⌧̇⌫ = an⌫h�⌫iT⌫ ,
where n⌫ is the number density of neutrinos and a is
the scale factor describing the expansion of the Universe.
In this work, we focus our attention on the case where
G⌫ > GF, where GF is the Fermi constant. Therefore, it
is justified to neglect the contributions from electroweak
processes to the neutrino opacity.
The opacity of the neutrino medium e↵ectively defines

a neutrino visibility function given by f⌫(z) ⌘ �⌧̇⌫e�⌧⌫ .
This visibility function can be thought of as a probabil-
ity density function for the redshift at which a neutrino
begins to free-stream. For neutrino self-interacting with
the cross section given above, the visibility function is
always sharply peaked with a nearly Gaussian shape ex-
cept for a long tail extending toward lower redshifts. We
plot the neutrino visibility function for di↵erent values of
Ge↵ in Fig. 1. We observe that the main e↵ect of neu-
trino self-interaction is to considerably delay the onset of
free-streaming.
EVOLUTION OF FLUCTUATIONS To deter-

mine the impact of neutrino self-interaction on cos-
mological observables, we evolve the neutrino fluctua-
tion equations from their early tightly-coupled stage to
their late-time free-streaming solution. By prohibiting
free-streaming, neutrino self-interaction severely damps
the growth of anisotropic stress associated with the
quadrupole and higher moments of the neutrino distribu-
tion function. Indeed, while the equations for the density
and velocity fluctuations of the neutrinos are una↵ected
by the self-interaction, the moments with l � 2 are cor-
rected by a damping term proportional to ⌧̇⌫ which ef-
fectively suppresses their growth,

Ḟ⌫2 =
8

15
✓⌫ +

8

15
k� � 3

5
kF⌫3 �

9

10
⌧̇⌫F⌫2, (16)

Ḟ⌫l =
k

2l + 1

⇥
lF⌫(l�1) � (l + 1)F⌫(l+1)

⇤
� ⌧̇⌫F⌫l, (17)

where we follow closely the notation of [? ] in syn-
chronous gauge. We solve these equations numerically

Sound speed

Pressure term
gravitational potentials

Collision term
Momentum 
transfer rate
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Dark Acoustic Oscillations (DAO)

10



Predictions for dark matter interacting 
with relativistic species
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Cold DM Interacting DM



Dark Acoustic Oscillations (DAO)
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DAO scale is given by

rDAO ⌘
Z ⌘D

0

cD(⌘)d⌘, (5)

where cD is the sound speed of the dark plasma, ⌘ is
the conformal time, and ⌘D denotes the conformal time
at the epoch at which atomic DM kinematically decou-
ples from the DR bath. The DAO scale is a key quan-
tity of cosmologically-interesting interacting DM mod-
els. Indeed, much like the free-streaming length of warm
DM models, the DAO scale divides the modes that are
strongly a↵ected by the DM interactions (through damp-
ing and oscillations) from those that behave mostly like
in the CDM paradigm. We note however that, in contrast
to warm DM models, the suppression of small-scale fluc-
tuations in the PIDM scenario is mostly due to acoustic
(also known as collisional) damping [47, 79], while resid-
ual free-streaming after kinematic decoupling can play a
minor role.

In the tight-coupling limit of the dark plasma, the

sound speed takes the form cD = 1/
q

3(1 +R�1
D ), where

RD ⌘ 4⇢�̃/3⇢int. Here, ⇢�̃ stands for the the energy
density of the DR. In a matter-radiation Universe, the
integral of Eq. (5) can be performed analytically

rDAO =
4⇠2

p
⌦�

3H0

p
fint⌦DM⌦m

⇥ (6)

ln

p
�int

p
⌦r + ⌦maD +

p
⌦m + �intaDp

�int⌦r +
p
⌦m

�
,

where we have defined

�int ⌘
3fint⌦DM

4⇠4⌦�
, (7)

aD is the scale factor at the epoch of atomic DM kine-
matic decoupling, and H0 is the present-day Hubble con-
stant. ⌦� , ⌦r, and ⌦m stand for the energy density in
photons, radiation (including neutrinos and DR), and
non-relativistic matter, respectively, all in units of the
critical density of the Universe. We observe that the
DAO scale depends most strongly on the ratio ⇠2/

p
fint

and that the details of the interacting DM microphysics
only enter through a logarithmic dependence on aD. The
scale factor at the epoch of dark decoupling can be es-
timated from the criterion nADMxD�T,D ' H, since
Thomson scattering is the dominant mechanism respon-
sible for the opacity of the dark plasma. Here, H is the
Hubble parameter. We outline the computation of aD in
terms of the dark parameters in Appendix A. Deep into
the matter-dominated era, aD is approximately given by

aD '
✓

1

⌦mh2

◆1/3

(✏D⇠⌃DAO)
2/3 (aD � aeq), (8)

while in the radiation-dominated era, it takes the form

aD '
✓

1

⌦rh2

◆1/2

(✏D⇠⌃DAO) (aD ⌧ aeq), (9)
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FIG. 1: Comoving DAO scale as a function of the parameter
⌃DAO for strongly-coupled atomic DM models (↵D > 0.025).
In the upper panel, we fix ⇠ = 0.5 and vary the fraction of
interacting DM. In the lower panel, we fix fint = 5% and let
⇠ vary. Here, take H0 = 69.57 km/s/Mpc, ⌦m = 0.3048,
⌦DMh2 = 0.1198, and three massless neutrinos (N⌫ = 3.046).

where aeq is the scale factor at radiation-matter equality,
⌦m and ⌦r are respectively the energy density in mat-
ter and radiation in units of the critical density of the
Universe, ✏D is a fitting constant (see Appendix A), and
where

⌃DAO ⌘ ↵D

✓
BD

eV

◆�1 ⇣ mD

GeV

⌘�1/6
. (10)

We observe that the scale factor at the epoch of dark
decoupling (and, consequently, rDAO) is largely deter-
mined by ⌃DAO. This quantity is directly proportional
to the scattering rate between DR and interacting DM.
Its non-trivial dependence on the dark parameters ↵D,
BD, and mD is caused by xD which itself depends on
these dark parameters (see Appendix A). To give a sense
of scale, we note that for regular baryonic hydrogen we
have ⌃BAO ' 5.4⇥ 10�4. We emphasize that, while the
definition given in Eq. (10) is very specific to the atomic
DM model considered, ⌃DAO is a simple proxy for the
cross section between DM and DR at the epoch of kine-
matic decoupling (�DM�DR(aD)) over the DM mass. Ex-

3

recombination rate is larger than the expansion rate of
the Universe. The DR eventually decouples from the
atomic DM and begin to free-stream across the Universe.
We note that the order and the dynamics of the di↵er-
ent important transitions of the dark plasma (recombina-
tion, onset of DR free-streaming, atomic DM drag epoch,
DM thermal decoupling, etc.) can be very di↵erent than
in the standard baryonic case. We refer the reader to
Ref. [47] for more details.

To retain generality and emphasize that the PIDM sce-
nario we are considering is quite general, we shall refer
to the massless U(1)D “dark photons” simply as DR. For
simplicity, we also denote the lightest fermion as “dark
electron” (massme) while the heaviest fermion is referred
to as “dark proton” (mass mp). We assume that these
two oppositely-charged components come in equal num-
ber such that the dark sector is overall neutral under the
U(1)D interaction. This model is characterized by five
parameters which are the mass of the dark atoms mD,
the dark fine-structure constant ↵D, the binding energy
of the dark atoms BD, the present-day ratio of the DR
temperature (TD) to the cosmic microwave background
temperature ⇠ ⌘ (TD/TCMB)|z=0, and the fraction of the
overall DM density contained in interacting DM (here,
dark atoms), fint ⌘ ⇢int/⇢DM, where ⇢DM = ⇢int + ⇢CDM

and where ⇢int is the energy density of the interacting DM
component. These parameters are subject to the consis-
tency condition mD/BD � 8/↵2

D � 1, which ensures that
the relationship me + mp � BD = mD is satisfied. We
note that if the visible and dark sectors were coupled
above the electroweak scale, we naturally expect ⇠ ⇠ 0.5
[66]. A smaller value would either require new degrees of
freedom in the visible sector or that the two sectors were
never in thermal equilibrium in the first place.

The evolution of the dark plasma is largely governed
by the opacity ⌧�1

D of the medium to DR. For the model
we considered, the main contributions1 to this opacity
are Compton scatterings of DR o↵ charged dark fermions
and Rayleigh scatterings o↵ neutral dark atoms, that is,

⌧�1
D = ⌧�1

Compton + ⌧�1
R , (1)

where

⌧�1
Compton = anADMxD�T,D

"
1 +

✓
me

mp

◆2
#
, (2)

and

⌧�1
R = anADM(1� xD)h�Ri

' 32⇡4anADM(1� xD)�T,D

✓
TD

BD

◆4

. (3)

Here, �T,D ⌘ 8⇡↵2
D/(3m2

e) is the dark Thomson cross
section, a is the scale factor describing the expansion

1 In this work, we neglect the small contribution to the opacity
from photoionization processes.

of the Universe, xD is the ionized fraction of the dark
plasma, nADM is the number density of dark atoms, �R

is the Rayleigh scattering cross section, and where the an-
gular bracket denotes thermal averaging. We note that
the second line of Eq. (3) is only valid if TD < BD. It
is out of the scope of this paper to discuss in detail the
evolution of the ionized fraction and of the DM temper-
ature. We refer the reader to Ref. [47] for a thorough
investigation of dark atom recombination and thermal
history.

B. ⇠ vs �Ne↵

We note that, as far as the background cosmological ex-
pansion is concerned, varying the temperature of the DR
in PIDM models is equivalent to changing the e↵ective
number of relativistic species (commonly parametrized in
the literature by �Ne↵) in ⇤CDM models according to
the correspondence

�Ne↵ $ 8

7

✓
11

4

◆4/3

⇠4. (4)

However, since the DR described by our parameter ⇠ af-
fects the evolution of cosmological fluctuations in a di↵er-
ent way than the neutrino-like relativistic species usually
parametrized by �Ne↵ (because our DR couples to DM
and is not always free-streaming), we emphasize that one
cannot blindly translate the known constraints on �Ne↵

from, say, Planck [71] to a bound on ⇠. In fact, as we dis-
cuss below, the bounds on ⇠ can be much more stringent
than the naive constraints one would obtain by translat-
ing the known limits on �Ne↵ using Eq. (4). Therefore,
we emphasize that the correspondence given in Eq. (4) is
only useful when comparing the cosmological expansion
history of PIDM models with that of standard ⇤CDM
models.

III. COSMOLOGICAL EVOLUTION

A. Dark Acoustic Oscillation Scale

Since a fraction of the DM forms a tightly-coupled
plasma in the early Universe, the evolution of cosmo-
logical fluctuations in the PIDM model departs signifi-
cantly from that of a standard ⇤CDM Universe. Indeed,
as Fourier modes enter the causal horizon, the DR pres-
sure provides a restoring force opposing the gravitational
growth of over densities, leading to the propagation of
dark acoustic oscillations (DAO) in the plasma. These
acoustic waves propagate until DR kinematically decou-
ples from the interacting DM component. Similar to the
baryon case, the scale corresponding to the sound hori-
zon of the dark plasma at kinetic decoupling remains im-
printed on the matter field at late times. This so-called

DAO Scale
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FIG. 1. Left panel : Transfer function T (k) ⌘ PETHOS(k)/PCDM(k) for four di↵erent exponents n parametrizing the redshift
dependence of the DM drag opacity ̇� = �(⌦DRh

2)an((2 + n)/3)(1 + z)n+1/znD. The values of an are chosen such that all
models have the same DM drag epoch zdrag, which we define via the criterion �̇�(zdrag) = H(zdrag). The actual values used
are {a1, a2, a3, a4} = {2.75, 1.09 ⇥ 101, 4.30 ⇥ 101, 1.97 ⇥ 102} Mpc�1. All models assumes !DR = 1.35 ⇥ 10�6 , ↵l = 1, and
bn = 0. For completeness, we also used ⇠ = 0.5, m� = 10 GeV, and dn = an, but the results shown above are insensitive to
these specific choices. Right panel : Dark matter drag visibility function for the same models as the left panel. The DM drag
visibility function is essentially the probability distribution function for the time at which a DM particle last scatter o↵ DR.

G. Shape of the linear matter power spectrum

In previous sections, we have established that the shape and amplitude of the linear matter power spectrum of
models where DM couples to a relativistic component can entirely be described in terms of a set of e↵ective ETHOS
parameters (in addition, of course, to the standard ⇤CDM parameters). In this section, we illustrate the impact of
di↵erent choices of these parameters on the linear matter power spectrum, focusing primarily on the combination
{a

n

,↵
l

}.
The left panel of Fig. 1 illustrates the matter transfer function T (k) ⌘ PETHOS(k)/PCDM(k) for four di↵erent

exponents n parametrizing the redshift dependence of the DM and DR opacities. The models are normalized such
that they all have the same DM drag epoch zdrag which we define via the criterion �̇

�

(zdrag) = H(zdrag). All other
parameters are kept fixed as indicated in the figure caption. We observe that as n is increased, the frequency of
dark acoustic oscillations (DAO) increases and the transfer function begins departing from its CDM value at larger
wavenumbers (smaller scales). This is due to the faster decoupling timescale associated with larger values of n. We
illustrate this in the right panel of Fig. 1 where we display the DM drag visibility function �̇

�

e�� for the same
models as in the left panel. We observe that a larger value of the exponent n corresponds to a narrower DM drag
visibility function. Since ̇

�

/H / (1+z)n, a larger value of n indeed implies a faster transition from the tightly-coupled
regime ̇

�

/H � 1 to the decoupled regime ̇
�

/H ⌧ 1. In contrast, as n approaches 0, DM spends more time in the
weakly-coupled regime and a broader range of k-modes can be a↵ected by the dark sector physics. This is particularly
apparent for the n = 1 model where a large range of k-modes are damped by DR di↵usion. A longer period spent in
the weak coupling regime also implies that the damping envelope significantly departs from the exponential relation
e�(k/kdamp)

2

derived in the tight-coupling limit [88].

In Fig. 2, we study the impact of the angular coe�cients ↵2 on the matter transfer function. Here, we choose
models with a non-vanishing a4 (left panel) and a2 (right panel) coe�cient, and vary the value of ↵2 from 1/2 to
5/2 while keeping everything else fixed. While we realize that it might not be possible to find a physical DM model
realizing these di↵erent values of ↵2, our goal here is to illustrate the sensitivity of the DM distribution to these
parameters. The left panel of Fig. 2 shows that ↵2 has a significant e↵ect on the damping tail of the matter transfer
function, with a smaller value of ↵2 associated with more damping. We can understand this result by noting that the
quantity ↵2̇DR�DM controls the growth of the DR quadrupole which is associated with DR di↵usion damping of DM
perturbations. At a fixed value of the opacity ̇DR�DM, a smaller ↵2 leads to a faster growth of the DR quadrupole,
which results in a stronger damping term. This can also be seen from the direct calculation of the Silk damping scale,

5

1. For the process ��̃ ! ��̃, compute the spin-summed matrix element squared and evaluate it at t = 2p2(1� µ̃)
and s = m2

�

+ 2pm
�

, where p is the momentum of the incoming DR and µ̃ is the cosine of the angle between
the incoming and outgoing DR particle.

2. Compute the A
l

coe�cients using the projection integral given in Eq. (5).

3. Compute ̇DR�DM and ̇
�

using Eqs. (4) and (9), respectively. Compute the angular coe�cients ↵
l

using Eq. (6).

4. If relevant for the model at hand, compute the opacity ̇DR�DR and the �
l

coe�cients using Eqs. (A58) and
(A59), respectively.

5. Solve Eq. (11) to obtain the DM temperature evolution. Compute the DM adiabatic sound speed c2
�

using
Eq. (10).

6. Solve Eqs. (1)-(3), (7), and (8) using a standard Boltzmann solver in order to obtain the matter power spectrum.

This procedure is straightforward but is not fully amenable to a simple numerical implementation since one would
need to code the specific functions ̇DR�DM, ̇DR�DR, �

, and �heat for each model. While this is in principle possible,
one can further simplify the computation by noting that the opacities and heating rate are often power-law functions
of the temperature (or redshift). This behavior occurs because the matrix elements entering the collision integrals are
often themselves power laws of momentum (see e.g. Eq. (13)). We can then write

̇DR�DM = �(⌦
�

h2)x
�

(z)
X

n

a
n

✓

1 + z

1 + zD

◆

n

, ̇
�

= �(⌦DRh
2)x

�

(z)
X

n

✓

2 + n

3

◆

a
n

(1 + z)n+1

(1 + zD)n
, (14)

̇DR�DR = �(⌦DRh
2)xDR�DR(z)

X

n

b
n

✓

1 + z

1 + zD

◆

n

, �heat = (⌦DRh
2)x

�

(z)
X

n

d
n

(1 + z)n+1

(1 + zD)n
, (15)

where a
n

, b
n

, and d
n

are constants with units of inverse length, h is the dimensionless Hubble constant h =
H0/(100 km/s/Mpc), ⌦

�

and ⌦DR are respectively the DM and DR densities in units of the critical density of
the Universe, and where we have introduced the dimensionless functions x

�

(z) and xDR�DR(z) to take into account
possible departures from a pure power-law behavior in some models4. In many instances, the physics responsible for
nontrivial values of x

�

and xDR�DR can be computed independently of the ��̃ ! ��̃ scattering process considered
here, and the above factorization is therefore physically motivated. We have also introduced the redshift zD which is
used to normalize the values of the coe�cients a

n

, b
n

, and d
n

. The value of zD is arbitrary but choosing it to be the
redshift when the DM opacity becomes equal to the conformal Hubble rate H prevents artificially large or small values
for the coe�cients defining the opacity and heating expansions. In this work, we choose zD = 107, which corresponds
to a decoupling temperature close to TDR ⇠ 1 keV (assuming ⇠ = 0.5).

We note that we have written the DM opacity ̇
�

as an expansion in a term that goes as (1+z)n+1 since we typically
have ̇

�

/ (1 + z)̇DR�DM. The factor (2 + n)/3 appearing in this expansion enforces momentum conservation in
DM-DR scattering. For instance, in the familiar case of CMB photons scattering o↵ free electrons, this factor takes
the well-known value of 4/3, but we see here that in general this factor will admit a di↵erent value. We also note
that the coe�cients a

n

, b
n

, and d
n

are independent of the standard ⇤CDM parameters and thus only depend on the
physics of the dark sector. In many models of interest, only a single term in the expansions given in Eqs. (14) and
(15) is nonvanishing. Furthermore, even in more complex cases with multiple nonzero terms or nontrivial x

�

(z), we
expect the opacity and heating rates to be well approximated by a single, though not necessarily integer, power law.

With these expansions, we now have a clear and straightforward mapping between the couplings, masses, and
temperatures defining a given DM particle physics model, and the e↵ective parameters controlling the shape of the
linear matter power spectrum. It is important to realize that our parametrization in terms of a

n

and d
n

coe�cients
has a clear physical interpretation. Indeed, the presence of nonzero a

n

and d
n

coe�cients directly corresponds to a
DM-DR scattering process with a squared matrix element whose behavior is given by

|M|2
��̃!��̃

/
✓

pDR

m
�

◆

n�2

, (16)

4
A good example of deviation from pure power-law scaling occurs in the atomic dark matter model at the epoch of dark recombination

[49]. Even in this case however, the opacities can generally still be approximated by a (steep) power law close the DM drag epoch.

DM opacity:
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FIG. 6: CMB unlensed temperature (upper panel) and E po-
larization (lower panel) power spectra for four di↵erent PIDM
models with fint = 100%. We have taken ⇠ = 0.5. For com-
parison, we also show a standard ⇤CDMmodel with an equiv-
alent number of e↵ective neutrinos.

on PIDM models.

C. CMB Lensing

As the CMB photons free-stream from the last-
scattering surface to us, they encounter large DM struc-
tures which can deflect their path and rotate their po-
larization state. This CMB lensing (see [113] for a re-
view) by foreground matter structures has now been de-
tected at high statistical significance (⇠ 25�, [114]) and
can be used to study the distribution of matter through-
out the Universe. Since PIDM models generally predict
a modified matter distribution as compared to a pure
CDM model, CMB lensing can by itself provide useful
constraints on interacting DM scenarios.

The gravitational deflection potential �, of which the

gradient gives the lensing displacement vector on the sky,
is related to the gravitational potential perturbation  
projected along the line of sight in the n̂ direction, via

�(n̂) = �2

Z �⇤

0

d� (�n̂; ⌘0 � �)
�⇤ � �

��⇤
, (21)

where �⇤ is the comoving distance to the last scattering
surface and ⌘0 is the comoving size of the causal hori-
zon today. The lensing potential power spectrum can be
written as

C��
l = 16⇡

Z
dk

k
PR(k)|� (k)|2, (22)

where

� (k) =

Z �⇤

0

d�T (k; ⌘0 � �))jl(k�)
�⇤ � �

��⇤
, (23)

and where PR(k) is the primordial spectrum of comoving
curvature fluctuations. The transfer function T (k, ⌘) is
defined by  (k, ⌘) = T (k, ⌘)R(k), where R(k) stands
for the comoving curvature fluctuation.
We show in Fig. 7 the CMB lensing power spectrum for

di↵erent PIDM models. In the upper panel, we display
the spectra for increasing values of ⌃DAO. It should be
clear from this plot that the most extreme models with
⌃DAO & 10�3 are ruled out by current data if interacting
DM forms the totality of the DM. In the lower panel of
Fig. 7, we fix ⌃DAO = 10�3 but instead vary the fraction
of interacting DM. We observe that even a fraction as
small as 5% can have a sizable e↵ect on the lensing power
spectrum. This indicates that current and future CMB
lensing measurements could potentially be very sensitive
probes of nonstandard DM physics.
Lensing by foreground matter structure also distorts

the CMB temperature and polarization power spectra
presented in Fig. 6 above. Essentially, lensing acts to
smooth out the oscillatory structure of the spectra, fill-
ing in the troughs and damping the peaks. As we dis-
cussed above, since PIDM models generally predict dif-
ferent amount of lensing, the associated smoothing of the
CMB spectra provides yet another handle (albeit corre-
lated with other CMB signatures) to constrain interact-
ing DM. We illustrate lensed CMB spectra in Figs. 8 and
9 for increasing values of ⌃DAO and for fint = 1. Besides
the PIDM signatures discussed in section IVB, we ob-
serve that the TT and EE spectra display sharper peaks
and troughs in the damping tail as ⌃DAO is increased,
which is in line with our expectations that these models
should be less a↵ected by gravitational lensing. We also
note that the lensing signatures can obscure some of the
e↵ects discussed in section IVB, especially the enhance-
ment of the even acoustic peaks in the damping tail of
the temperature spectrum.
Taken as a whole, it is clear that the CMB and its lens-

ing by foreground matter structures provide an exquisite
probe of DM physics and of its possible interaction with

Cyr-Racine et al. 2013.
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FIG. 18. CMB angular power spectra in the atomic DM sce-
nario for di↵erent values of ⇠. We fix all other dark param-
eters to the values indicated on the plots. The upper panel
displays the TT spectra while the lower panel shows the EE
polarization spectra. All other cosmological parameters are
held fixed. Here, the helium fraction is fixed to Yp = 0.24 to
isolate the e↵ect from the changing sound horizon.

the energy density of the dark photons leads to an en-
hanced damping of the CMB anisotropies [106]. To un-
derstand the origin of this e↵ect, we need to remember
that the photon di↵usion distance scales as rd / H�0.5

(see Eq. (63)) while the angular diameter distance scales
as H�1. Thus, the damping angular scale ✓d ⌘ rd/DA

e↵ectively increases if the Hubble rate is sped up due
to the presence of extra radiation. We therefore expect
that as the value of ⇠ is raised, the CMB spectrum will
be increasingly a↵ected by Silk damping. This e↵ect is
shown in Fig. 19 where we clearly observe the decline in
amplitude associated with the increasing DR density. In
addition, if the primordial helium fraction was allowed
to vary according to Eq. (79), this would further increase
the amount of Silk damping. Therefore, it is clear that
measurements of the CMB damping tail provide strong
constraint on ⇠.

In summary, beyond the impact of the atomic DM sce-
nario on the background cosmology caused by the DR,
we have identified four key cosmological signatures that
distinguish the atomic DM scenario from a ⇤CDM model
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FIG. 19. CMB temperature power spectra in the atomic DM
scenario for di↵erent values of ⇠. We fix all other dark pa-
rameters to the values indicated on the plots. We keep fixed
throughout the redshift of matter-radiation equality and the
angular size of the baryon-photon sound horizon at decou-
pling. Here, the helium fraction is fixed to Yp = 0.24 to
isolate the e↵ect from the changing damping scale.

containing extra relativistic neutrinos. First, the emer-
gence of the new DAO length scale in the late-time den-
sity field results in a minimal mass for the first DM
protohalos that is generically larger than in the stan-
dard WIMP paradigm. Also, as the dark photons tran-
sition from being tightly-coupled to the dark plasma to
a free-streaming state, they impart varying phase shifts
and amplitude suppressions to the CMB multipoles en-
tering the horizon. Importantly, these suppressions and
phase shifts asymptote to constant values for l � ldec
and l ⌧ ldec, a distinct feature of atomic DM that is
not easily reproduced in the ⇤CDM scenario. Further-
more, we have shown that the odd CTT

l peaks are sup-
pressed on scales that enter the causal horizon before DM
kinematically decouples. It is therefore clear that precise
measurements on the CMB damping tail could provide
meaningful constraints on the parameter space of atomic
DM. We should however keep in mind that the modi-
fied evolution of DM and DR fluctuations can only a↵ect
the CMB if the dark sector kinetic decoupling happens
close enough to the epoch of last scattering. As such, a
non-detection of these signatures e↵ectively puts a lower
bound on the redshift of kinetic decoupling which itself
depends on a combination of ↵D, BD, mD, and ⇠.

VI. ASTROPHYSICAL CONSTRAINTS ON
ATOMIC DARK MATTER

As the Universe expands and cools down, non-linear
structures begin to emerge and eventually form present-
day astrophysical objects such as galaxies and clusters of
galaxies. The internal dynamics of these objects is deeply
influenced by the microphysics governing DM because the
latter contributes the vast majority of the mass inside

10

FIG. 6: CMB unlensed temperature (upper panel) and E po-
larization (lower panel) power spectra for four di↵erent PIDM
models with fint = 100%. We have taken ⇠ = 0.5. For com-
parison, we also show a standard ⇤CDMmodel with an equiv-
alent number of e↵ective neutrinos.

on PIDM models.

C. CMB Lensing

As the CMB photons free-stream from the last-
scattering surface to us, they encounter large DM struc-
tures which can deflect their path and rotate their po-
larization state. This CMB lensing (see [113] for a re-
view) by foreground matter structures has now been de-
tected at high statistical significance (⇠ 25�, [114]) and
can be used to study the distribution of matter through-
out the Universe. Since PIDM models generally predict
a modified matter distribution as compared to a pure
CDM model, CMB lensing can by itself provide useful
constraints on interacting DM scenarios.

The gravitational deflection potential �, of which the

gradient gives the lensing displacement vector on the sky,
is related to the gravitational potential perturbation  
projected along the line of sight in the n̂ direction, via

�(n̂) = �2

Z �⇤

0

d� (�n̂; ⌘0 � �)
�⇤ � �

��⇤
, (21)

where �⇤ is the comoving distance to the last scattering
surface and ⌘0 is the comoving size of the causal hori-
zon today. The lensing potential power spectrum can be
written as

C��
l = 16⇡

Z
dk

k
PR(k)|� (k)|2, (22)

where

� (k) =

Z �⇤

0

d�T (k; ⌘0 � �))jl(k�)
�⇤ � �

��⇤
, (23)

and where PR(k) is the primordial spectrum of comoving
curvature fluctuations. The transfer function T (k, ⌘) is
defined by  (k, ⌘) = T (k, ⌘)R(k), where R(k) stands
for the comoving curvature fluctuation.
We show in Fig. 7 the CMB lensing power spectrum for

di↵erent PIDM models. In the upper panel, we display
the spectra for increasing values of ⌃DAO. It should be
clear from this plot that the most extreme models with
⌃DAO & 10�3 are ruled out by current data if interacting
DM forms the totality of the DM. In the lower panel of
Fig. 7, we fix ⌃DAO = 10�3 but instead vary the fraction
of interacting DM. We observe that even a fraction as
small as 5% can have a sizable e↵ect on the lensing power
spectrum. This indicates that current and future CMB
lensing measurements could potentially be very sensitive
probes of nonstandard DM physics.
Lensing by foreground matter structure also distorts

the CMB temperature and polarization power spectra
presented in Fig. 6 above. Essentially, lensing acts to
smooth out the oscillatory structure of the spectra, fill-
ing in the troughs and damping the peaks. As we dis-
cussed above, since PIDM models generally predict dif-
ferent amount of lensing, the associated smoothing of the
CMB spectra provides yet another handle (albeit corre-
lated with other CMB signatures) to constrain interact-
ing DM. We illustrate lensed CMB spectra in Figs. 8 and
9 for increasing values of ⌃DAO and for fint = 1. Besides
the PIDM signatures discussed in section IVB, we ob-
serve that the TT and EE spectra display sharper peaks
and troughs in the damping tail as ⌃DAO is increased,
which is in line with our expectations that these models
should be less a↵ected by gravitational lensing. We also
note that the lensing signatures can obscure some of the
e↵ects discussed in section IVB, especially the enhance-
ment of the even acoustic peaks in the damping tail of
the temperature spectrum.
Taken as a whole, it is clear that the CMB and its lens-

ing by foreground matter structures provide an exquisite
probe of DM physics and of its possible interaction with

Cyr-Racine et al. 2013.
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Fig. 6.— The SPTpol 500 deg2 EE auto-correlation angular power spectrum. The solid gray lines are the best-fit ⇤CDM model to the
plikHM TT lowTEB dataset. The x-axis is scaled to l0.5. The top-right inset has bandpowers scaled by an additional `2 to highlight
features at smaller angular scales. The lower inset highlights features at low multipole without the additional scaling. Error bars include
sample and noise variance. We plot residuals �D` to the plikHM TT lowTEB model in the sub-panel.

7.2. Foreground Parameterization

The primordial CMB EE and TE power spectra are
expected to be less contaminated by foreground power
than the temperature spectrum at small scales. For ex-
ample, C15 did not see any evidence of contamination
from polarized extragalactic source power after masking
the brightest ⇠10 sources over ⇠ 100 deg2, and the level
of EE power from Galactic dust expected in our sky
patch based on Planck Collaboration et al. (2014) is a
factor of ⇠20 below our measured EE power in the low-
est ` bin. Nevertheless, we add parameters to our cosmo-
logical model to account for these two potential sources
of polarized power. We do not attempt to model con-
tributions from Galactic synchrotron emission because
we expect the polarized Galactic foreground power to be
dominated by dust at 150 GHz.
We introduce four parameters to model contributions

to the TE and EE spectra from polarized Galactic dust.
We assume the angular power spectrum of Galactic dust

follows the model of Planck Collaboration et al. (2014),

DXY

`,dust

= AXY

80

✓
`

80

◆
↵XY +2

. (27)

Here AXY

80

is the amplitude of the spectrum in units
of µK2 at ` = 80 and ↵

XY

is the angular power dust
spectral index. As the SPTpol survey field overlaps the
BICEP2 field we use the Planck constraints over the
BICEP2 patch corrected for the SPTpol 150GHz band-
pass to define priors on AXY

80

and ↵
XY

for generating
the simulations discussed in Section 4.4, which we sum-
marize in Table 3. We obtain a pessimistic expectation
for the TE dust amplitude by assuming the tempera-
ture and E-mode dust spectra are 100% correlated and
taking the geometric mean of their amplitudes. During
cosmological fitting, we apply flat priors between 0 and
2µK2 on AXY

80

and Gaussian priors on ↵
XY

centered on
-2.42 with standard deviations of 0.02, motivated by the

SPTpol Collab. (2017)
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FIG. 18. CMB angular power spectra in the atomic DM sce-
nario for di↵erent values of ⇠. We fix all other dark param-
eters to the values indicated on the plots. The upper panel
displays the TT spectra while the lower panel shows the EE
polarization spectra. All other cosmological parameters are
held fixed. Here, the helium fraction is fixed to Yp = 0.24 to
isolate the e↵ect from the changing sound horizon.

the energy density of the dark photons leads to an en-
hanced damping of the CMB anisotropies [106]. To un-
derstand the origin of this e↵ect, we need to remember
that the photon di↵usion distance scales as rd / H�0.5

(see Eq. (63)) while the angular diameter distance scales
as H�1. Thus, the damping angular scale ✓d ⌘ rd/DA

e↵ectively increases if the Hubble rate is sped up due
to the presence of extra radiation. We therefore expect
that as the value of ⇠ is raised, the CMB spectrum will
be increasingly a↵ected by Silk damping. This e↵ect is
shown in Fig. 19 where we clearly observe the decline in
amplitude associated with the increasing DR density. In
addition, if the primordial helium fraction was allowed
to vary according to Eq. (79), this would further increase
the amount of Silk damping. Therefore, it is clear that
measurements of the CMB damping tail provide strong
constraint on ⇠.

In summary, beyond the impact of the atomic DM sce-
nario on the background cosmology caused by the DR,
we have identified four key cosmological signatures that
distinguish the atomic DM scenario from a ⇤CDM model
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FIG. 19. CMB temperature power spectra in the atomic DM
scenario for di↵erent values of ⇠. We fix all other dark pa-
rameters to the values indicated on the plots. We keep fixed
throughout the redshift of matter-radiation equality and the
angular size of the baryon-photon sound horizon at decou-
pling. Here, the helium fraction is fixed to Yp = 0.24 to
isolate the e↵ect from the changing damping scale.

containing extra relativistic neutrinos. First, the emer-
gence of the new DAO length scale in the late-time den-
sity field results in a minimal mass for the first DM
protohalos that is generically larger than in the stan-
dard WIMP paradigm. Also, as the dark photons tran-
sition from being tightly-coupled to the dark plasma to
a free-streaming state, they impart varying phase shifts
and amplitude suppressions to the CMB multipoles en-
tering the horizon. Importantly, these suppressions and
phase shifts asymptote to constant values for l � ldec
and l ⌧ ldec, a distinct feature of atomic DM that is
not easily reproduced in the ⇤CDM scenario. Further-
more, we have shown that the odd CTT

l peaks are sup-
pressed on scales that enter the causal horizon before DM
kinematically decouples. It is therefore clear that precise
measurements on the CMB damping tail could provide
meaningful constraints on the parameter space of atomic
DM. We should however keep in mind that the modi-
fied evolution of DM and DR fluctuations can only a↵ect
the CMB if the dark sector kinetic decoupling happens
close enough to the epoch of last scattering. As such, a
non-detection of these signatures e↵ectively puts a lower
bound on the redshift of kinetic decoupling which itself
depends on a combination of ↵D, BD, mD, and ⇠.

VI. ASTROPHYSICAL CONSTRAINTS ON
ATOMIC DARK MATTER

As the Universe expands and cools down, non-linear
structures begin to emerge and eventually form present-
day astrophysical objects such as galaxies and clusters of
galaxies. The internal dynamics of these objects is deeply
influenced by the microphysics governing DM because the
latter contributes the vast majority of the mass inside

2

E-mode anisotropies. Because of this, B modes are of
great interest as a clean probe of two more subtle sig-
nals: (1) primordial tensor perturbations in the early
Universe [4, 5], the measurement of which would provide
a unique probe of the energy scale of inflation; and (2)
gravitational lensing, which generates a distinctive non-
Gaussian B-mode signal [6] that can be used to measure
the projected mass distribution and constrain cosmolog-
ical parameters such as the sum of neutrino masses (for
a review, see [7]).

Previous experiments have placed upper limits on the
B-mode polarization anisotropy [8–11]. In this letter we
present the first detection of B modes sourced by grav-
itational lensing, using first-season data from SPTpol,
the polarization-sensitive receiver on the South Pole Tele-
scope.

Gravitational lensing remaps the observed position of
CMB anisotropies as n̂ ! n̂+r�(n̂), where � is the CMB
lensing potential [12]. This remapping mixes some of the
(relatively) large E-mode signal into B. The induced B

mode at Fourier wavevector ~l
B

is given to first order in
� as [13]

B

lens(~l
B

) =

Z
d

2

~

l

E

Z
d

2

~

l

�
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�(~l
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,

~

l

B

,

~

l

�

)E(~l
E

)�(~l
�

),

(1)
where the weight function W

� specifies the mixing. In
this letter, we use measurements of E and � to synthe-
size an estimate for the lensing contribution, which we
cross-correlate with measured B modes. Using maps of
the cosmic infrared background measured by Herschel -
SPIRE to estimate �, and measurements of the E- and
B-mode polarization from SPTpol, we detect the lensing
signal at 7.7� significance.

CMB Data: The South Pole Telescope (SPT) [14]
is a 10-meter telescope located at the geographic South
Pole. Here we use data from SPTpol, a polarization-
sensitive receiver installed on the telescope in January
2012. SPTpol consists of two arrays of polarization-
sensitive bolometers (PSBs): 1176PSBs that observe at
150GHz, and 360PSBs that observe at 95GHz. The
instrument and its performance are described in [15–18].
The observation strategy, calibration, and data reduction
for SPTpol data are similar to those used for the SPT-SZ
survey, described in [19]. Here we briefly summarize the
important points.

We calibrate the PSB polarization sensitivities with
observations of a ground-based thermal source behind a
polarizing grid. This allows us to measure the polariza-
tion angle of individual PSBs with < 2o statistical un-
certainty and the average angle of all PSBs with < 0.1o

statistical uncertainty. We estimate systematic uncer-
tainty on the average angle to be <1o (1.5o) at 150GHz
(95GHz).

Between March and November 2012, we used SPTpol
to observe a 100 deg2 region of low-foreground sky, be-

tween 23h and 24h in right ascension and �50 and
�60 degrees in declination. We process the SPTpol
data by “observations”, which are half-hour periods in
which the telescope scans half of the field. Each observa-
tion is recorded as time-ordered data (TOD) from each
PSB, in azimuthal scans separated by steps in elevation.
For each scan, we apply a low-pass anti-aliasing filter as
well as a high-pass 4th-order polynomial subtraction to
remove large-scale atmospheric fluctuations. This sup-
presses modes along the scan direction, which we account
for with a two-dimensional transfer function measured
from simulations of the filtering process.
In each observation, we drop PSBs with cuts based on

noise level during the observation, response to elevation-
dependent atmospheric power, and response to an in-
ternal thermal calibration source. Typical observations
include ⇠800 PSBs (⇠230 PSBs) at 150GHz (95GHz).
We cut scans for PSBs with glitches (caused, for exam-
ple, by cosmic ray hits). In typical 150GHz (95GHz)
observations, we lose ⇠ 1% (⇠ 4%) of the data due to
glitch removal.
Data from each PSB are accumulated into maps of

the I, Q, and U Stokes parameters using measured po-
larization angles and polarization e�ciencies. We weight
the TOD for each PSB in a scan by the inverse of the
variance along the scan direction between 1Hz and 3Hz
(1300 . l

x

. 3900 for the telescope scan speed of 0.28
degrees per second). We make maps using the oblique
Lambert azimuthal equal-area projection [20] with square
20⇥20 pixels. This projection preserves area on the sky
but introduces small distortions in angle; we account for
these distortions by rotating the Q and U components to
maintain a consistent angular coordinate system across
the map. For each observation we form a noise map
from the di↵erence of left- and right-going scans, cut-
ting observations which are outliers in metrics such as
overall variance. This cut removes ⇠ 8% (⇠ 9%) of the
150GHz (95GHz) data. Finally, we add the individual
observations together to produce full-season maps, with
polarization noise levels of approximately 10µK-arcmin
at 150GHz and 25µK-arcmin at 95GHz.
Inaccuracy in PSB gain measurements can cause direct

leakage of the CMB temperature into polarization, which
we fit for using the cross-spectra of I with Q and U. We
find < 2% leakage at both 150GHz and 95GHz, which
we correct for by subtracting appropriate fractions of I
from Q and U. We show below that this correction is
unimportant for our final results.
We calibrate the overall amplitude of the SPTpol maps

to better than 1% in temperature by cross-correlating
with SPT-SZ temperature maps over the same region
of sky. The SPT-SZ maps are calibrated by comparing
to the Planck surveyor 143 GHz maps [21] over the full
2500 deg2 SPT-SZ survey region.
CIB Data: We use maps of the cosmic infrared back-

ground (CIB) [22] obtained from the SPIRE instrument

Cyr-Racine et al. 2013.
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data?
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Abstract

We study a two-parameter extension of the cosmological standard model ⇤CDM in which cold

dark matter interacts with a new form of dark radiation. The two parameters correspond to the

energy density in the dark radiation fluid �N
fluid

and the interaction strength between dark matter

and dark radiation. The interactions give rise to a very weak “dark matter drag” which damps

the growth of matter density perturbations throughout radiation domination, allowing to reconcile

the tension between predictions of large scale structure from the CMB and direct measurements

of �
8

. We perform a precision fit to Planck CMB data, BAO, large scale structure, and direct

measurements of the expansion rate of the universe today. Our model lowers the �-squared relative

to ⇤CDM by about 12, corresponding to a preference for non-zero dark matter drag by more than

3�. Particle physics models which naturally produce a dark matter drag of the required form include

the recently proposed non-Abelian dark matter model in which the dark radiation corresponds to

massless dark gluons.
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Riess et al. (2016)

– 52 –

Fig. 13.— Local measurements of H0 compared to values predicted by CMB data in

conjunction with ΛCDM. We show 4 SN Ia-independent values selected for comparison by

Planck Collaboration et al. (2014) and their average, the primary fit from R11, its reanalysis by

Efstathiou (2014) and the results presented here. The 3.4σ difference between Planck+ΛCDM

(Planck Collaboration et al. 2016) and our result motivates the exploration of extensions to ΛCDM.
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Planck Coll. (2015)

Planck Collaboration: Cosmological parameters
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ABSTRACT

We present measurements of the E-mode polarization angular auto-power spectrum (EE) and
temperature-E-mode cross-power spectrum (TE) of the cosmic microwave background (CMB) using
150 GHz data from three seasons of SPTpol observations. We now report the EE and TE power
spectra over the spherical harmonic multipole range 50 < `  8000, and detect the first nine acoustic
peaks in the EE spectrum with high signal-to-noise. These measurements are the most sensitive to
date of the EE and TE CMB angular polarization power spectra at ` > 1050 and ` > 1475, respec-
tively. The observations cover 500 deg2 of sky, a fivefold increase in area compared to previous SPTpol
power spectrum releases, leading to more than a factor of two reduction in bandpower uncertainties.
The additional sky coverage increases our sensitivity to the photon-di↵usion damping tail of the CMB
angular power spectra, which enables tighter constraints on ⇤CDM model extensions such as primor-
dial helium content Y

p

and e↵ective number of relativistic species N
e↵

. The volume of parameter
space in the ⇤CDM+Y

p

, ⇤CDM+N
e↵

, and ⇤CDM+Y
p

+N
e↵

models allowed by Planck temperature
data is reduced by a factor of 2.7, 3.2, and 2.7, respectively, with the inclusion of SPTpol data. Fur-
thermore, after masking all sources with unpolarized flux > 50mJy we place a 95% confidence upper
limit on residual polarized point-source power of D

`

= `(` + 1)C
`

/2⇡ < 0.10µK2 at ` = 3000. This
limit is a factor of four lower than the previous best upper limit, and suggests that the EE damping
tail is brighter than foregrounds to at least ` = 4100 with modest source masking. Finally, we find
cosmological parameter constraints consistent with those for Planck temperature when fitting SPTpol
data at ` < 1000. However, including SPTpol data at ` > 1000 results in a preference for a higher
value of the expansion rate (H

0

= 71.2±2.1 km s�1Mpc�1 ) and a lower value for present-day density
fluctuations (�

8

= 0.77± 0.02).
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Evidence for dark matter interaction?
Krall, Cyr-Racine & Dvorkin, arXiv:1705.08894

100 101

k [(h/Mpc)]

10�1

100

101

102
P

(k
)

[(
M

p
c/

h
)3

]

CMB+BAO
CMB+BAO+Ly↵

CMB+BAO+LSS
CMB+BAO+LSS+Ly↵

⇤CDM CMB+BAO

Ly-alpha 
(McDonald et al. 

(2006))



8/2/17Francis-Yan Cyr-Racine, Harvard 27

Evidence for dark matter interaction?

Krall, Cyr-Racine & Dvorkin, arXiv:1705.08894

2.15 2.20 2.25 2.30
100⌦bh2

0.120 0.128 0.136 0.144
⌦dmh2

0.03 0.06 0.09 0.12 0.15

⌧

3.00 3.06 3.12 3.18 3.24
ln(1010As)

0.96 0.97 0.98 0.99
ns

0.25 0.50 0.75 1.00
�Nfluid

0.0 0.8 1.6 2.4 3.2
107�0 [Mpc�1]

66 68 70 72 74
H0 [km/s/Mpc]

0.72 0.76 0.80 0.84 0.88
�8

CMB + BAO CMB + BAO + Ly↵ CMB + BAO + LSS CMB + BAO + Ly↵ + LSS



8/2/17Francis-Yan Cyr-Racine, Harvard 28

Can also make this work with partially-
interacting dark matter 
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Fix the cross 
section such that 

dark matter 
kinetic 

decoupling 
occurs near 

matter-radiation 
equality
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Evidence for dark matter interaction?

• Adding extra radiation to increase the present-day Hubble 
rate generally lead to a larger amplitude of matter 
fluctuations.

• Weak lensing measurements give low values of 𝛔8
(systematics?).

• Dark matter interacting with a relativistic species could 
provide a solution.

• Question: Does this mess up small-scale structure?
• Question: What about other consequences of coupling 

dark matter to light particles? 
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is the reduced mass. Substituting Eq. (B.20) into Eq. (B.9), we obtain the opacities
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For the Coulomb logarithm, we follow Ref. [81] and write

⇤ =
3

4⇡

✓
T
C

↵
D

n
C

◆3/2

n
C

, (B.29)

which is essentially the Debye screening length divided by the typical distance of closest
approach. We note that if T

C

/ (1 + z) (as it is when C particles are thermally coupled to
the dark photons), ln⇤ is constant with values ⇠ 10� 20.

X X̄ C (B.30)
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• As halos form, the dark matter is heated up to the virial 
temperature, possibly allowing energy dissipation:

Agrawal, Cyr-Racine, Randall, Scholtz (2017)
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XC dark matter: The model

we present the dark matter relic abundance calculation in the presence of the asymmetry.
In section 4, we compute the cosmological evolution of the ionized fraction of the light
darkly-charged particle in the presence of the asymmetric bath of heavy X and X̄ particles.
We make use of this latter result in section 5 to study the evolution and growth of dark
matter fluctuations within this model. In section 7, we discuss the late-time astrophysical
consequences of the model. We finally conclude in section 8.

2 Model and Implications

The model consists simply of a heavy charged particle X carrying positive charge under a
new dark U(1) gauge group, its antiparticle X̄ with opposite charge, and a light particle C
that also carries negative charge. For concreteness we will consider X and C to be a Dirac
fermions throughout this paper. The Lagrangian is

L = �1

4
V
µ⌫

V µ⌫ + X̄ /DX + C̄ /DC �m
X

X̄X �m
C

C̄C, (2.1)

where V
µ⌫

is the dark photon field strength, D is the gauge covariance derivative, and m
X

and m
C

are the masses of the X and C particles, respectively. We denote the fine-structure
constant of the new U(1) force as ↵

D

. In general, the temperature T
D

of the dark photon
bath will be di↵erent than that of the Standard Model bath, and we denote by ⇠(T ) ⌘ T

D

/T
the ratio of the dark sector to Standard Model temperature (the latter denoted simply by T
throughout our paper). Given the value of this ratio at reheating ⇠RH, it’s value at a later
time is given by

⇠(T ) =

✓
hSM(T )

hSM(TRH)

h
D

(TRH)

h
D

(T )

◆1/3

⇠RH, (2.2)

where TRH is the SM reheating temperature, hSM is the e↵ective number of degrees of freedom
contributing to the entropy density of the SM, and h

D

is the similar quantity in the dark
sector. We illustrate in fig. 1 examples the evolution of ⇠ for di↵erent choices of the X and
C masses. For the models shown, the di↵erent behavior at temperatures above 1 GeV is
due to XX̄ annihilation, while the evolution at temperatures less than 20 MeV is caused by
CC̄ annihilation. We observe that even if both the SM and dark sector reheat to the same
temperature (⇠RH = 1), the XX̄ annihilation can briefly heat the dark sector above the SM
temperature. However, the large entropy dump in the SM sector at the QCD phase transition
generally results in a temperature ratio that is less than unity. At late times, the temperature
ratio takes the value ⇠(T0) ⌘ ⇠0 ' 0.55⇠RH, where T0 = 2.725K is the temperature of the
CMB today.

In this scenario, X and X̄ act as the usual cold dark matter that forms the gravitational
backbone of galaxies, clusters, and the large-scale structure of the Universe, whereas the light
C particle acts as a catalyst between the bulk of the dark matter density and the new dark
photons, allowing the damping of small-scale dark matter fluctuations and the cooling of
dark matter particles within galactic halos. We emphasize that this di↵ers from the model of
Refs. [41, 42] in that the bulk of the dark matter is now charged under the new U(1) force.
We summarize here the key phenomenological implications of this new model.

As we describe in detail in section 3 below, the relic abundance calculation has notable
di↵erences from the standard thermal freeze-out in the presence of a long-range force (see
e.g. Refs. [12, 13]). In particular, we identify two distinct regimes of interest. For large values
of the dark fine-structure constant, the overall dark matter relic abundance is essentially

– 3 –

• Ingredients:

• A heavy (~10 TeV) X particle (and its anti-particle)

• A light (~1 MeV) C particle

• A massless U(1) dark photon

• Key parameters:
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is the reduced mass. Substituting Eq. (B.20) into Eq. (B.9), we obtain the opacities
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For the Coulomb logarithm, we follow Ref. [81] and write
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which is essentially the Debye screening length divided by the typical distance of closest
approach. We note that if T

C

/ (1 + z) (as it is when C particles are thermally coupled to
the dark photons), ln⇤ is constant with values ⇠ 10� 20.
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XC dark matter: Dissipative dynamics

• The main mechanisms for energy dissipation are 
Bremsstrahlung, inverse Compton scattering, collisional 
excitation and recombination, and finally, molecular 
cooling. 

• Since the rate of collisional processes are very difficult to 
compute, we focus on Bremsstrahlung and inverse 
Compton:

halo contraction and the formation of a dark matter disk [41, 42]. In this section we review
the physical mechanisms underpinning the dissipative dynamics of dark matter halos and
identify the parameter space where it could occur. Compared to the original DDDM model,
the fact that all dark matter halo particles are charged under the long-range force, and hence
can all potentially lose energy through dissipation, is the main new feature of our model.

7.1 Dissipative dynamics

A careful characterization of nonlinear structure formation in our model would require de-
tailed numerical simulations taking into account the collisional and radiative processes that
allow the di↵erent dark matter particles to lose, exchange, or gain energy and momentum.
Similar to the case of hydrogen gas, the main mechanisms leading to energy lost among dark
matter particles are Bremsstrahlung, inverse Compton scattering, collisional excitation and
ionization, recombination and molecular cooling [75]. Since the rate of collisional processes
such as ionization and excitation are di�cult to compute (see e.g. [76]), we present here
a simplified approach and estimate the importance of dissipation within dark matter halos
using Bremsstrahlung and inverse Compton scattering only. We expect these radiative pro-
cesses to dominate when T

C

� B(XC) or at early enough times when the energy density
in dark photons is not entirely negligible. For T

C

⇠ B(XC), collisional processes including
recombination cooling can become more important than radiative ones [77, 78]. Since we
are neglecting these former processes, our estimate should be taken as a lower bound on the
possible amount of dissipation that can take place within a halo.

For the purpose of this calculation, we assume a dark matter halo with virial mass
Mvir = 1012M� and virial radius Rvir = 100 kpc. This implies an average density of ⇢̄DM '
9⇥ 10�3 GeV/cm3. We perform our calculation at a benchmark redshift of z = 2. We note
that these choices are quite conservative since increasing the halo density or the benchmark
redshift would both make dissipation more e�cient. As dark matter and baryons fall in to
form the halo, the dark plasma is shock heated to the virial temperature of the halo, which
is approximately given by

Tvir =
GNMvirµm

X

5Rvir
' 9⇥ 102

1 + f(XC)

✓
Mvir

1012M�

◆✓
100 kpc

Rvir

◆⇣ m
X

10 TeV

⌘
keV, (7.1)

where µ ⌘ ⇢DM/(2n
X

m
X

) ⇡ (1+ f(XC))
�1 is the mean molecular weight of the dark plasma.

Whenever Tvir > B(XC), the C particles are reionized. The free C particles can then scatter
o↵ the ambient X, X̄ particles, or o↵ the dark photons, hence losing energy. The volumetric
energy loss rate through Bremsstrahlung emission is given by [79]

⇧Brem =
16↵3

D

p
2⇡T

C

(3m
C

)3/2
nfree
C

(nfree
X

+ n
X̄

), (7.2)

while the equivalent rate for inverse Compton cooling is [63]

⇧Compt =
64⇡3↵2

D

T 4
D

135m3
C

nfree
C

T
C

. (7.3)

Using these rates, we can define a typical cooling timescale tcool,C for the free C particles to
shed an O(1) fraction of their kinetic energy through radiative processes
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halo contraction and the formation of a dark matter disk [41, 42]. In this section we review
the physical mechanisms underpinning the dissipative dynamics of dark matter halos and
identify the parameter space where it could occur. Compared to the original DDDM model,
the fact that all dark matter halo particles are charged under the long-range force, and hence
can all potentially lose energy through dissipation, is the main new feature of our model.

7.1 Dissipative dynamics

A careful characterization of nonlinear structure formation in our model would require de-
tailed numerical simulations taking into account the collisional and radiative processes that
allow the di↵erent dark matter particles to lose, exchange, or gain energy and momentum.
Similar to the case of hydrogen gas, the main mechanisms leading to energy lost among dark
matter particles are Bremsstrahlung, inverse Compton scattering, collisional excitation and
ionization, recombination and molecular cooling [75]. Since the rate of collisional processes
such as ionization and excitation are di�cult to compute (see e.g. [76]), we present here
a simplified approach and estimate the importance of dissipation within dark matter halos
using Bremsstrahlung and inverse Compton scattering only. We expect these radiative pro-
cesses to dominate when T

C

� B(XC) or at early enough times when the energy density
in dark photons is not entirely negligible. For T

C

⇠ B(XC), collisional processes including
recombination cooling can become more important than radiative ones [77, 78]. Since we
are neglecting these former processes, our estimate should be taken as a lower bound on the
possible amount of dissipation that can take place within a halo.

For the purpose of this calculation, we assume a dark matter halo with virial mass
Mvir = 1012M� and virial radius Rvir = 100 kpc. This implies an average density of ⇢̄DM '
9⇥ 10�3 GeV/cm3. We perform our calculation at a benchmark redshift of z = 2. We note
that these choices are quite conservative since increasing the halo density or the benchmark
redshift would both make dissipation more e�cient. As dark matter and baryons fall in to
form the halo, the dark plasma is shock heated to the virial temperature of the halo, which
is approximately given by
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�1 is the mean molecular weight of the dark plasma.

Whenever Tvir > B(XC), the C particles are reionized. The free C particles can then scatter
o↵ the ambient X, X̄ particles, or o↵ the dark photons, hence losing energy. The volumetric
energy loss rate through Bremsstrahlung emission is given by [79]
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XC dark matter: Dissipative dynamics

• We define an approximate cooling timescale:

• At a minimum, this timescale must be shorter than the age 
of the Universe: 

halo contraction and the formation of a dark matter disk [41, 42]. In this section we review
the physical mechanisms underpinning the dissipative dynamics of dark matter halos and
identify the parameter space where it could occur. Compared to the original DDDM model,
the fact that all dark matter halo particles are charged under the long-range force, and hence
can all potentially lose energy through dissipation, is the main new feature of our model.

7.1 Dissipative dynamics

A careful characterization of nonlinear structure formation in our model would require de-
tailed numerical simulations taking into account the collisional and radiative processes that
allow the di↵erent dark matter particles to lose, exchange, or gain energy and momentum.
Similar to the case of hydrogen gas, the main mechanisms leading to energy lost among dark
matter particles are Bremsstrahlung, inverse Compton scattering, collisional excitation and
ionization, recombination and molecular cooling [75]. Since the rate of collisional processes
such as ionization and excitation are di�cult to compute (see e.g. [76]), we present here
a simplified approach and estimate the importance of dissipation within dark matter halos
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cesses to dominate when T
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recombination cooling can become more important than radiative ones [77, 78]. Since we
are neglecting these former processes, our estimate should be taken as a lower bound on the
possible amount of dissipation that can take place within a halo.

For the purpose of this calculation, we assume a dark matter halo with virial mass
Mvir = 1012M� and virial radius Rvir = 100 kpc. This implies an average density of ⇢̄DM '
9⇥ 10�3 GeV/cm3. We perform our calculation at a benchmark redshift of z = 2. We note
that these choices are quite conservative since increasing the halo density or the benchmark
redshift would both make dissipation more e�cient. As dark matter and baryons fall in to
form the halo, the dark plasma is shock heated to the virial temperature of the halo, which
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Whenever Tvir > B(XC), the C particles are reionized. The free C particles can then scatter
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For this radiative cooling of the C particles to have a significant impact on the structure of
a dark matter halo, tcool,C needs, at a minimum, to be shorter than the age of the Universe
t0. We note that having tcool,C < t0, with tcool,C as defined in eq. (7.4), is a su�cient but not
necessary condition for dissipation to play an important role in setting the internal structure
of a dark matter halo since collisional processes could speed up the cooling of the C particles.

As the C particles are dissipating their kinetic energy, they can scatter o↵ X and X̄
particles in the halo. Since the net amount of kinetic energy in the X-X̄ bath is much larger
than that of the C particles (by a factor ⇠ f�1

(XC)mX

/m
C

� 1), it is important to check that

the heat transferred through Coulomb scattering from the X and X̄ to the C particles does
not significantly a↵ect the latter’s cooling. The volumetric heating rate of the C particles
from the X-X̄ bath is [80]
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where ln⇤ is the Coulomb logarithm as defined in eq. (B.29), and T
X

is the temperature of
the X-X̄ bath which is in general di↵erent than T

C

. Defining the heating timescale as
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we must have tcool,C < theat,C in order for the C particles to cool. By energy conservation,
the X and X̄ particles must expense energy to heat the C particles, leading to a net cooling
of the heavy charged particle bath. The timescale associated with this X-X̄ cooling, tcool,X ,
is in general much longer than theat,C . Indeed,
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For our parameter space of interest where tcool,C < theat,C , this implies that tcool,X � tcool,C
and the X-X̄ bath is not significantly a↵ected on the timescale at which the C particles shed
most of their kinetic energy. This is reassuring since the cooling of the X and X̄ particles in
equilibrium with the C particles would result in the collapse of the dark matter halo, which
would be ruled out by observations. Demanding that tcool,X ⇠ tcool,C automatically implies
that theat,C ⇠ f(XC)tcool,C ⌧ tcool,C if f(XC) ⌧ 1 which in turn means that eq. (7.4) is an
underestimate of the cooling timescale.

7.2 Dark disk heating

Because our model predicts a disk of bound charged dark atoms with a hotter halo of charged
dark matter, there is a concern that halo particles passing through the disk can heat and
thereby destroy the existing structure, or even prevent the disk from forming in the first
place. Simple estimates of time scales shows this not to be the case. For disk formation, we
find he cooling time is faster than the time for heat transfer from X to C.

Once the disk is formed, X particles will interact with bound states. But for self-
consistency, the allowed energy transfer for this process must be less than the binding energy.
For greater energy transfer, we

– 22 –
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Tension between structure formation and 
cooling

Printed by Wolfram Mathematica Student Edition

• Structure formation 
favors a heavier C
particle.

• On the other hand, 
dissipative dynamics 
requires C to be quite 
light.

• Dark disk formation 
might be possible but 
it is certainly 
contrived.

Agrawal, Cyr-Racine, Randall, Scholtz (2017)
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Taking stock: Interacting dark matter and 
acoustics relics

• Cosmological measurements (CMB, large-scale structure, 
etc.) still have something to say about new interactions in the  
dark matter sector.

• Interacting dark matter can leave distinct imprints on 
observables.

• Are there hints in current data? Systematics?

• Important links to late-time effects (self-interaction, 
dissipation) See ETHOS work.
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Galaxy-scale Gravitational Lenses
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Credits: Leonidas Moustakas
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• “Gravitational Imaging” of Perturbed Einstein Rings

Figure 1: The detection of a dark-matter dominated satellite in the gravitational lens system
B1938+666 at redshift 0.881. The data shown here are at 2.2 micron and were taken with the
W. M. Keck telescope in June 2010. Additional data sets at 1.6 micron, from the Keck tele-
scope and the Hubble Space Telescope, are presented in the Supplementary Information. Top-left
panel: the original data set with the lensing galaxy subtracted. Top-middle panel: the final re-
construction. Top-right panel: the image residuals. Bottom-left panel: the source reconstruction.
Bottom-middle panel: the potential correction from a smooth potential required by the model to
fit the data. Bottom-right panel: the resulting dimensionless projected density corrections. The
total lensing potential is defined as the sum of an analytic potential for the host galaxy plus the
local pixelized potential corrections defined on a Cartesian grid. The potential corrections are a
general correction to the analytical smooth potential and correct for the presence of substructure,
for large-scale moments in the density profile of the galaxy and shear. When the Laplace opera-
tor is applied to the potential corrections and translated into surface density corrections, the terms
related to the shear and mass sheets become zero and a constant, respectively. A strong positive
density correction is found on the top part of the lensed arc. Note that these images are set on
a arbitrary regular grid that has the origin shifted relative to the centre of the smooth lens model
by ∆x = 0.024 arcsec and ∆y = 0.089 arcsec. When this shift is taken into account the position
of the density correction is consistent with the position of the substructure found in the analytic
re-construction (see Supplementary Information).

3

Vegetti et al. Nature, (2012)



Direct Substructure Detection

8/2/17Francis-Yan Cyr-Racine, Harvard 39

• “Gravitational Imaging” of Perturbed Einstein Rings

Hezaveh et al., (2016)adjustable parameters: mass Msub, and 2D location xsub. We
then re-fit the joint data set, re-optimizing all the parameters
fully nonlinearly. We find that a model with a subhalo of mass

= :M M108.96 improves the marginalized log posterior fit by
�D = -47.3 in the joint fit (note that the initial linear search

was performed at Msub= 108.6Me). Based on this result, we
conclude that the ALMA Science Verification observations of
SDP.81 detect a subhalo in the projected mass distribution.
Having found the best-fit parameters for the detected subhalo,
we then sample the full parameter space (smooth lens and

Figure 5. Initial subhalo search using ALMA Science Verification observations of SDP.81. Depicted are maps of linearized �D from Equation (16) showing twice the
difference in log marginalized posterior probability density between a smooth model without substructure and a model with a subhalo of mass M=108.6Me, as a
function of location of that subhalo. The three panels correspond to analysis of Band 6 only (left), Band 7 only (middle), and joint Bands 6 and 7 (right). Based on the
significant improvement to the fit provided by substructure (as indicated by the map), we subsequently added one subhalo to our lens model and re-optimized the
model parameters (see Table 1). The contours in the insets show the 1-, 2-, and 3-σ confidence regions for the position of the subhalo from a nonlinear joint fit to
the data.

Figure 6. Top left: the sky emission model in band 6 for the best-fit smooth lens parameters for the SDP.81 data. Top middle: the same for the perturbed model. Top
right: the difference between the two models. The bottom panels show the same for band 7. The bright feature in the difference plots is mainly caused by the
astrometric anomaly of the arc. In each row, the images have been scaled to the peak flux of the smooth model.

10

The Astrophysical Journal, 823:37 (19pp), 2016 May 20 Hezaveh et al.
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• Constraints on the subhalo mass function

Hezaveh et al., (2016)   (see also Vegetti et al. (2014), Li et al. (2016))

we derive Poisson constraints on the underlying subhalo
abundance.

Figure 11 shows the resulting constraints on the differential
subhalo mass function, dn d M Mlog sub( ), derived from the
maps of �D shown in Figure 10. In mass bins where no
subhalos were detected, the downward arrows indicate 95%
upper limits. For the mass bin atMsub=109Me where we have
a detected subhalo, the central 95% confidence region is 0.012
arcsec−2<n<0.2 arcsec−2. If we instead define the
confidence region in terms of levels of equal posterior
encompassing 95% of the posterior, we obtain 0.003
arcsec−2<n<0.1806 arcsec−2. The reason these two ranges
are somewhat different is that the likelihood is asymmetric.

Combining the bounds from the different mass bins, we can
derive constraints on the subhalo mass function using
Equation (26). We describe the mass function using a simple
parametrization, = h-dn d M A M Mlog pivot( ) , and show in
Figure 12 the constraints on these parameters. In the next
section we compare these constraints to the amount of
substructure expected for lens galaxies like SDP.81 in ΛCDM
cosmologies.

6. COMPARISON TO ΛCDM PREDICTIONS

In this section, we compare the constraints on the subhalo
abundance in SDP.81 found above, with predictions from
ΛCDM simulations, and also discuss the neighboring environ-
ment of this system. To predict the subhalo mass function
down to the small masses probed while fully accounting for the
halo-to-halo scatter, we follow the methodology presented in
Mao et al. (2015), which captures the dominant source of the
halo-to-halo scatter by considering both mass and concentra-
tion of host halos. The model is able to reproduce the subhalo
abundance found in high-resolution zoom-in simulations(e.g.,
Xu et al. 2015) as well as larger statistical samples of halos.

We assume the cumulative subhalo mass function has the
form of
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where Mhost is the host halo mass, M0 and η are the
normalization and the log–log slope, respectively, of the
subhalo mass function. We then use ΛCDM simulations to
calibrate the relation between the parameter M0 and the mass
and concentration of the host halo. To calibrate this relation, we
use the same set of high-resolution zoom-in simulations
described in Mao et al. (2015) with the addition of a very
high-resolution cosmological box, (40963 particles in a
400Mpc/h box, ds14_i) from the Dark Sky Simulations(S-
killman et al. 2014).15 This calibration is done by: (1) assuming
a constant log–log slope (η); (2) then finding the best-fit M0 for
each host halo in the simulations; and (3) finally, finding the
best-fit values of (α, β, γ) for all host halos in

a= b gM M c . 280 host host ( )
With this model we can then predict the subhalo mass function
given the host halo mass and concentration and the log–log
slope.
The subhalo abundance predicted in the procedure described

above is for all subhalos within the virial radius of the host
halo. To convert our prediction to the relevant quantity probed

Figure 11. Error bars indicate the 95% confidence limits on the projected
differential number density of subhalos around SDP.81 derived using the non-
detection regions shown in Figure 10 and the detection of the 109 Me subhalo.
For comparison, the shaded band shows the 90% confidence region from Dalal
& Kochanek (2002).

Figure 12. Limits on the normalization (A) and slope (η) of the mass function
= h-dn d M A M Mlog pivot( ) using the bounds in Figure 11. Here we use

Mpivot=109Me. The gray contours show constraints derived using Equa-
tion (26), while the red contours show how the constraints change if we neglect
the marginally detected subhalo with M≈108Me. The top panel shows the
probability at η=0.9. The red and black curves simply show a slice of the
probability of the lower panel at η=0.9. For comparison, the histograms show
the distribution of A using assumptions based on ΛCDM simulations assuming
two different values of csubs/chost, which are intended to be representative.
These values assume η=0.9 and a distribution of host halo masses and
concentrations given by abundance matching. See Section 6 for details.

15 http://darksky.slac.stanford.edu

15

The Astrophysical Journal, 823:37 (19pp), 2016 May 20 Hezaveh et al.
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• Instead of describing lensing perturbations in terms of 
individual subhalo, look at the correlation function of the 
projected density field. 

Substructure lensing: 2-point function
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Figure 5. Forecast for a measurement of the power spectrum of subhalos with M < 5× 107M⊙ for a
10-hour long observation (black errorbars) of a single source with ALMA, assuming an observed source
continuum flux of 50 mJy at 850 µm. The first bin, with a significance of∼ 3σ, indicates the abundance
of all subhalos in the main dark matter halo. Deeper observations (∼ 40 hr), combination of all the
modes at higher k, and more favorable conditions (smaller source size) could allow a measurement of
the break in the power spectrum at higher k (red errorbars). The underlying power spectrum is the
fiducial model of figure 1 (blue curve in figure 1).

we use a Fisher analysis to forecast the size of the errorbars and the degeneracies between
power at different scales for different observing conditions. The input power spectrum of the
subhalo density field in the mock observations is set to be consistent with the Via Lactea II
(VL2) simulation: the positions, masses, and tidal radii of the subhalo are taken from the
publicly available VL2 catalogue1 [22] and the subhalos are given a truncated NFW profile
with Rs = Rtidal/4. Figure 4 shows an example of the parameter covariance (amplitudes in
four bins) for a simulated observation.

Figure 5 shows the errorbars of two bins for a signal to noise comparable to a 10-hr
long ALMA observation of bright lensed dusty galaxies. This results in a detection of the
power in the first bin (∼ 3σ) revealing the total abundance of subhalos. On smaller scales,
the predicted power spectrum falls too rapidly and this observation can only put an upper
bound on the high-k amplitude. This upper limit, however, may be adequate to indicate a
break in the power spectrum. An observation approximately 4 times longer (or involving 4
different lens systems) could measure the power over this regime.

5.4 Non-gaussianity

So far, we have assumed that the subhalo density field could be treated as a Gaussian random
field. In reality, the substructure field is not Gaussian distributed. The non-Gaussianity
mainly arises from the few most massive subhalos. To reduce this non-Gaussianity, it is
important to be able to detect and remove the effect of the most massive subhalos with
low number densities. The power spectra used for simulations in this work were calculated
for subhalos with M < 5 × 107M⊙, assuming that subhalos with masses larger than this
limit could be detected individually using a direct lens modeling approach [14, 17]. To
estimate how much the remaining non-Gaussianity in the density field biases our results, we
performed 100 simulations of Gaussian and non-Gaussian substructure density fields. The

1http://www.ucolick.org/∼diemand/vl/data.html.
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Hezaveh et al., (2016)
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• Philosophy: in a CDM halo, many subhalos are 
encountered along any given line of sight.  

Substructure lensing: 2-point function

10 M. Vogelsberger et al.

Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)

Vogelsberger, Zavala, Cyr-Racine+, arXiv:1512.05349
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Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)

Gaussian??
Clearly not 
Gaussian…
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model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well
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Galaxy-scale lenses probe the very inner part 
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• Philosophy: in a CDM halo, many subhalos are 
encountered along any given line of sight.

• By the central limit theorem, the fluctuations in the 
projected density field **should** be approximately 
Gaussian.

• My philosophy: even if the convergence field is not 
entirely Gaussian, looking at the substructure power 
spectrum is interesting.

• Key Question: 
What will we learn about low-mass subhalos from 

measuring the substructure convergence power 
spectrum? 

Substructure lensing: 2-point function



8/2/17Francis-Yan Cyr-Racine, Harvard 45

• Goal: Use the halo model to compute from first principle 
the substructure convergence power spectrum. 

Substructure Convergence Power 
Spectrum

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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the lens plane is



tot

(r) = 

0

(r) + 

sub

(r), (1)

where 

0

denotes the contribution from the smooth lens
model (dark matter + baryons) and 

sub

denotes that
from the subhalos. Note that the convergence is nothing
more than the projected mass along the line of sight ⌃
in units of the critical density for lensing,  ⌘ ⌃/⌃

crit

,
where ⌃

crit

depends on the angular diameter distance
between the observer and the source D

os

, the observer
and the lens D

ol

and the lens and the source D

ls

:

⌃
crit

=
c

2

D

os

4⇡GD

ol

D

ls

. (2)

Here, G is the gravitational constant and c the speed of
light.

The convergence is also related to the projected New-
tonian gravitational potential � via the Poisson equa-
tion: O2

� = 2. According to the standard CDM model,
a typical lens galaxy will contain a large population of
subhalos, all of which contribute to 

sub

as:



sub

(r) =
NsubX

i=1



i

(r� r

i

,m

i

,q

i

), (3)

where 

i

and r

i

are the convergence and the position of
the ith subhalo, respectively, m

i

is the total mass of the
ith subhalo, and the q

i

’s are sets of parameters that de-
termine the internal properties of the ith subhalo. N

sub

is
the total number of subhalos contributing to the lensing
convergence at position r. Note that in Eq. (3) we have
taken advantage of the fact that the overall contribution
of the subhalo population is equivalent to the sum of the
e↵ect of each subhalo, which follows from the linearity
of Poisson’s equation. Since the convergence profile of
a subhalo is always directly proportional to the subhalo
mass m

i

, it is useful to define ̂

i

⌘ ⌃
crit



i

/m

i

. The ad-
vantage of this notation is that ̂

i

obeys a very simple
normalization condition

Z
d

2

r

i

̂

i

(r
i

,q

i

) = 1, (4)

independent of the value of q
i

. Here, the integral runs
over the whole lens plane.

In general, it is impossible to know the mass, position,
and internal properties of every subhalo within a lens
galaxy. Instead, we would like to determine the ensemble-

averaged properties of gravitational lensing observables
given the statistical properties of subhalos, such as their
mass function and spatial distribution. We shall denote
by hXi the ensemble average of quantity X over all possi-
ble realizations of the subhalo density field within a lens
galaxy. On the other hand, the notation X̄ will be used
to denote the spatial average of X over a given area of
the lens plane.

Let us assume that all the statistical properties of sub-
halos within a lens galaxies are captured by a probability

distribution function P(r,m,q). It is in general a very
good approximation (see Refs. [83, 89]) to assume that
the mass and projected position of a subhalo are uncorre-
lated. This allows us to write the overall distribution as a
product of a mass and position probability distributions:

P(r,m,q) = P
r

(r)P
m

(m)P
q

(q|m, r), (5)

where we have taken into account that the intrinsic prop-
erties of a given subhalo likely depend on its mass and
position within the lens galaxy. The distribution P

r

(r)
contains all the information about the projected spatial
distribution of subhalos within the host galaxy. Given a
projected number density n

sub

(r) of subhalos, the prob-
ability of finding a subhalo within an area d

2

r centered
at position r is

P
r

(r)d2r =
n

sub

(r)d2rR
A

d

2

rn

sub

(r)
, (6)

where A is the area of the lens plane where we have sen-
sitivity to substructures (see below). The denominator
in Eq. (6) is just the total number of subhalos within the
area A

Z

A

d

2

rn

sub

(r) = N

sub

⌘ A n̄

sub

, (7)

where n̄

sub

is the average number density of subhalos
averaged over the whole area A. It is useful to write the
subhalo number density as

n

sub

(r) = n̄

sub

(1 + �(r)) , (8)

where �(r) is a stochastic random variable with h�(r)i =
0. Here, the �(r) field describes the fractional excess
probability (compared to n̄

sub

) of finding a subhalo at
position r. While any choice of �(r) fully specifies the
probability density function P

r

(r) (as per Eq. (6)), we
will in general be interested in ensemble-averaging over
realizations of the �(r) field.
Numerical studies [83, 89] indicate that the 3D spa-

tial distribution of subhalos near the central part of the
host has a rather weak radial dependence. Taking into
account projection e↵ects and the fact that galaxy-scale
strong lensing is mostly probing a small region near the
projected center of the host, it is usually an excellent
approximation to take hn

sub

(r)i = n̄

sub

= constant.
The subhalo mass probability distribution can be writ-

ten as

P
m

(m) ⌘ 1

N

sub

dN

sub

dm

, (9)

where dN

sub

/dm is the standard subhalo mass function.
While our results are easily generalizable to any choice
of mass function, we restrict ourselves to a power law
mass function, P

m

/ m

� , for m
low

< m < m

high

. In the
following, we assume that P(r,m,q) is normalized such
that

Z
dmd

2

r dqP(r,m,q) = 1, (10)
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which is trivially satisfied by Eqs. (6) and (9).
As in most lensing calculations in the literature, the

calculations presented in the remainder of this paper as-
sume that each subhalo represents an independent draw
from the P(r,m,q) probability distribution. We em-
phasize though that this does not mean that we neglect
spatial correlations between subhalos; these are fully en-
coded in our choice of P

r

(r). In this case, the probability
distribution describing the properties of the whole sub-
halo population P

pop

can be factored out as a product of
the probability distribution for single subhalos

P
pop

=
NsubY

i=1

P(r
i

,m

i

,q

i

). (11)

We now have all the ingredients to perform ensemble av-
erages over all possible realizations of a subhalo popula-
tion.

B. Ensemble-averaged substructure convergence

It is instructive to first compute the mean ensemble-
averaged substructure convergence on the lens plane ̄

sub

.
It is given by

̄

sub

=
1

A

Z
d

2

s h
sub

(s)i (12)

=
N

sub

A

Z
dm

i

dq

i
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⇥
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2
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(s� r

i
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i

)P
r

(r
i

),

where we used the fact that every term in the sum in
Eq. (3) contributes equally to ̄

sub

. The result is not sur-
prising since it just states that the average convergence
for the whole population of (statistically-independent)
subhalos is just N

sub

times the average convergence of a
single subhalo. Next, we note that the r

i

integral above
is nothing more than the convolution of the subhalo den-
sity profile 

i

with the spatial distribution P
r

. Using the
general result for the integral of a convolution

Z
d

2

s (f ⇤ g)(s) =
Z

d

2

s f(s)

Z
d

2

r g(r), (13)

we obtain,

̄

sub

=
N

sub

A⌃
crit

Z
dm

i

P
m

(m
i

)m
i

=
N

sub

hmi
A⌃

crit

, (14)

where we used Eq. (4). In the above, we have introduced
the notation

hmi ⌘
Z

dm

i

P
m

(m
i

)m
i

(15)

to denote the average subhalo mass. We note that
Eq. (14) is useful to relate N

sub

and A to the physically-
relevant quantities hmi and ̄

sub

.

C. The Power Spectrum of the Convergence Field

We now turn our attention to the computation of
the two-point correlation function of the substructure
density field, or its Fourier transform, the substructure
power spectrum. We emphasize that we do not assume
here that the substructure convergence field is necessarily
Gaussian. As such, we do not expect the power spectrum
to characterize the substructure density field completely,
and expect higher-point correlation functions to also con-
tain nontrivial information. Nevertheless, the rapidly ris-
ing subhalo mass function toward the low-mass end in
CDM models ensures that Gaussianity is a good first ap-
proximation [80]. Importantly, the main contributors of
non-Gaussianities to the substructure field are the most
massive subhalos within the lens galaxy [84]. Since we
expect them to be directly detectable [71, 72, 74, 75],
we can limit their influence on the statistics of the 

sub

field by absorbing the most massive subhalos within the
macrolens mass model 

0

.
To obtain a general expression for the substructure

power spectrum P

sub

(k), we first compute the lens
plane-averaged connected two-point correlation function
⇠

sub

(r) of the substructure convergence field 

sub

. To
simplify the derivation and avoid clutter, we first focus
exclusively on performing the spatial averages encoded in
the probability distribution P

r

(r). The averages over the
subhalo mass and internal properties will be restored at
the end of the calculation. The substructure convergence
two-point function takes the form

⇠
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Substituting Eq. (3) in the above and using the normal-
ization condition given in Eq. (10), we obtain
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The first term arises from ensemble-averaging over the
spatial distribution of a single subhalo (the 1-subhalo

term), the second term arises from averaging over pairs
of distinct subhalos (the 2-subhalo term), while the last
three terms ensure that we are computing only the con-
nected part of the two-point function. In the language

5

of the halo model, the 1-subhalo term refers to particles
or mass elements within a same subhalo, while the 2-
subhalo term is due to those in distinct subhalos. The
1-subhalo term is nothing else than the convolution of
the subhalo density profile with itself
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The 2-subhalo contribution contains N
sub

(N
sub

�1) iden-
tical terms which have the following form [90]
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Using Eqs. (6) and (8), the convolution of the subhalo’s
spatial distribution is
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where we have identified the two-point subhalo correla-
tion function ⇠

ss

(r), which encodes spatial correlation be-
tween pairs of distinct subhalos. Finally, the three last
terms of Eq. (17) all have the same form and lead to
a net contribution of �̄

2

sub

A. The connected two-point
correlation function of the substructure convergence field
thus takes the form
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Noting that some of the integrals not involving ⇠

ss

in the
second term exactly cancel the third term, we are left
with
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The first two terms correspond to the 1-subhalo and 2-
subhalo terms, respectively, while the last term, sup-
pressed by an extra factor of N

sub

, corresponds to the
shot noise term, which only becomes important if the
number of subhalos within the area of interest in the lens
plane is small.
It is now straightforward to compute the convergence

power spectrum by Fourier transforming Eq. (22). Using
the following Fourier transform conventions:

̃(k) =

Z
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r e

�ik·r
̂(r), (23)
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the convergence power spectrum takes the form
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where k is the wavevector, and where we have used the
convolution theorem to perform the Fourier transform.
We note that the r-independent part of the last term in
Eq. (22) contributes an unobservables zero-mode, which
we dropped in the above. Here, P

ss

(k) is the Fourier
transform of the subhalo two-point correlation function
⇠

ss

(r). In the remainder of the paper we neglect the
1/N

sub

term in Eq. (25).
Up to this point, the only assumptions underpinning

our calculation of the substructure convergence power
spectrum are the statistical independence of each sub-
halo within a lens galaxy, and the fact that the subhalo
internal properties q

i

do not depend on the subhalo posi-
tion r

i

. We now introduce two simplifying assumptions:

• We take the subhalo convergence profile to be cir-
cularly symmetric, implying that ̃

i

(k) = ̃

i

(k).

• We assume that the subhalo two-point correlation
function ⇠

ss

is homogeneous and isotropic, hence
leading to P

ss

(k) = P

ss

(k).

Here, k ⌘ |k|. While subhalos are generally triaxial, pro-
jection e↵ects and ensemble-averaging over all possible
orientations and sizes of the subhalos’ ellipticity imply
that the average convergence profile is close to circularly
symmetric, hence our first assumption. Our second point
amounts to assuming that the small area of the lens plane
probed by strong lensing images is typical of other nearby
lines-of-sight. With these assumptions, the Fourier trans-
form of the subhalo convergence profile is

̃(k) =

Z
d

2

r e

�ik·r
̂(r)

= 2⇡

Z
dr r J

0

(k r)̂(r), (26)
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• As in the standard halo model, there are two distinct 
contributions to the overall power spectrum:
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where J

0

(x) is the 0th order Bessel function.
The last step of the calculation is to reinstate the aver-

ages over subhalo mass and internal properties. We can
write the total substructure convergence power spectrum
as the sum of the 1-subhalo and 2-subhalo terms

P

sub

(k) = P

1sh

(k) + P

2sh

(k), (27)

where the 1-subhalo term P
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(the subscript i has been dropped since it is now super-
fluous) and the 2-subhalo term takes the form

P
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The amplitude of the 1-subhalo term is approximately
given by P

1sh

(k) / ̄

sub

m

e↵

, where the quantity m

e↵

⌘
hm2i/hmi has been referred to as the “e↵ective mass” in
the lensing literature [91–93]. This specific mass scale
constitutes the primary dependence of the substructure
power spectrum on the subhalo mass function, so we ex-
pect it to be one of the most constrained quantities with
actual observations. The amplitude of the 1-subhalo term
can be approximated as P

1sh

(k) ⇡ ̄

sub

m

e↵

/⌃
crit

. For a
typical gravitational lens with 0.003 < ̄

sub

< 0.03 [64],
m

e↵

⇠ 107M�, and ⌃
crit

⇠ 3 ⇥ 109M�/kpc
2 (given our

choices for the source and lens redshift), we thus expect

P

1sh

(k) ⇠ 10�5 � 10�4 kpc2 (30)

for scales larger than the typical size of a subhalo. On
the other hand, the amplitude of the 2-subhalo term is
approximately P

2sh

(k) / ̄

2

sub

P

ss

(k), with very little de-
pendence on the subhalo mass function. Given that typ-
ically ̄

sub

⌧ 1 and that P
ss

(k) can be important only on
scales larger than the typical subhalo spatial separation,
this term is generally subdominant compared to the 1-
subhalo term, except maybe on larger scales, depending
on the size of P

ss

(k).
Having derived the general expression for the lens

plane-averaged substructure power spectrum, we can now
apply it to realistic subhalo populations by specifying
the probability distributions P(r,m,q) and the subhalo
convergence profile (r,m,q). For definiteness, we make
the following choices throughout the rest of this paper
whenever we present numerical results: we assume a lens
galaxy at redshift z = 0.5 with virial mass and radius
M

vir

= 1.8 ⇥ 1012 M�, Rmax

= 409 kpc, and Einstein
radius b = 6.3 kpc. We take the source to be at z = 1.

III. TRUNCATED NAVARRO-FRENK-WHITE
SUBHALO POPULATION

A. Characteristics of the subhalo population

In this section we compute the substructure power
spectrum for a realistic population of smoothly truncated
Navarro-Frenk-White (NFW) subhalos. We are particu-
larly interested in the strong lensing region, namely the
region bounded more or less by the Einstein radius of the
lens. Ref. [80] performed a detailed analysis of the statis-
tics of subhalo populations in strong lenses by looking at
both the “local” (close to the Einstein radius of the host)
and “distributed” (extending past the host virial radius)
populations of subhalos and looking at their relative ef-
fects on lensing observables such as the lensing potential,
deflection, shear and convergence. They found that the
substructure contribution at a typical image position is
largely dominated by the local subhalos.
The NFW density profile [45] has been found to pro-

vide a good fit to simulated CDM halos and is widely used
to model the distribution of dark matter within galax-
ies and their satellites. This density profile (see Fig. 1)
has an inner slope that goes as R

�1 until it reaches the
scale radius r

s

, where the slope steepens to R

�3. For-
mally, the NFW density profile leads to a divergent total
subhalo mass. However, we expect tidal interactions to
provide a finite truncation radius for a realistic subhalo
orbiting within its host galaxy, hence leading to a finite
subhalo mass. Here, we adopt the following truncated
NFW profile (tNFW) [94] for our subhalos:

⇢
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(R) =
mNFW

4⇡R(R+ r

s

)2

✓
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2

t

R

2 + r

2
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◆
, (31)

which is also shown in Fig. 1. Here, R is the three-
dimensional distance from the center of the subhalo and
r

t

is the tidal radius. Observe that for R � r

t

, the den-
sity profile decays quickly as R

�5. Basically, our trun-
cation scheme is meant to reflect that any dark matter
particles outside r

t

are tidally stripped as the subhalo un-
dergoes a full orbit within its host. The tidal radius thus
evolves in time, generally getting smaller as the subhalo
orbits within the tidal field of the host.
Projecting Eq. (31) along the line of sight leads to the

following convergence profile for a tNFW subhalo [94]
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where

x =
r
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s
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, (33)
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where J

0

(x) is the 0th order Bessel function.
The last step of the calculation is to reinstate the aver-

ages over subhalo mass and internal properties. We can
write the total substructure convergence power spectrum
as the sum of the 1-subhalo and 2-subhalo terms
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(the subscript i has been dropped since it is now super-
fluous) and the 2-subhalo term takes the form
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The amplitude of the 1-subhalo term is approximately
given by P

1sh

(k) / ̄

sub

m

e↵

, where the quantity m

e↵

⌘
hm2i/hmi has been referred to as the “e↵ective mass” in
the lensing literature [91–93]. This specific mass scale
constitutes the primary dependence of the substructure
power spectrum on the subhalo mass function, so we ex-
pect it to be one of the most constrained quantities with
actual observations. The amplitude of the 1-subhalo term
can be approximated as P

1sh

(k) ⇡ ̄

sub

m

e↵

/⌃
crit

. For a
typical gravitational lens with 0.003 < ̄

sub

< 0.03 [64],
m

e↵

⇠ 107M�, and ⌃
crit

⇠ 3 ⇥ 109M�/kpc
2 (given our

choices for the source and lens redshift), we thus expect

P

1sh

(k) ⇠ 10�5 � 10�4 kpc2 (30)

for scales larger than the typical size of a subhalo. On
the other hand, the amplitude of the 2-subhalo term is
approximately P

2sh

(k) / ̄

2

sub

P

ss

(k), with very little de-
pendence on the subhalo mass function. Given that typ-
ically ̄

sub

⌧ 1 and that P
ss

(k) can be important only on
scales larger than the typical subhalo spatial separation,
this term is generally subdominant compared to the 1-
subhalo term, except maybe on larger scales, depending
on the size of P

ss

(k).
Having derived the general expression for the lens

plane-averaged substructure power spectrum, we can now
apply it to realistic subhalo populations by specifying
the probability distributions P(r,m,q) and the subhalo
convergence profile (r,m,q). For definiteness, we make
the following choices throughout the rest of this paper
whenever we present numerical results: we assume a lens
galaxy at redshift z = 0.5 with virial mass and radius
M

vir

= 1.8 ⇥ 1012 M�, Rmax

= 409 kpc, and Einstein
radius b = 6.3 kpc. We take the source to be at z = 1.

III. TRUNCATED NAVARRO-FRENK-WHITE
SUBHALO POPULATION

A. Characteristics of the subhalo population

In this section we compute the substructure power
spectrum for a realistic population of smoothly truncated
Navarro-Frenk-White (NFW) subhalos. We are particu-
larly interested in the strong lensing region, namely the
region bounded more or less by the Einstein radius of the
lens. Ref. [80] performed a detailed analysis of the statis-
tics of subhalo populations in strong lenses by looking at
both the “local” (close to the Einstein radius of the host)
and “distributed” (extending past the host virial radius)
populations of subhalos and looking at their relative ef-
fects on lensing observables such as the lensing potential,
deflection, shear and convergence. They found that the
substructure contribution at a typical image position is
largely dominated by the local subhalos.
The NFW density profile [45] has been found to pro-

vide a good fit to simulated CDM halos and is widely used
to model the distribution of dark matter within galax-
ies and their satellites. This density profile (see Fig. 1)
has an inner slope that goes as R

�1 until it reaches the
scale radius r

s

, where the slope steepens to R

�3. For-
mally, the NFW density profile leads to a divergent total
subhalo mass. However, we expect tidal interactions to
provide a finite truncation radius for a realistic subhalo
orbiting within its host galaxy, hence leading to a finite
subhalo mass. Here, we adopt the following truncated
NFW profile (tNFW) [94] for our subhalos:
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which is also shown in Fig. 1. Here, R is the three-
dimensional distance from the center of the subhalo and
r

t

is the tidal radius. Observe that for R � r

t

, the den-
sity profile decays quickly as R

�5. Basically, our trun-
cation scheme is meant to reflect that any dark matter
particles outside r

t

are tidally stripped as the subhalo un-
dergoes a full orbit within its host. The tidal radius thus
evolves in time, generally getting smaller as the subhalo
orbits within the tidal field of the host.
Projecting Eq. (31) along the line of sight leads to the

following convergence profile for a tNFW subhalo [94]
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where J

0

(x) is the 0th order Bessel function.
The last step of the calculation is to reinstate the aver-

ages over subhalo mass and internal properties. We can
write the total substructure convergence power spectrum
as the sum of the 1-subhalo and 2-subhalo terms
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(the subscript i has been dropped since it is now super-
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The amplitude of the 1-subhalo term is approximately
given by P

1sh

(k) / ̄
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hm2i/hmi has been referred to as the “e↵ective mass” in
the lensing literature [91–93]. This specific mass scale
constitutes the primary dependence of the substructure
power spectrum on the subhalo mass function, so we ex-
pect it to be one of the most constrained quantities with
actual observations. The amplitude of the 1-subhalo term
can be approximated as P

1sh

(k) ⇡ ̄
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/⌃
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. For a
typical gravitational lens with 0.003 < ̄
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< 0.03 [64],
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⇠ 107M�, and ⌃
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⇠ 3 ⇥ 109M�/kpc
2 (given our

choices for the source and lens redshift), we thus expect

P

1sh

(k) ⇠ 10�5 � 10�4 kpc2 (30)

for scales larger than the typical size of a subhalo. On
the other hand, the amplitude of the 2-subhalo term is
approximately P

2sh

(k) / ̄

2

sub

P

ss

(k), with very little de-
pendence on the subhalo mass function. Given that typ-
ically ̄

sub

⌧ 1 and that P
ss

(k) can be important only on
scales larger than the typical subhalo spatial separation,
this term is generally subdominant compared to the 1-
subhalo term, except maybe on larger scales, depending
on the size of P

ss

(k).
Having derived the general expression for the lens

plane-averaged substructure power spectrum, we can now
apply it to realistic subhalo populations by specifying
the probability distributions P(r,m,q) and the subhalo
convergence profile (r,m,q). For definiteness, we make
the following choices throughout the rest of this paper
whenever we present numerical results: we assume a lens
galaxy at redshift z = 0.5 with virial mass and radius
M

vir

= 1.8 ⇥ 1012 M�, Rmax

= 409 kpc, and Einstein
radius b = 6.3 kpc. We take the source to be at z = 1.

III. TRUNCATED NAVARRO-FRENK-WHITE
SUBHALO POPULATION

A. Characteristics of the subhalo population

In this section we compute the substructure power
spectrum for a realistic population of smoothly truncated
Navarro-Frenk-White (NFW) subhalos. We are particu-
larly interested in the strong lensing region, namely the
region bounded more or less by the Einstein radius of the
lens. Ref. [80] performed a detailed analysis of the statis-
tics of subhalo populations in strong lenses by looking at
both the “local” (close to the Einstein radius of the host)
and “distributed” (extending past the host virial radius)
populations of subhalos and looking at their relative ef-
fects on lensing observables such as the lensing potential,
deflection, shear and convergence. They found that the
substructure contribution at a typical image position is
largely dominated by the local subhalos.
The NFW density profile [45] has been found to pro-

vide a good fit to simulated CDM halos and is widely used
to model the distribution of dark matter within galax-
ies and their satellites. This density profile (see Fig. 1)
has an inner slope that goes as R

�1 until it reaches the
scale radius r

s

, where the slope steepens to R

�3. For-
mally, the NFW density profile leads to a divergent total
subhalo mass. However, we expect tidal interactions to
provide a finite truncation radius for a realistic subhalo
orbiting within its host galaxy, hence leading to a finite
subhalo mass. Here, we adopt the following truncated
NFW profile (tNFW) [94] for our subhalos:
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which is also shown in Fig. 1. Here, R is the three-
dimensional distance from the center of the subhalo and
r

t

is the tidal radius. Observe that for R � r

t

, the den-
sity profile decays quickly as R

�5. Basically, our trun-
cation scheme is meant to reflect that any dark matter
particles outside r

t

are tidally stripped as the subhalo un-
dergoes a full orbit within its host. The tidal radius thus
evolves in time, generally getting smaller as the subhalo
orbits within the tidal field of the host.
Projecting Eq. (31) along the line of sight leads to the

following convergence profile for a tNFW subhalo [94]
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• As a warm up, let’s consider a population of truncated 
NFW subhalos.

Substructure Power Spectrum: tNFW

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590

��-� ��-� ��-� ��-� ��� ��� ��� ���
��-��

��-�

��-�

���

���

����

��-� ��� � �� ��� ������-��

��-��

��-�

��-�



8/2/17Francis-Yan Cyr-Racine, Harvard 48

• The power spectrum depends mostly on three quantities:

Substructure Power Spectrum: tNFW

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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FIG. (6): Density profile for a truncated NFW profile
(solid blue) and a truncated Burkert profile (solid green)
for ⌧ = 15, p = 0.7, and m = 106 M�. The gray dot-
ted and dashed-dotted lines represent the scale and tidal

radius, respectively.

FIG. (7): 1-subhalo power spectrum for a population of
tNFW subhalos (solid blue; same fiducial model as in Fig.
3) and tBurk subhalos (solid green). We also show k

trunc

(dotted-dashed gray) and k

scale

(solid gray), as well as
the k � k

scale

behavior of both power spectra.

the 1-subhalo term. In the forthcoming discussion we
will therefore explore the extent of this high-k di↵erence
between the two density profiles we’ve chosen to be rep-
resentative of each dark matter scenario.

We follow an identical procedure to the tNFW case
to determine the 1-subhalo term of the power spectrum,
which is shown in Fig. 7. We also show, for reference,
the fiducial tNFW case shown in blue in Fig. 3. There
is a slight increase in power with respect to the tNFW
population on intermediate scales due to the redistribu-
tion of mass as the core forms, followed by the expected
decrease in power on small scales due to the actual core.
Despite these di↵erences, we note that the changes of
the substructure convergence power spectrum on scales
k

trunc

. k . k

scale

in going from the tNFW to the tBurk
case is well within the variation allowed by varying the

statistical properties of the subhalo population, i.e. the
di↵erent e↵ects shown across Figs. 3 and 4. This implies
that measurements of the power spectrum on these scales
are unlikely to distinguish between a cored or cusped sub-
halo profile.
On even smaller scales k � k

scale

, the tBurk power
spectrum P

1sh

(k) begins to significantly deviate from its
tNFW counterpart. Indeed, since the Fourier transform
of the truncated Burkert profile behaves as
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for k p r

s

� 1, the 1-subhalo term for a population
of cored subhalos goes as P

1sh

(k) / 1/k8 for large k,
much steeper than the 1/k4 expected for NFW subhalos.
Therefore, if at all measurable (see discussion below), the
slope of the power spectrum on these scales could be deci-
sive in determining the inner density profile of subhalos,
which in turn could shed light on the particle nature of
dark matter.

V. DISCUSSION AND CONCLUSION

In this paper we have introduced a general formalism
to study the 2-point correlation function of the conver-
gence field due to subhalo populations in strong gravi-
tational lenses, keeping in mind that the observable for
these types of problems tend to be photon count or sur-
face brightness maps that exhibit multiple images due
to the light from a background source (e.g. a quasar or
a galaxy) having been warped by a massive foreground
object, namely the gravitational lens. We have explored
in depth how di↵erent subhalo population properties af-
fect the substructure convergence field, as well as how it
di↵ers for two alternative dark matter scenarios: CDM,
which we have represented as a population of tNFW sub-
halos, and SIDM, where we used a truncated generalized
Burkert profile to represent the subhalo population.
Using the CDM scenario as our baseline, we found that

the form of the 1-subhalo term is largely determined by
three key quantities: a low-k amplitude proportional to
̄

sub

hm2i/hmi, a turnover scale k

trunc

where the power
spectrum starts probing the density profile of the largest
subhalos, and the wavenumber k

scale

corresponding to
the smallest scale radii beyond which the slope of the
power spectrum reflects the inner density profile of the
subhalos. We have shown that the first of these is di-
rectly related to subhalo abundance and specific statisti-
cal moments of the subhalo mass function. On the other
hand, the turnover scale is determined by the average
truncation radius of the largest subhalo included in the
power spectrum calculation. On scales k & k

trunc

, there
is significant variability depending on the statistical prop-
erties of subhalos - i.e. changes to the tidal truncation,
parameters pertaining to the subhalo mass function, or to
the scale radius-mass relation can shift the distribution
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• Let’s now consider an SIDM-inspired truncated cored 
profile:

Substructure Power Spectrum: truncated 
cored profile

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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• Key probe of the inner subhalo density profile: asymptotic 
slope.

Substructure Power Spectrum: truncated 
cored profile

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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ALMA
(Hezaveh et 

al. 2016)
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Measuring the substructure power 
spectrum: cartoon

Substructure convergence perturbation Lensing potential and deflection field
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Measuring the substructure power 
spectrum: cartoon

Fiducial image Image residuals
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Measuring the substructure power 
spectrum: cartoon

• There is definitely signal in the lensing residual!

Warning: 
Completely 

idealized, proof-of-
concept result!!
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Interacting dark matter and substructure: 
Conclusions

• The n-point functions of the projected density field allow for 
a more general description of dark matter substructure.

• For CDM, 2-point function should dominate, but other n-
point function are also present.

• Within the halo model, the substructure power spectrum 
mostly depends on the abundance of substructure, their 
truncation, and their inner density profile.

• In principle, it appears possible to measure the substructure 
convergence power spectrum.

• Significant challenges for lens and source modeling. 


